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PREFACE 


T he present work is intended as a text-book in AJprebra 
for all classes of students in our schools It differs, 
however, m several respects from the existing text-books on 
the subject at present in use 

Algebra like every other branch of j^Iathematics should 
be studied more as a subject for mental discipline than for 
anything else An intelligent grasp of principles there- 
fore is to be chiefly aimed at and not the mere learning 
by rote of a certain number of rules with some readiness 
in their application. This is the ideal I have ever kept in 
view m the preparation of this work 

The elementary principles of the subject have been 
dwelt upon at considerable length in the earlier chapters 
of the book The full import of negative quantities has 
been explained it is beheved, with some degree of clear- 
ness, almost at the very outset, and rules for their addition 
and subtraction have subsequently been deduced there- 
from by a very simple mode of reasoning 

The proposition of each article after being clearly de- 
monstrated has been copiously illustrated by a number of 
select examples, a much larger number of other examples, 
arranged progressively, has then been added as an exercise 
for the student The last article of each chapter consists 
■of a number of miscellaneous examples fully worked out 
as interesting illustrations of special artifices , these again 
are followed by similar others for exercise. 

The chapters on Formulse and Factors wiU, it is hoped, 
be particularly acceptable to the young learner The sub- 
ject of factorisation has been treated exhaustively as far 
as the hmits of this work would allow The last chapter, 
on Elimmation and Miscellaneous Artifices, will I hope, 
be of considerable use to the more advanced student. 
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Entrance Examination Papers of the Calcutta Univer- 
sity from 1858 to 1890 will he found at the very end Th& 
more important and difficult problems from these papers- 
are fully worked out in the body of the work in illustra- 
tion of the principles upon which their solutions depend^ 
whilst others, comparatively simpler, have been suitably 
introduced among the exermses just to give the student 
an opportunity of reassuring himself, when successful in 
working them out with unaided exertion, that his know- 
ledge has to some extent at least, come up to the Univer- 
sity standard With the examination papers are also- 
given references to the pages where these problems are to 
he found in the body of the work. 

Instead of ending the hook with a collection of mis- 
cellaneous examples promiscuously arranged, I have added 
a number of miscellaneous examples in the form of separate 
examination papers, any one of which may he regarded 
as a good exercise for the student at a setting of about 
two hours and a half. 

The entire book contains nearly 8000 examples in all,, 
of which over 400 are fuUy worked out Many of these 
examples have been specially devised for this work whilst, 
for the rest I am indebted to several of the standard works 
of English authors as also to many of the examination 
papers of the Indian and English Universities 

I have attempted to make the work useful to the school 
student as a means of acquinng algebraical skill along with 
a sound knowledge of principles, and I have spared no pauis 
for it It is now for all experienced teachers of mathematics 
to judge as to how far I have been successful in my endeav- 
our. To gentlemen interested in the cause of education I 
shall he much obliged if they will kindly communicate to me 
any corrections or suggestions that they may consider 
necessary for the improvement of the work. 


Dacca * March, 1690. 


K P. BASU 
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PREFACE TO THE SECOND EDITION 

A FEW words of explanation seem to be necessary in 
connection intii the publication of this edition The fiist 
edition having been pubhshed rather unseasonably last year, 
I did not at all anticipate that a second edition would be in 
demand so soon Accordingly the work of re-pubhcation was 
not taken at hand earher than January last. But the book 
beginmng to be received with increased favour in different 
educational circles \nth the commencement of the new aca- 
demic session, the first edition, consisting of 2250 copies, was 
found to be exhausted before the end of the last month 
Hence, in the interests of the students of all those schools in 
which the book has been adopted as a text-book, my publisher 
had no other alternative than to hasten the work by all 
possible means In consequence of thiS; I am sorry, I have 
not been able to give the book as thorough a revision as I 
intended, nor to effect such improvements as have been 
kindly suggested by some fnends. 

Dacca : Mai ch 1891 K P. BASH 


PREFACE TO THE FIFTH EDITION 

In this edition the bulk of the work has increased by 
about 60 pages The additions that have been made aie as 
follows • (1) an increase in the number of examples of exer- 
cises m the earlier chapters of the book ; (2) the insertion of 
examples unth Fi actional Indices in the chapters on Multiph- 
iron and Division , (3) the introduction of three sets of 
"Miscellaneous Exercises in suitable places in the body of the 
work , (4) an article on the Method of finding the Cnie Root 
of a Compound Algebraical Expression , and (5) a chapter on 
Qmdi atic Egiiaiions For several of these improvements I 
am indebted to the land and repeated suggestions of friends 
who are practical workers in the field of education It is 
therefore hoped that the present edition will be found consi- 
derably more useful than its predecessors 
Dacca Janmiy,189d. 


K P BASH 
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PREFACE TO THE SIXTH EDITION 
In this edition the book has been thoroughly revised and 
answers to the examples in aU the exercises have been care- 
fully vended. Some additions and alterations have been occa- 
sionally made, but they do not deserve any special mention 
I am indebted to several friends for their kindness in pointing 
out errors and mispnnts My special thanks are due to 
Babu Bepinbihan (ianguly, B A , Teacher, Jubilee School, 
Dacca, and to Moulvie Abdullah Khan, Teacher, D B School, 
Dipalpur (Montgomery) 

Dacca Apiim5 K P BASU 

PREFACE TO THE THIRTY-SEVENTH EDITION 

In this edition which has been revised by me, certain new 
matters have been added in accordance with the recent Sylla- 
buses of Studies prescribed by the Education Department 
of the Bengal Government The order of the subjeot-matteis 
has also been altered to some extent so as to make the book 
more useful and interesting to the student in general. 

The subject of Graphs has been treated more fully owing 
to its growing importance and has been introduced in an 
earlier portion of the book to familiarise the student with the 
prmciples of the Graphic method from the beginning. 

No pains have been spared to make the book most exhaus- 
tive by necessary additions and alterations, and Prof K P 
Basu’s charaoteristio mode of treatment which has led to the 
great excellence and success of the present treatise as a text 
book has been followed m all such changes 

It IS therefore hoped that in its present form the book will 
be found to be more useful to the teacher as well as to the 
pupil 

My best thanks are due to my esteemed fnend Prof 
Monoranjan Das-Gupta, M A of the City College, Calcutta, 
and Babu Tridibesh Basu, youngest son of Prof K P Basu, 
for their invaluable assistances in the preparation of the 
present edition 

Calcutta, Apnl, 1930 


N N SEN 
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INTRODUCTION 

1. How things are measured and represented 
by number. This will be best explained by talan^? up 
some particular instances familiar to the student 

(i) If we want to know the length of a piece of cloth we 
are satisfied when we find how often this length contains a 
smaller length caBed a cuht (the distance between the elbow 
and the tip of the middle finger) 

(ii) If we want to Icnow the distance between Dacca and 
Calcutta we aie satisfied when we are told how often this 
distance contains a smallei distance called a miU 

(in) If we want to Icnow the value of a sum of money we 
are satisfied when w e aie told how often this sum contains 
a smaller sum called a i upce 

(iv) If we want to know the weight of a quantity of nee 
we are satisfied when we find how often this weight contains 
a sniaUei weight called a sco 

From the above instances it is cleai that whenever we 
have to measure a thing we do so by finding how often it 
contains a smaller thing of the same kind The ‘ smallei 
thing” chosen for this purpose is called the unit and the 
number which shows how often this unit is contained in the 
thing measured is called the mnne)icaJ measine {or simply, 
the measure) of the latter thus in the fiist mstance, the 
nmt of length is a cubit , in the second, the unit of distance 
IS a mile , m the third, the unit of money is a i iipee , and in 
the fourth mstance, the unit of Height is a seei Again, five 
know that the piece of cloth is 10 cubits long that the 
distance between Dacca and Calcutta is 260 miles, that the 
sum jof money is 500 rupees and that the weight of the nee 
IS 25 seers, then, 10 is the measm e of the length of the cloth, 
260 IS the measm e of the distance between Dacca and Calcutta, 
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500 IS the measin e of the sum ol monej^, and 25 is the measin e 
of the weight of the nee 

A thing is said to be ? epi esenied by the numbei which 
shows how often that thing contains the unit of its kind thus 
in the above instances the length of the piece of cloth is 
repiesented bv 10, the distance between the two places is 
lepresented by 260 , and so on 

Note 1 Such expiessions as "a sum of money esttmated in pounds 
—30,” "a distance estimated in miles=25 and the like, respectively 
mean “the niimencal measuie of a sum of money when a £ is the unit, 
IS 30,” “the niimencal measure of a distance when the unit is a mile, 
IS 2S," &c 

Note 2 It must be cleaily understood that one and the same thing 
will be represented by different numbers when the units are different 
thus taking a foot as the unit, a length of 10 feet is repiesented by 10, 
but if the unit be 2 feet, the same length is represented by 5 

Example 1 If the unit of length be a foot, what will be the 
measure of 5 yaids and 2 feet ^ 

5 yards and 2 feet, being equivalent to 17 feet, evidently 
contains the unit of length (t e , a foot) 17 times 

Hence, the required measm e is 17 

Example 2 If a minute and a half be lepresented by 30, 
■what IS the unit of time ^ 

A minute and a half is equivalent to 90 seconds 

Now since 30 is the measin e of 90 seconds, it is cleai that 
the unit of time is contained 30 times in 90 seconds 

Hence, the unit of time is Ath pait of 90 seconds, and is 
therefoic equal to 3 seconds 


EXERCISE 1. 

1. What-wiU be the )»eas?nc of 2 maunds and 20 sceis, 
V hen a scei is the unit of weight ^ 

2* What will be the measure of the same weight, -when 
10 sect ? is the unit ^ 

3. If a distance of 3G0 miles be represented by 30, w'hat 
IS the iiiut of distance ^ 
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4. If the same distance be lepiesented by 45 nhat is 
the unit ^ 

5. If a sum ot 400 lupces be lepresented In 16 what mil 
be the measin e of Rs 2*25 ^ 

6* If a length oi 7 feet 4 inches be lepiescnted bv 22. 
nhat wiH be the mcava e ot 4 feet ^ 

7.^ IMiat must be the iiml of lime in oidci that 3 houis 
and 45 minutes m.iy be lepresented by 5 ^ 

8* If the 7nnf o/Omic be 15 seconds nhat time mil he 
repiesentecl bv 60 ^ 

9. IftheHiii^ of wciqhf be 7\ lbs, v.*h,it numbei mil 
lepresent 2y cwt ^ 

10. If 8 squcue feet be the unit of ui ea, what numbei \\ ill 
lepiesent an area of 18 square inches and what will repiesent 
18 squaie yards ^ 

11. If an area of 125 sq ft be lepiesentecl by 8' hon 
many squaie yaicls aie there in 3 times the unit area ’ 

12. What IS the unit of iiione> if a sum of £10 2s Qil be 
lepiesented by 27 ^ 

13. If?^ 8d be the unit of mone^, uhat will be the 
measure of £7 13^ 4f? ’ 

14. If Rs 5 11a 2p be the unit of money, uhat mil be 
the measure of Rs 51 4fl 6p ^ 

15. If 23 seeis 5 cliattacks be the unit of weight what 
will he the measure of 16 maunds 12^ seeis ? 

16. If Rs 20 lOfl be lepiesented by o-V, what will be the 
measuie of Rs 45, supposing the new unit to be 3 times the 
former ’ 

17. If 273 be the measure of 9 cu't 3 qrs, what numbei 
will lepresent one ton, supposing the new unit to be one- 
eighth of the former ^ 

18. If 84 be the measure of 39 yds 2 ft , what number wiU 
represent 75 yards, supposing the new unit to be three- 
seventeenths of the formei ^ 

19. If 26 days 10 hours and 26 minutes be represented 
by 120, what number will represent a leap year, supposing the 
new unit to be 47 minutes 13 seconds less than the fonnei ^ 
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20, In tliG preceding example what would be the answer 
if the lattei unit exceeded the foimei by 6 hours 54 minutes 
47 seconds ’ 

t 

2. DiSferent uses of the word Quantity. 

(i) Any thing that can be lepiosented by numhe) is 
called a qiiantity Thus tune, weight, money, distance, &c , 
which all admit of nuineiical representation, as shown in the 
pieceding article, are quantities 

(ii) QuanUty is also often used m the sense of nninhe) ^ 
integial oi fi actional 

(in) An algebiaical expi ession dlso is sometimes called 
a quantitij [We shad lefei to this again m its piopei place ] 

N B Quantities like weight, money, distance, ai ea, &c, aie often 
spoken of as concrete quantities, as distinguished from numerical 
quantities which mean only Aiithmetical numbers, integral ot 
fractional 

[Note Any whole numbei is called an integer ot an integral 
niimbet ] 


3. What is Algebra ? Algebra like Antlimetic, is a 
science of nnmbeis with this distinction that the numbei s 
inAlgebia aie gene) ally denoted by letteis instead of by 
figin cs 

Hence, whenevei concrete quantities come undei the 
domain oi Algebva, it is only their numeiical measm es e . 
the abstiact numbers which repiesent them) witli which we 
must concern ourselves 

Note The name 'Algebia' is deitued fiom the title of a ceitain 
Aiabian treatise *Al-jebrw*al Maqabalah ’ This book was tianslated 
by early European scholars who fust learnt of Algebra from the Arabs 
IM as in Arithmetic, so in Algebia, the Atabs got then fust lessons 
ftom the ancient ffindiis whose contiibutions to this science ate of a 
fundamental chaiacter Even some of the technical icims which are 
commonly used in modem Algebia aie of Hindu oiiqin 



CHAPTEE I 

SYMBOLS : SIGNS : SUBSTITOTIONS 

4. Symbols* The /c^/c; 5 of the alphabet o &, c &c 
are used to denote numbers and the ‘?igns , X, - 

&c are used either to denote opeiata,ons to be per- 
formed upon the numbers to which they are attached or as 
abbreviations These hiieis and *s\gns are called sf/mhols 

The letters as distinguished from the signs are called 

symbols of qimnhiy 

5. The Plus Sign. The sign + is read plvs and 
when placed before a number indicates that the number is 
to be added to what precedes it Thus a+& (uhich is read 
ajdm b) means that the number denoted by h rs to be added 
to that denoted by a , hence, if a denotes 5 and b denotes 3, 

denotes 8 Again? a+b+c means that the number 
denoted by b is to be added to that denoted by a and to the 
result thus obtained is to be added tlic number denoted b> 
c, hence, if a, & c denote 5, 3, 2 respectively a + b+c 
denotes 10 

6 . The Minus Sign. The sign — is read dwws 
when placed before a number indicates that the 

'•^^^oei is to be subU acted from what precedes it Thus 
«—& (which is read a mmtis b) means that the number 
denoted by & IS to be stibii acted from that denoted by n, 
hence, if a denotes 8 and b denotes 3, a—b denotes 5 
^ain, a— &-C means that the number denoted by b is to 
be Subtracted from that denoted by cr, and from the result 
thus obtained, the number denoted by c is to be subtracted , 

hence; if n, c denote 8, 3 1 respectively, a-b—o, de- 
notes 4 

N B When any numbei of quantities ate connected with one ano- 
thei by the signs plus and minus the oidei of the opeiations is fiom 
left io right Thusa—b+c means that the numbei denoted by b is 
to be subtracted from that denoted by a and to the Jesuit thus obtained, 
IS to be added the number denoted by c 

7. The Sign Plus or Minus. The sign ± is read 

iu when placed before a number indicates 

that the numbei is to be eithei added io or stibU acted f) om 
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what precedes it Thus if o, denote 7 and h denote 2,ai:b 
(which IS lead a^liis oi vmuts b) denotes eithe) d o) b 

8. The Sign of Difference. The sign - when 
placed between two numbeis indicates that the less of the 
two IS to be subti acted fiom the gieatei Thus if a denote 

0 and b denote 8, a & denotes 3 

9. The Sign of Multiplication* The sign X is 
lead and when placed between two numbeis indicates 
that the numbei on the light of it is to be multiplied by that 
on the left 

Thus flX6 (which is lead a mio b) means that the numbei 
denoted by h is to be multiplied by that denoted by a, 
hence, if a denote 5 and b denote S a xb denotes 5 times 3 

01 15 

The sign of multiplication is geneially omitted when its 
position IS between two numbeis eithei (1) both of which aie 
denoted bv letteis or (2) the of which is denoted by a 
r and the second by a lettei Thus is used foi 
and 4a foi 1 X a 

Note The leason why 83 cannot be used foi 8x3 is cleat, because 
in Arithmetic 83 has alieadij been iindeistood to mean 80+3 

Sometimes the sign x is replaced by a dot thus Q b 
and 5 1 lespectively mean the same as a XA and 5x4 The 
dot so used is always placed as shown in the above instances 
m order to disbngmsh it fiom the decimal point uhioh is 
put a little higher up , thus 5 4 is lead five into foin wheieas 
54 IS read five decimal font 

10. The Sign of Division* The sign “ is read bij 
and when placed between two numbeis indicates that the 
numbei on the left of it is to be divided by tliat on the 
right Thusfl— 6 (which is lead a by b) means that the 
numbei denoted by a is to be divided by that denoted by 
b , hence, if a denote 6 and b denote 3, a ~b denotes 2 
Similailj a —b -c means that the numbei denoted by a is to 
be dnided by that denoted by h, and the lesultthus obtained. 
IS to be divided by the numbei denoted by c 

K B When any numbei of quantities aie connected togethei by 
the signs of multiplication and division, the oidei of the opeiations is 
always from left to right. Thus aXb~c means that the number 
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denoted by b IS to be multiplied by that denoted by a, and the lesiilt 
thas obtained, is to be divided by the number denoted by c Similarly, 
n— by. c means that the number denoted by a IS to be divided by that 
denoted by b and the lesiilt thus obtained, is to be multiplied by the 
miinbet denoted by c 

Note n divided by b is also often cxpiessed as thus means 
ihe same as n—b 

11. Expression ; Term. Anv intelligible collection 
of letteis hftuies and signs of opeiation is called an .Vgchi cncal 
Expicssion Such a collection also sometimes called an 
Alqcbiaical Qiianiily or huQ^w a. Qiiaultly [See Ait 2] 

Note Signs like x, — , which indicate the opciations lobe 

pet formed upon the numbers to which they arc attached, arc called 
signs of operation 

The parts of an Algebiaical Expiession thataie connected 
bv the sign + oi — aie called its io ms 

Thus 5n+a&-cXd— 8cX/’-p IS an algebraical expiession 
of which the teims aie on «&-cXr/ Seyf—g 

Expressions aie eithei simple oi compound. A simple 
expiession is one which has no pails connected by the 
sign + or — , 2 e , which consists of only one term, as Sah and 
is also called a j\fonominJ A compound expression consists 
of two or nioie teims , if it consist of two teims, as 2n-{-bbcd 
it IS called a jBnioinifl/ , if of thiee terms, as (i + bc-\‘Sefg, a 
Ti iiiomml , and if of inoie tlianthiee teims a 2fid{iiiomiaI oi 
opohinomtal 

12. Functions ) Variables. Anv expiession involv- 
ing a lettei is called a function of that lettei Thus a;® +5r+8 
is a function of jc , a^+ab+b" is a function oi a and b, 
a^+b^ + c^ +2abc is a function oi a b and c , and so on 

The letters of -which a function consists aie called its 
vaiiabics Thus X'+bxij+y^ is a function of which the 
variables are x and y 

13. Sign oE Equality. The sign = is lead ‘equals’ 
01 “is equal to” and ivlien placed between tivo expi essions 
indicates that they are equal to one another Thus b+c=a 
(which IS lead b xihis c egiials a) means that the numbei 
denoted by ft+c is equal to that denoted by a 
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EXAMPLES 

N B (1) A distinction must be observed between a—bxc and a— 6c 
T/ie latter means that the numbei denoted by a is to be divided by that 
denoted by be, wheieas the foimei means that the numbei denoted by 
a IS to be divided by that denoted by b, and the lesult thus obtained, is 
to be multiplied by the numbei denoted by c That is to say, when the 
sign of multiplication is omitted between any numbei of quantities the 
result obtained by multiplying them togethei is to be legaided as 
simple quantity. 

N B (2) In finding the value of any expression the values of the 
several terms which it contains mast be fust determined by the piocess 
mentioned in the Note of Art 10 and afterwards the value of the whole 
expression is to be found by the process mentioned in the Note of Ait 2 
Thus in finding the value of the expiession a>^b-c—d>ie+fxg we 
must fust of all find the values of the thiee teims, namely, ciK.b, 
c~-dxcand fy.g , then subtiact the value of the second teim fioiii that 
of the first, and to the result thus obtained, add, the value of the thud 

The above principles will be sufficiently illustrated by the 
following examples 

Example 1 If o==2 6=3, c= 5, find the value of 0a+86+7f 
5a = 5xa = 5x2 = 10 , 

86 = 8 x 6 = 8 x 3 = 24, 

7c = 7xc = 7x5 = So 

Theiefoie 5a+86+7c=10+24+35 

= 34+35=69 

Example 2 If fl=8, 6=5, c=2, find the value of 6a“56+4c 
6ft = 6Xfl = 6x8 =48 , 

56 = 5x6 = 5x5 =25 , 

4c = 4xc = 4x2 = 8 

Tlieiefoie, 6a— 56+4c=48— 25+8 

=23+8=31 


Example 3. If i«=3 n-7, t-% ?;=4, find the value of 

7wi— 2)?x8/ — 3u 

As the 01 del of the opeiations is from left io light, we 
must pioceed as follows Divide 7iji by 2n , multiply St by 
the lesult , and then diude the result thus obtained by 32; 
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Now (1) 7}»-2 h=,^ 


7xR_ B . 
‘2X7 2 ’ 


(2) -]x8^=}x8x9=3x4x9 . 


(3) 


3x4x9-3y= 


3x4x9 

3X1 


9 


Hence the lequiiecl Yalue=9 


Example 4. If 0=1, &=2. c=3, d-G, 6=5, f=0. find the 
value of o&c— d-&Xfl + dc/'+&-fl Xf— d-&c 

The given expiession consists of o teim*?, namelv abc, 
d-hy-a dcf h-aycRwdd-hc 

Now (1) a&c=ax&xc=lx2x3=C , 

(2) d-6Xfl=6-2xl=3xl=3, 

(3j f/c/*=dxcx/’=6x5x0=0, 

(4) &“flXc=2-lx3=2x3=6 , 

(o) 

Hence, the lequiied ^alue=■6— 3+0+6— 1 

=3+6-l=S 


EXERCISE 2. 

If 0=8 6=2 c=4 find the nuineiical values of the fol- 
lowing expi essions 


1. 

6+cXfl 

2. 

0 — 6xc 

3. 

a- 

■cx6 

4. 

a-ch 

5. 

0—3x6 

6. 

0“ 

■36 

7. 

o-c-6 

8. 

6+a-c 

9. 

3fl 

-4t+26 

10. 

a-c-h+a-c 

11. 

0 — c-2x6 

12. 

0- 

CM 

1 

13. 

5a -2c 

14. 

5a-2xc 




15. 

46c— a-4x6+c-26 





16. 

80— c Xa6+S0■ 

-cnx6 





17. 

3ca— 166+5a- 

-16x6- 

■a-2cxc-6x4 



18. 

48a-c— 6x6- 

■4c— 3a- 

-2c-4x3- 

6X8 




+66— 0—2 xc— 3x5 
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If }n=2, }?=3iJ=4 2=0, J=7 s=10, find the numeiical 
vAlnes of the following expressions 
19t Sm-^jp—m'n+g_y-B) +bs-2xp 


20 . 

21 . 

22 . 

23. 

21 . 

25. 


sx6-5jh x8p-16?i. 

mw +52S“3s— HI— 3ji+4j — SjOxGhi 

Bxj -5xs-7Xjo-8js-w-Bx?i-7p+5m-2i x7 

.ax/i=B+2x^^' 

m 


4X- 


7;+-2 sh+2 


Bm+2n -ip-Bu ^ 2p+ Bm 
q+p q+i q+m 

11. Factor. If any numbei be equal to the pioduct 
iwo 01 inoie immbeis, each of the lattei is called a /flcfoi 
the foiinei 


of 

of 


[Note The product of two oi mote numbeis is the lesult obtained 
by imiltiplijing them togethei ] 

ThiiS; 3, 5 and 7 aie the factois of 105 105= 3 X 5 X 7 

iSimilaih 3, a, h and OJ aie the factois of Babx, because 
drt&TJ^BXflXjXa: 


15. Co-eJJicient. The numbei expiessed ni figures 
01 s\mhols which stands befoie an algebiaical quantity as 
a multiphei, is called its co-efficienf Thus in babe, 5 is 
the co-eifi(ient oi abc ba is the co-efficient of&cand5fl& 
IS the co-etficient of c 

A co-efficient u Inch is puiely a numeiical quantity is 
called a numerical co-efficient; thus, in 5fl&c,the co-efficient 
of abt js numerical 

A co-efficient which is not wholly numeiical is called a 
literal co-efficient ; thus, m babe co-efficients of be and c 
are hfcial 


[Note When no ai ilhmetical nimibei stands befoie a quantity the 
minibei 1 is iindcistood , thus a is nndeistood to mean la ] 

16. Power ; Index ; Exponent. If a quantity be 
multiplied by itself any numbei of tunes, the pioduct is 
called a pouci ol that quantity Thus, ftXo, aXflXa 
« X fl X rt X ff, &c , ai e powei s of cr 

(I X (I IS called tlie second poieei oi sqna/ e of a and is 
niitien a~ , 
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flXflXrtis called the ihnJ pojco oi cube of a and is 
written fl® , 

flXflXflXfl IS called the foinfh powei of a and is 
written a* 

flXaXflXflXflX&c to » lactois is called the ??th powo 
of a and is wiitten a" 

The small figure oi letter placed above a qnantit} and to 
the light of it to expiess its power is called the Index or 
Exponent ol that pow ei Thus, 3, 5 iu aie lespectivelv 
the indices oi exponents of a~, rt®, a"' 

[Note a” IS usually read squared” ; is icad ”a cubed’ , n* 
IS read ”a to the fourth” or simply, “a fourth” ; and so on Thus 
a" IS lead **0 to the nth” oi “a nth 

The quantity a itself is called the first power of n and thus a is 
understood to mean ] 

17. Dimensions and Degree of a Product. 

Each of the letters which occur as factois of an algebiaical 
product IS called a dimension of the pioduct, and the numbei 
of the letters is called the deqi cc of the pioduct Thus a^x^y 
which IS equivalent to aXaXajXaiXaiXaiX.'rX?/, is said to 
be oi eight dimensions, oi of the eighih dcgi cc,similaily ab~c^d^ 
is said to be of twelve dimensions or of the twelfth degi ce 

numeiical co-efficient is not counted Thus oah~c^ and 
ah-c^ are both said to be of six dimensions oi of the sixth 
degi ce 

When an algebraical expiession contains terms of different 
dimensions the degree of the teim winch is of the highest 
dimensions is also called the degi ce of the expi ession 

18. Homogeneous Expression. An algebraical ex- 
pression is said to be homogeneous when aU its terms aie of the 
same dimensions Thus the expression Qa^h—Icrbc+Sb'c^ 
IS homogeneous, for each of its terms is of foui dimensions 

EXAMPLES 

Example 1. If a =3, find the numerical value of a® —5a 

We have a®=aX£iX£iX(iXa 

=3 x 3 x 3 x 3 x 3 =243 , 
and 5a=5Xfl 

=5x8=15 

Hence, the given expression =243— 15= 228. 
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Example 2. If fl=4, find the numencal value of 
We have 2n®=2XflXaXaxaXft 
=»2x4x4x4x4x4 
=2048, 

and 5fl-=5XflXfl 

=5x4x4=80 


Hence the given expiesbion=2048 -80=1968 
Examples. Iffl=2, &=3, c=4, d=5, find the numencal 

VJllllG 01 o • 


The given expiession 


= gxg><tgxpxgx&x&x&xt ? 
cxc 

= 2x2x2x2x2x3x3x.3x 3 
5x4 

=2x3x3x3x5=270 


EXERCISE 3. 

If fl=8 &=12, c=4, mi= 7, i?=C, £C=2, y=3, find the 
\ allies of 

!• 2. la^-h 3. 2x^-7n- 

4. 8cii^'~(ixif' 5> 5c* — 6. Ihx^y^—nin^ 

7. «*-c" 8. Wh^-8n~xY~-hhi-x 

9. 2x'b-(ry 10. ScV-a”'?/® 

11. Find the value of 2/®'“65z/^+66?/®— 21^+40, when 
?/=8 

12. Find the value of 8a;H6ai®+lla;®'<-13a;+29 when 
X- 75 

13. Find the valueof 15a'*-34flH7a-4a®+35ft*-3,when 
rt=-t 

14. Find the value of 23+ 20;«+78«^®-199m®+25m^when 

j»=26 

15. Find the value of 50?/^ -51?/^ +35?/ -563?/® -19, when 
i;=3 i 

16. Imd the value of 61)F0-jonH32i?®-121n‘*+64H“ 
- 1;/® '}-79 w hen 7?=1 375 
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Find the values of a® + &® + c®— 3fl6c 

17. Wheiifl=29, 6 = 24, c=27 

18. When fl=5625, 6=3625, c=4G23 

19. Whenfl=444 6=51?, 6=58? 

20. When a=1667, 6=1674 6=1659 

19. Roots. That quantity whose squaie (oi second 
powei) IS equal to any given quantity a, is called the sq^uai c 
} oot oi a, and is denoted by the symbol ^a, oi moie simply, 

1 thus 3= -s/9, because 3“ =9 

That quantity whose cube (ol thud power) is equal to any 
given quantity n, is called the ci/bc loof of a and is denoted 
by the symbol , thus 2=^8, because 2^=8 

Generally, that quantity, whose n"‘ power, whcie ;? is 
any w hole number is equal to any given quantity a, is called 
the oot ol a, and is deno^jl by the symbol Thus 
2- 1/32 because 2® =32 , 3= i/81, because S'* =81 and so on 

The sign-s/ is often called the Baihcal sign It is said to be 
.1 coiruption of the letter J , the hist letter of the word i athx 

Note s/a, which means the square root of a, is often lead simply 
as "loot a" 

20. Brackets. Each of the symbols ( }, { }, and 
[ ], IS called a pan of 6i acKeis When an algebiaical ex- 
piession IS enclosed within brackets it is to be legauled as 
cl single quantity- by itself Thus (fl+6ja; means tLitthe 
numbei denoted by x is to be multiplied by that denoted 
by a+6 , wheieas a+6a; means that x is to be multiplied 
by 6 .and the pioduct added to a 

Hence, the expiession d+{a+h)x must be legaidecl ,is 
a binomial, the two terms being dand(a+6)a; Similaily, 
c-{d+{a+b)x} also must be legarded as a binomial, the 
teims being c and {d+i(l+b)x}, wdiereas, if the biackets 
he takoii 0 ^, 0 — d+ a + bx IS a, miiltinomml consisting of foui 
teinis, namely, c, d, a and bx 

Sometimes instead of enclosing an expression w itliin a 
pair of brackets a line called a vinculum is diawn ovei it 

Thus a—b—c and a—{b—c) have the same meaning 

N B From the above it is easy to iindei stand the distinction between 
ija-k-bor J{a+b) and tJa-\-b , eithei of the fust two expressions 
means the square root of the number denoted by a+6, wheieas the last 
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means that b is to be added to the square root of a Simihaily, tjab oi 
tj[ab), means the sqiiaie root of the number denoted by ab, wheieas 
sfab means the product of b and the squaie root of a 

Note The thiee diffeient hinds of biachets ( ),{},[] are often 
called respectively parentheses, braces and crotchets 

EXAMPLES 

Example 1 If «=2, &=4, c=9, find the values of 
\/&+5, and ^2&+ Jki 

(i) Jcbi- Jb+b = jv/9x4+ ^/l+o 
=Bx4+2+'5 
= 12+2+5=19 

(n) \/tb+ >J[b+b)- ^/9x4+ V(4+5) 

= V36+ ^/9 

=6+3=9 

(in) V2& + = ^2x4 + Ay4 X 2 

= 1/8+2 X2 
=2+4=6 

Example 2. If rt=3, &=5, c=8, f/=12 c=20, find the 
difference between the numerical values of 

fl{c+&“-fl(c-d)} and a{c+b^-a{e-cl)} 

The 1st expression=3x|8+5--3x(20-12)} 
=3x{8+25-3x8} 

=3x18+25-24} 

=3x9=27 , 

and the 2nd express! on = S X {8 + (5- - 3) X (20 - 12)} 

=3x{8+22x8} 

=3x{8+176} 

=3x1^=552 
Thus the reqd diff =552-27= 525 

Examples. If W!=10 «=8 p=2 q=12 ?= 15, 'find the 
diffeience between the numerical values of the expiessions 

f{j xO -tn-p) 
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The fiist expression 

=[{ir)Xl0-2xl2-8x(2xl2-l0H-2jx(15-10-2) 

=[{150-24-8x14} -2] xa 

=[{T2G-lT2}-2]xB 

=[14-2]xS=7xB=21 

and the second expression 

=[{16xl0-2x(12-8}f2xl2-10)}-2]x]ri-(10-2) 

=L{150-2x4xl4}-2Jxi:)-8 

=[{150-112}-2]xl5-8 

=[38-2] X 15— 8 

=19x15-8=285-8=277 

Thus the i eqd diffei ence = 277 - 21 = 256 

EXERCISE 4. - ^ 

If fl=7 &=3 c=8, d=9 c=4, f=0, Hf = 5. h= 2. /;=! 
find the values of 

1. ^cen 2. ycc 3. ^cb 4, 

5. 4^/4^ 6. 4^6^ 7. 2^/4T-' 8* 2J4t= 

9. m + iisid 11. djp+c 12. 3\/c+p 

13. yMc+f) 14. 35/8(&+3cJ 15. BimTdc) 

16. fjm + d 17. 18. 3d-(2c-n) 

19. 3d-2(e-7?) 20. B[d-'2c)-n 21. {Bd-'2)e-n 

22. {Sd-2)e-n 23. 3{d-(2e-i0} 24. 3(rf-2)(e-j?) 

25. 7c-(&=-i?=) 26. {7c-by—n- 27. 7c~(b=-i?y- 

28. 7(c-by-ir 29. {7c-(&= -??)}= 

30. ^c+3j?+4e(jp+&/® 31. Vc+3i)+4c(p+&)® 

32. ^c+3p+¥(ii+i)’> 33. ^c+(3i?+4e)p+&3 

34. ^c+3{(iJ+4)e^+6®} 

If a;=2, ?/=3, ^=4, a=6 d=8, c=5 7?=9, jj^l find 
the values of 

33. a[x+y)-{a-c—z)\ 

36. 4{)? — a{d~ ft+ jj)) -- 4(71— n(d- a)-\-p} 

37. d{c+x^ +yin- d—z)) 5{(c+a;“+7/)7?-rf-4 
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38. [:ii-ri]-{ap-:{c-tt-'x]]]'^[xtij {(ap- 2 )c-a}-a:] 


i // c~~2Ha;- _ 

V lf"”U"ra;‘') rt'+^'—c' j 


21. Like and Unlike Terms. Terms or simple 
(.\jn'’-stons .ire «{vh 1 to be liLt when they do not differ at all 
01 d’ifci onh m their numeiiial oo-elheients , othenvise they 
aif* (.jlled itnhle Thus ‘dcfa;^?/" and oasc^?/® are Wee terms, 
wlicica'- and oax-ij* are inihle , similarly, dbc, basoM, 
7(rb" did rd“'c aie all uidtle 

22. Special meaning o£ the word Sign; Like 
and Unlike Signs. The w ord sign is often used to denote 
c\(lu<^ncb the signs -r and - Thus w^hen we speak of the 
sfi/n of a termwemean thepfwy or imiiMs sign which stands 
before il 

Iwo signs aie called hke when they are both + or both 
olhenM^t the>^aie called nnltJce Ihus in the expression 
+(?”-/■ the signs ot the 3id and 5th terms are 
hhc a*' also those of the 1st 2nd and 4th, w'hereas the signs of 
the 2nd and Ird tcims a*: well as those of the 4th and 5th 
me vnliic 

23. Tho Signs ^ <C, and 

1 lie sign > w'hen placed between two quantities indi- 
< .ite^ th.ii the quantit} on the left of it is pi oaki than that 
*)n the light Thus 6 > c+d means that a+b is gieater 

thautTO 

The <ign <w lien placed between two quantities indi- 

llfn. t u the leit of It IS to that on 

he right lhu^«Ta;< 6+7/ means that c+a; is less than 

w*T* ?/ 

iM the floid 

iM the 'v»rf 



CHAPTEE n 

POSITIVE AND NEGATIVE QUANTITIES 

^ 24:. Quantities of the same class, but of oppo- 
site character. When we spealc of a quantity of mone>, 
ifc may be eithei a gavi or a loss^ a leceipfc or a payment Now 
it IS quite clear that whilst a gain adds to our stock, a loss 
lessens it, moieorer, gam and loss aie so i elated that if 
we gain as much as we lose the effect on oiii stock is nothing 
Hence, a quantity of money which forms a gain is Said to be 
opposite 111 chaiacic) to a quantity winch foiras a loss 

When we speak of a distance measured fiom a point, it 
may be in either of two opposite diiections, eitliei towards 
the north oi towaids the south of the point, eitliei towards 
the east oi towards the west of the point, eithei towards the 
north-east or toi\ aids the south-u est of the point , and so on 
It IS also deal that distances measuied towards the east are 
so related to tliose measuied towaids the west that if e 
first walk any distance towaids the east and then walk an 
equal distance towards the west theie will be no change 
in oui position with respect to the stai fang point Hence, a 
distance measured in any dnection is said to be opposite in 
chmacte) to that measuied in the opposite direction 

Thus, in the fiist illustration in so far as a gam and a loss 
aie both looked upon as portions of money, thej^ aie said 
to be quantities of the same class, but as they affect oui 
stock m directly opposite ways (a gam mcieasmg and a loss 
dinnnishing it) they aie said to he of opposite dim actei In 
^ the second illustration, a distance measuied towards the 
south of the point as well as one measured towards the 
north may both be styled distance, and thus fai they die said 
to be quantities of the same class , but when we coiisidei the 
directions m which the3" are measuied they must he regarded 
as opposite m chai actei 

25. The Signs Plus and Minus under a new 
aspect* It has been shown in the uifaoduction hoir 
> concrete quantities aie represented by nunibeis It now 
remams to be seen how quantities ot the same class hut 
of opposite chaiacter are chsfangmshed in then nuraeiical 
lepiesentafaon 

When we considei any pair of such quantities, we prefix 
the Sign + before the numerical measuies of one, and the 

1-2 



18 


ALGEBRA MADE EASY 


[CHAP 


siRn - before those of the othei It is quite immaterial 
winch of the two quantities we select foi representation by 
numbers preceded bv the sign +, but when we have once 
made oui choice we must stick to it throughout any 
connected senes of operations The following example ivill 
ilhistintc the pnnciple 

Jmnmc and deU are evidently quantities of opposite 
chaiactei If then we choose to lepresent incomes bj 
numbers preceded by the sign +, we must represent debts 
bv numbers picceded by the sign — , and vice veisa 

Hence, if m an^ problem we choose the sign + foi 
incomes and the sign - foi debts +30; +45, +90 will 
rc^pectiveh lepiesent incomes of £30 £45 and £90 whereas 
“30 -4o -90 will represent debts of £30, £45 and £90 
respectiveh a £ being the unit But the contrary choice 
be made ^ + 10 +2o +36 will lespectively represent debts 
of £10, £25 and £30 and —10, —25 —36 will represent incomes 
of £10. £2 ) and £30 respectively 

Hence generally if a represent a portion of any quantity, 
—a uill repiesent an equal portion of the quantity opposite 
in chairctcrto it 


Graphical Illustration : 

A D 0 c B 

biipposc AB IS a road If a person starting flora any point 
Oon it hauh iomids B to any point C and then tiavels 
ucich to 0 it IS evident that his position on the road is just 
file ‘^ame at tiie end of his lourney as at the commencement 
Thus it IS clear that distances measured along the road from 
7 7 opposite in character to those measured from 

i iZl \ d distances measured fiom 

left to light bo lepiesented bj’’ numbers preceded by the 
<?ign +, those measured from right to left must be repre- 
sented h} numbers pieccded by the sign — , and vice vosa 
On tlie otlierlmncl if M choose the sign + for distences 
moiwd ftom 1 loM fo kfl, a distance of -3 miles from any 
point 0 u ill mean a distance of 8 miles measured from 0 to- 
mr(h thciifjhi , again, if a mile be the unit of distance, and if 
C and J) he two point'^ on opposite sides of 0 at distances of 5 
milc« aiid 1 miles respectnely then the distances OD, OC, CD 
and DC will be respectively represented by +4 - 5 ,+ 9 and -9 

rrom the abo^c instance-; itis quite clear that the signs 

idditinii nml f " 1 - opeiations of 

iddition and subtiaction arc also used as sms of dntmehon 
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between quantities of opposite chai acfo The sicrns when 
used in this sense are often called signs of offedion 

N B When no sign is prefixed to a number, the sign + is iindei- 
stood , thus a and +a have the same meaning 

26. Positive and Negative Quantities. Numbeis 
or symbols pieceded by the smn + or no sign are called 
positive giianiities Whilst those pieceded bv the sign — are 
called negative quantities Thus each of the expressions 4, +6 
a. +&, + c IS a positive quantity, whilst each of -4, -6, -a 
-6, -c IS a negative quantity 

Hence the signs + and — aie often lespectively called 
iYui positive and negative signs 

Note 1 In "positive and negative quantities" the word quantity 
is used in the sense of number There is no difficulty however in 
understanding a negative number, when the explanation given in 
Art 25 IS remembered 

Note 2 The absolute value of a positive or a negative quantity is 
its value considered apart from its sign Thus if a stands for 5 and b 
for 3, +(ab) and —{ab) have the same absolute value, namely, 13 

N B It is important to bear in mind the meanings of such expre- 
ssions as “a gain of -£20," "a rise of -8 inches," "a distance of -5 
miles to the north” <£c The expressions respectively mean "a loss of 
£20," “a fall of 8 inches,” "a distance of 5 miles to the south,” <Cc 

EXERCISE 5. 

1. If £4 be the unit, what is meant by “il’s gam= — 25”^ 

2. If a trader s loss of £30 be represented by 30, what 
wdl represent a gam of £70 ’ 

3. If an income of £60 he represented by 15, what unll 
represent a debt of £100 ^ 

4. If a debt of £100 be repiesented by 25, what will 
lepresent an income ot £400 ^ 

5. If a distance of 75 miles to the north of a point be 
represented by 15, what inll represent a distance of 150 miles 
to the south of it ^ 

6 . If a nver level rises 12 inches on any day, falls 9 
inches the next day and again rises 5 inches on the third, 
how would you repiesent the i ises on successive days, taking 
3 inches as the unit of length 
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7. A.man 4 amsRs ^Om one year loses Rs 20 in the 
Mxoivl ^ear, loses Rs 40 in the third j ear andjjainsRs 60 
in the fourth eai , how would you icpresent his gains in the 
^uues'ive jeai= taking Rs 2 as the unit''* 

8. In the prefeding question; how would the mans 
lo'ssc'' be rtprf sented 


CHAPTER III 
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I. Addition. 

27 . Doiinition. When two or more quantities aie 
uni(f (I logf thtr, the result is called then mm and the niocess 
of finding the -esult is called aifhhon 

Kofe A aegaUve numbers are not recognised la Arithmetic, there 
IS clcarlu a difference between the Arithmetical and the Algebraical 

orfrfifion Hence, when we speak of an 
Algebraic sum, we mean that qiianlitm added together are not 
ncc^y^unlif till positive 


repltwhen one positive quantity is 
added to a nother. Sup pose b'B as a road and that 

s' 6 X” B 

positive 

uhiM th jne.i<.ured m the opposite direction, negative 

points on the road such 

ZVr r sliown m the 

!md -r'/' ■ respectively represented by +2 


U then .1 man ^farting from 0 tratels to A m the fust 

t “!ci b" 4 " 

ltd,-.. =inct itho dist.mo5 trarallwl in the 1st honr)+ 
tr-i Ml a /ir (no we ha\e (*{- 2 j+{+^)a 5 
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Hence, generally speaking ( + a')+(+&)= or moie 

simply, (a)+f&)=(fl+&) 

Thus, lohoi iibo posiiwe quanfiiies aic added iogethei^ the 
sum IS a positive qiiavfiii/ whose absolute value is equal to the 
ai lihnetical sum of the absolute values of those quantities 

29. The result when one negative quantity is 
added to another. Suppose m the above figuie Oil'=2 
miles and miles and that A' is on the left of 0 and 

B' on the left of A' as shown in the figiue Then the dis- 
tances 0A‘ and A'B' are lespcctively represented by -2 
and —3 

If a man staiting from 0 travels to A^ in the fiist houi 
and from A‘ to B' in the second hour, his distance fiom 0 
at the end of the second hour, wiH evidentlv be OB* and will 
theiefore be repieseiited by —5 

Hence, since (the distance ti'avelled in the fiist hour) 
+ (the distance travelled in the 2nd hour) = (the distance 
travelled m two houis) we have (— 2}+(— 3)= — o 

Hence generally speaking, ( - a) -t* ( — ft) == — (a -t* 6) 

Thus when two negative quantities aic added togeihehthe 
sum IS a negative quantity whose absolute value is equal to the 
ai ifhnetical sum of the absolute values of those quantities 

Example 1. Find the sum of —a, —be, — when a=2, 
J=3, c=5 

We have a=>2, 6c=3x5s=*15, a^6=«2*x3=»12 

Hence (— «)+(— &c)+(--rt“&) = (— 2)+(— 15)+(— 12) 

= -(2+15+12)= -29 

Example 2 Find the value of (— 3c) +(—a®d) + (&+/+ 17), 
when a=3, &= -2, c=4, c?=5, /*= -6, g= -8 

Wehave 6+/’+sr=(-2)+(-6)+(-8) 

= —(2+6+8)= —16 , 
also, 3c =12, 

and a®d=3®X5=27x5=135 

Hence the given expiession 

=(-12)+(-135)+(-16) 

= -(12+135+16) = -163 



AL&EBKA MADE EASY 


[OHAP 


•>•) 


EXERCISE 6. 


1# Find the sum of —2, —9 and —11 

2. Find the sum of -oa;, and when a;=2, ^=3, 
r-5 


3. Find the sum of -7, jc and y, and find the result of 
.iddin^r it to -10, uhen x- -5 and -19 

4:. Find the value of 2a-3(&+c), when a= —5, b- 2, c=l 

5. Find the value of (-a®c^)+(-a^&®)+{-(c®-a-)}, 
uhcn (1=2, h=B, c=4 


6. I'liid the sum of — 3a®&®, iJ, e, — 20c^ and {d+e), when 

«=1, ii=2 c=3 4 c=-5 

7. Find the sum of -a*(&-c), -b*{c-a) and -c^b-a), 
vlicn rt=2 &=o, c==4 

8* Find the ^alue of {-{a^~-.h^-)}+{^(a^^b^)] 
+{ -(rt^ hen a=‘6 b=b 


9. J-hnd the sum of -x^y^^-z^), -y^z-^x=) 
(y-'C'), vhena=3, y=6, z=>5 


and 


10* lind the sum of -{a^-b^-e^) 

and when ,.=60,1=4 c=2 ’ 

1*681111 whon 6 Ii6ffatly6 auantitv is 
® P®sl«ve quantity. L the fl^e of M 38 

iml film u t!I to B in the fiist hour 

tni ollml in a. f' 1 *^ second hour , then the distances 
rce.Se ^ respectively 

0 it the ptifj i”l ^^srefore the distance from 

l+SI hl-Hl uL*!!' second hour will he represented by 
end of the ”“‘6 ^rom 0 at the 

ted hi +u"'°ii!; '°™ ® *4 s's” evedently represen- 

m+(3i.j) ” ° "'® (•^5)+(-3)=+2, that IS, 

trai oiled bv him m thp'irf'° o° distances 

reirSed W +S , i '■“ars inU be respectively 

0 uudtheietorehis distance from 

,;-,+(_ 7 ) 1 ^;, ®f '’”‘1 t'OJ'r 11,11 be represented by 
'uoini hour hr rtf’, ^ 

-2 Hence 
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Thus, generally speaking, we have (+«)+(—&)=+(«—&) 
or -{h-a) according as b is less or greatei than a In other 
\YOTds^ tf a positive and a negative quantiiy he added togethe), 
the sign of the i esult is positive oi negative acco) ding as the 
absohife value of the negative gimniitij is less oi gieatei than 
that of the positive qiiantiiii and the absolute value of the i esult 
IS alwaijs equal to the dvffei ence between the absolute valves of 
the quantities 

Cor, I. Since a+(-&)=“(&-fl) when & IS greater than a, 
putting fl-0, we have ; that is, to add a negative 

quantity is the same as to subti act its absolute value, and con- 
versely, to subiiact a positive quantity is the same as to add a 
negative quantity having the same absolute value 

Note Hence, there IS no difficulty in finding the value of a -b 
when b is greater than a , for a— b can always be taken to be equi- 
valent to «+(-&), and this lattei is equal to -(6-a) when b is gieatei 
than a -(S-5)= -5 

Cor, 2. From Cor. 1, it is evident that the sum of any 
numhei of quantities can be expressed by ivnting down the 
quantities one aftei the other inth their respective signs 
Thus (i— i+c-f? means the same as fl+(— &)+c+(““d} 

Example 1. Find the value of «— 36+2c— 7d, when «— 2, 
&=4,c=3 

fl-S6+2c-7d=a + (-3&)+2c+(-7d) 

=2+(-12)+6+(-7) 

s= — 10+6+(-*7) 

=3 — 4:+(--7)= —11 

Example 2. Find the value of a^h-b-c+c^d-d^a-bc\ 
ivhen a=l, &=2, c=3, d=4 

The given expression 

=(12x2)-(2='x3)+(3=x4)-(4=X1)-(2x3=) 
=2-12+36-16-18 
= -10+36-16-18 
=26-16-18 
=10-18= -8 
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1 , Find the sum of 117 and -114 
2* Kind the «:uin of 218 and — 22B 
3. Find the value of x-v+:, when a=8, ^/=25, 2=13 
4;« Find the sum of 33 c —6?/ 2z,‘ii and 14?;, wheie a: =2, 
?/=5 2=1,?/=B v =-2 

5. Find the value of SMi-^H+Gg+J when ?)?=4, ?i=6 
fy=2 )^-8 

6. Imdlhe<!umof -a®c &fF -c?;'' and when 

rf=2, &=o. c=3 d=6 

7. Find the value of 2 k2?/-S?/®jc-6oc*?/‘*+cc®?/*, when 
x=y^2 

8. Find the value of o®-3a®&+3a&^-&®, when «=“3 
and b=5 

9. I'lnd the value of m®-o)»^??+10>?^®?2®-'l0)M'"?’® 

+ om H * — ji ® M hen ?n = 4 and ?i = 6 

10. Find the value of a®— 6a®b+lofl^h^“"20a®b®+15fl®^^ 

— 6flb®4 b®, when «=3 and b=2 

31. When any number oi quantities are added 
together, the result will be the same in what- 
ever order the quantities may be taken. 

Suppose a man starting from a place travels 6 miles to 
tlic noith and then travels back along the same path 8 miles 
to the south Then Ins position at the end of the lourney is 
2 miles to the south of that place 

Again if the man hrst travels 8 miles to the south and 
then tra\ el^ 6 miles to the north, then also at the end of the 
jouriioj he is still 2 miles to the south of the place 

Thus lie have 8F(-8)='(-8)+6, each being equal to 
—2 or, more hnefli. wc have 6— 8=— 8+6 and a similar 
lo^ult in othei case 

Hence generalK a-h~ — l)+a 
Vgain. since 2-10+6= -8+6= -2, 
and alco -10+6+2= -4+2= —2, 

Mchaie 2-10+6= -lO+G+2 and a similar 

lesultmovorj othci case 

Hoiif'e, gencralh rt-b+( = -b+c+o 
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Similarly, it may be shown that 

(I - & + c - + c - fl + c + c - & ~ (f — /■ 

= “&+c-^-/'+c+n 
— &c &c &c 

32. When any numb er o E quantities are added 
together, they can be divided into groups and 
the result e:s:pressed as the sum of these groups. 

^YehaTe 3-7-8+6-4+2 

= -4:“8+6-‘l+2 
= -12+6-4+2 
= -6-4+2= -10+2= -8, 

(3-7)+(-8+6)+(-4+2) 

= -4+{-2)+(-2)=-8; 

3+(-7-8+6)+(-4+2) 

=3+(-9)+(-2)=-8, 

3+(-7-8)+(6-4)+2 

=3+(-15)+2+2=-8 

Thus we have3-7— 8+6-4+2 

=(3-7)+(-8+6)+(-4+2) 

=3+(— 7— 8+6)+(— 4+2) 
=3+(-7-8)+(6~4)+2, 

and similai lesults m all othei cases 

Hence, generally, the expression (i+6-c-(?+c-/'+7can 
be put in any one of the following forms 

(1) (a+&)+(-c-d)+c+(-/’+7) 

(2) a'^{b—c)—d-¥{e—f+fi) 

(3) (a+6—c)+(—d+c— /’)+<; 

(4) a+(&-c-d)+e+(-/’+p) 

(5) (a+&'*c-d)+(e— f+g) 

&c &c &o 

Cor. /. Conversely, we have (ci+&)+(-c-d)+e+{-/’+/7) 
— a+t>— c— d+e— /*+gf Hence, the f olloiving rule 

To add togethe) two ot mot e algeh aical expt es^?07i5 wt itc 
down the tet ms in succession with then pi opei signs 
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Cor, 2. iimcea-b+c-d+c-f=a+c+e-b-d- f [Ait 31] 
= (?-/•), we have the following rule 

Wfien any mmibo of quantities ai e to he added some of 

which aic positive and othe) negative, collect the positive 

ic) ms in one g) oiip and the negative tei ms in anothet and 

exp) css the } csult as the sum of these two gi oiips 

Thus,3-7+8~9+5-6=^(3+8+5)+(-7-9“6) 

=16+(-22)=-6 

Example 1. Simphf y 5fl — 3& + 2c — 4a + 2& — 7c 
The given expression 

=5ft-4a-3&+2fc+*2c-7c [Art 31] 

=(5a-4a)+(-3&+2&)+(2c-7c) [Art 32] 

= a+(-6)+(— 5c)=fl— &— 5c 

ExAtnple 2. Simplify 3a‘^&+56"c— 6c®a— I0fl^&— 76"c+8c"a 
+ ln=6-6=c+c=a 

Tlie given expression 

= 3a=&-10fl2&+4fl=Z>+5&=c-7&=c-&2c 

-6c2a+8c=a+c®a 

={3rt"6-10ft"6+4a®&)+(5&^c~7&^c-5®c) 

+ (-6c^fl+8c®a+c“o) 

=(-7a‘ii+Jft=6)+(-2&=c-&=c)+(2c=a+c"a) 

=»(-3o=&)+(-3r-c)+(3c='a) 

= — Ba'i—S&^c+Sc^fl 

Note In (he process above, it must be noticed that when like terms 
arc added tafjether, the result is obtained by annexing the common 
letters to the sum of the numerical co-efficients For instance, we find 
that 5b^c-7b^c—b-c——Hb^c, and evidently —3 is the sum of the 
co-cfficicnls 5, -7 and -1 

Example 3. Add togethei 3«— 2&+c and — 5d!+6c-/', 
and find the numerica] value of the sum, when a=>2, b-l 
<=3 d=4,c=7 /■=5 

AVe have (3a— 2&+c)+(-'5d+6e— /*) 
=3a-2&+c-od+6fi-/^ 

-6-‘2+3-20+42-5 

= (6+S+42)+(-2-20- 5)=51+(-‘27)«24 
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33. The ordinary rule for adding together 
compound expressions. Put the expressions undei one 
another so that the different sets of like terms may stand in 
vertical columns and draw a line below the last cxpiession 
then add up each vertical column and put the result below 
it The follouung examples u ill illustiatc the method 

Example 1. Addtogethci 3a— o&+7c-9£? — 8o+oa— d<^+7&, 
4(?+*2c— a and2&— dc+Gf? 

The first expression = 3a-51?+7c— 

The 2nd expression ~ 5a+7fe-8c-3d [Ait 31 ] 

The 3rd expression - -a +2c+4d 

The 4th exjiression = 2&— 3c+6rf 

The sum » 7a+4&— 20— 

Example 2. Find the numeiical value oi the sum ul 
20a-&^-25&®6Hd’ -22fl=&HmV-3d' and 
+2^’, when a=3 498, &=3 c=2, d=19 

The first expression® 20fl-&®-256®cH iV 

The 2nd expression® -22a-6® +196®c^ -Bd’ 

The 3rd expression® 2a-&®+ lb^c*+2d'^ 

The sum® 

= 3®x2^=27xl6®432 

EXERCISE 8. 

Simplify the tollowing 

1. 2x‘\'Sy—z—^X'-2yi-£ 

2. 9/a®-7ii=+5/+S)i2-4p=~8m= 

3. 8a--5a=&-7a=+5c=-2aH6fl=6-4c= 

4. Sa&c— 5c" +6?n«jp“— a6c+7c'— 9»mp“— 2c“ 

5. “7ci®6-562cH10a36-36=c=+3d/’~a3&-6V-5rf/ 

6. Bx*y--Qxyz~~VIx*y^2Qx~if -2xijz-dbx-y^ 

+dx^y-Axyz+bx"y^ 

7. 9fl"6c— 76*ca+oc®o&+3&®ca— 5a®6c— c“a& 

8 . 20x^mn-2^m^nx+Wxm--mxhnn-^7n^xm 

+ 54m® wa: — Qx^mn + 13u® a:m — 15m®mc + 20)? ^xm 
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I! n=9, I>=10, c=l2, (J=5, R=2, m-3, ?i=4 a;=6, iy=7, 
r=8, iiiid the numerical value of the sum of 

9. — 3 ) 11 + 5n and 5rf-4a;~6y 

10. 5hj — 2)/ — 76 — 8c and 3d + a; — lOre 

11. 3A“, -5)?)"+7?)% — 2a;+56-c and 10d~7ft 

12. -2/t+3m-4)), ~d— 53C+6)/ and 32~5n-36+5c 

13. -hn-¥a: 6(‘-4n)d+?y,-)z“— d“ + a6 and6itH-5!y~7a; 

+ ifi))in 

14. k^m-dnx^ hr-clm-x-d -6i:+3«--2)»'‘d and 
’':}}r-lbdz+2al--'Bb-d 

15. Bm*h-ba^x~4:b~z, — 13Ar®6+47^d-7d“«, -"5c^?i+86®?/ 
+9d® and5ff^--76'^c-4a;®6+8fldi) 

Add together 

16. a~‘26+5c and -7a+B6~8c 

” 01 ?+ 0 ?/ 9sj oo3~"3y+ and ~' 2 ?/+ 5 ' 

18. tH3cc='-5x+ 4 2a;S-6a;2+7a:-8, -a:®+7a;2-2a;+9 
and 5®= +2 

19. 3a-26+7c-8rf, 2c+6d-5fl 36+d-lOc, c-46+a 
and -7r/+o6 

20. aj"+2a;y+3y — a!+?/+2, ~5a:®+y^+2a;— 5 —dxi/ 
-7yH3)/+l and635'’+ac?/-aD“4y+2 

If n— 5, 6='4, a;=8, ^=7, find the numerical value of 

21. (3a;® + 6)/ - 20a = + 496=) + (17fl 2 - 276 ® - 23a;5) + ( - y® + 
36= - 3a = ) + ( -236® ~ 4y ® + 7a = + 20a: ®) 

22. (I0a“’-26a:->yH30a;®6H17a6y7)+(g5a;5^4+ie<j6y7 -304a- 

- 2Sar»65) + ( -8a®y ’ - ^xY-la^b^) + (5a:363 - 2oa®y ’ + 289<s=) 

23 . (2a = - 7a = + 9x= - 13y ® + 15o6 - 2la;y) + (5y H S6H 17a:y 
-6o=-8a6-20i;®) + (13a;®-20a6 + 5a®-16a:)/-10y2-26®)+ 
(r3a6-lx®+36® +23a;y-a® +18y®) 

24. U9a6a; - 396a;y + 49a;ya + 59ya6) + {2dbxy + 49ya6 

- 19a6a;-39^ya)+(2a61c- I2ccy(i+66a:y +24yab) + (3a:ya + ihxy 
-VMbx-Uyab) 
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25. (iSfl -43&=x= + Q2x-r - •23«Z;'r;/)+ (39a&r?/ + 28b=a’= 
-2oa-h- - 42 x~t) + (19&V + 37fl‘&= - '2d(ihxy + 3:^=?/=) 

+(9fl&3cy-29a“?r“55a;“7/"'- 1&"®-) 

K. Subtraction. 

34. Deiinitlon. xViw qumititv 6 is smdtobesubtiac- 
ted from any othei quantih an hen a thud quantity c is 
found such that the sum of h and c is equal to a In other 
woids, c=a'~l} when cis such that &+c-« 

The quantity /) OJiMvhich anothei quantiU' is subti acted 
IS called the mwuend and the qiianUly snbti adeJ is called the 
M abend The lesult is called the diffcicncc oi the 
j emamdet Thus if «- &= c, n is the minuend, h the subliahend 
and c the lemaindei 

35. To subtract a positive quantity is the 
same as to add a negative quantity having the 
same absolute value, and to subtract a negative 
quantity is the same as to add a positive quan- 
tity having the same absolute value. 

Smee. 3+4=7, we have 7— 3= 4=7+(-3) 
again, since 6+(— 2)=4, we have 4—6= — 2=4+(— 6) 

Hence, generally a'-l}=‘a-^{—h) ,7 c ,io suht) ad a ponhve 
qnaniiUf is the same as to add a negative quantity having the 
same absolute value [See Ait 30. Coi 1 1 

Since, ( - 3) + 5 = 2 we have 2 - ( - 3) = 5 [by definition] =2+3 
similarly, since ( — 6) + ( — 4) = — 10, 

we have (— 10)— (— 6)= — 4=(-10)+6 

Thus, generally, since (- &) + (a + 6) = « we have a - ( — &) = 
a+& , 7 e , fo subti ad a negative quantity is the same «9 to add a 
positive quantity having the same absolute value 

Note One quantity a is said to be greater than another quantity b 
when a— bis a positive quantity Thus —4 is greater than —5 foi 
(—4)-(-5)= —4+5=1 Similarly, — 5>-7, —10>~20 , and soon 
Hence, in the series 5, 4, 3, 2, 1, 0, -1, -2, -3, -4, -5, -6, -7, -8, 
&c , each number is less than the one before it 

36. Illustration. Suppose AD is a railway line 

A 0 B C D 

running from west to east, and A, 0, B, C, D are stations on 
it such that AO ~ OB =20 miles, 150=30 mdes and CD=^ 
10 miles Suppose a man travels from 0 to (7 m two days 
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Then evidently; (the distance travelled on the first day) 
+ (the distance travelled on the second day) =50 miles, 
and hence, hy definition, 50 miles - (the distance travelled 
on the first day) = the distance travelled on the second day 

Now (i) if on the first day the man travels fiom 0 
to jB, 7 c , tiavels 20 miles towards the east of 0, then on 
the second day he has to travel from B to C, & distance of 
30 miles more towards the east , thus we have (50 miles) 
-(20 miles) =30 miles 

(ii) K on the first day the man travels from 0 to A, 
1 c , travels a distance of 20 miles towards the west, then on 
the second day he must travel from A to C a distance of 
70 miles towards the east, thus we have (50 miles) - 
(-20 miles) = 70 miles 

(ill) Afiain, if on the fiist day the man travels from 
0 to D, re, a distance of 60 miles towards the east, then 
on the second day he must travel from D to 0,1 e, a distance 
of 10 miles towar ds the west , thus we have ( 50 miles ) 
— (60 miles) = —10 miles 

Hence, taking a mile as the unit of distance, we get 
the following results 

50- 20 = 30 \ 

60-(-20)= 70 ■ 

50- 60 =-10> 

Example 1. Find the value of a-h't-e, when a— 6, 
6=— 2, c=— 3 

a-&+c=o-(-2)+(-3) 

=5+2-3=4 

Example 2, Find the value of -a-(-&)+c, when 
fl=-2, &=-3, c=-4 

The given expression = -a+&+c 

= -(-2)+(-3)+(-4) 

=2—3—4= —5 

EXERCISE 9. 

If fl=3, 6 = —5 c= —6 d= —8, find the values of 

1. -fl+&-c+£f 2. aH~h)+c~d 3. c-d-{-b}-a 

4:» c— (— d)+&— fl 5* ~(— (t)+& — (— c)— d 
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If jji=! -47 72=50, x= —154, ?/= —234. find the values of 
6. n-m-{—x)+y 7. -(-7ii)+7/-(-72)-t 

8. -(-a:)+7H -?/-*(-«) 9. -(-7/)-?;i-'C-(-n) 

10. -(-7?)-7/-(-.a)-«J 

37. To prove that a-~{b+c)-a-b~-c, 

and a-(6-c)=fl-6+c. 

Since (&+c}+(fl— &— c)=n, 

by definition, n— (&+c)-n — &— r 

Again since (&— c)+(n — &+c)=f7 

a~{h~c)-a'-h-]-c^ 

Cor. Thus we ainve at the folloAving rule foi subti acting 
one algebraical expiession fiom another * Clumqc ihc 't\qn of 
eveuj tom of the subh abend fiom + /o — o> fom—to + a<i the 
case may he and then m itc down those to ms m sncccsston aftei 
the minuend Thus the result of subtracting 2a+,3&-5(‘ from 
a— 2&+c=a— 2&+C— 2a— 3&+5c= — a— 5&+6c 

Example 1. Subtract - 3a + 2& - oc from 2a + & — Sc 
Thereqd result=2a+6— 8c+3ff— 2&+oc 

= (2a+ 3n) +(& — 26}+ ( — 8c+5c) 

=5a+(-6) + (-3c)=5a-6-3c 

Example 2. Subtract 2a“+3a6— 56” from — .8a“+2a6— 46” 
The reqd iesult=— 3fl”+2a6— 46^— 2a^— 3fl6+56“ 

=(-3a--2a=)+(2rt6-3a6)+(-46=+56=) 
= -5a--a6+6® 

38. The ordinary rule for subtracting one 
compound expression from another. Put the sub- 
trahend below ^e minuend m such a way that the different 
sets of like terms may stand in vertical columns and draw a 
line below the subtrahend then supposing the sign of even’ 


"When a, 6 c aie all positive quantities and a is greater than b 
and b is greater than c, the following proof is generally given of this 
result m most treatises on Algebra 

If we subtract 6 from a, we get a -6, but we thus subti act 
too much from a for we have to subtract not b but a quantity which 
IS less than 6 bv c Hence we must add e to this result , thus 
«-(6-c}=a-6+c 
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ienn of the subtrahend to he changed, write down the sum 
of each vertical column underneath it 

Example 1. Subtract “ 2aj^+3ccj/~ ^;"f^om£C“-2a!?/+3?/® 
The minuend = x^—2xy+3y~ 

The subtrahend = - 2x-+Sooy~ 

The remainder = -3a;^-5a:v+4j/^ 

Note It must be noticed that the signs of the teims of the sabtia- 
hend aie not actually altered m the process, hut they aie supposed to 
be altered and the opeiation of conibininq each pair of like teims is 
peifoimed mentally 

Example 2. Subtract - Bah + 5a;® — from 3a;® + 2tj^ - 7a® 
The minuend = 3a;® + 2|/ “ - 
The subti abend = has®- y®+ a®-3a6 

The remainder =-2a:®+3?/®-8fl®+3a& 

EXERCISE 10. 

Subtract 

1. a“&+c from 

2. 2ft-6&+4c from — a— 2b+8c 

3. -'a ;+?/-2 from 2a3+3^-4s 

4. 5m® -6m +3 from 7m®-'8m-l 

5. a;®-2j/2+32;2 from 3a;®-2/®+22® 

6. Ai/+ix}j-2x^ from 2f/®-3a:y+x® 

7. -3a®+2fl&-7&® fiom a®-5a&“-8&® 

8. '-2'bc+Qc^-Sxij from 5&c-c®+2a;y 

9 21;® -4a;® + 7a; +5 fiom a:® - 3a;® + 6a; +7 
What IS to be added to 

10. x-\-2ij-{-z to make 

11. — 2a;+5v— 4s to make 

12. 3nr+5m-6 to make m® ? 

13. fl®+3a®J+3fl&®*i-Z,8 to make + 

14. a^-2«®Z>®+&* to make 

16. What IS to he subtracted from a®-3ffl®&+3a&®-i® 

to make a®— 
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39. Removal and Insertion of Brackets. 

(a) The laws foi the removal of hiackets aie 

(i) If any numbei of terms be enclosed within a pair ot 
brackets preceded by the sicn + the biackets mav be struck 
out as of no value , 

(n) If any numbei of teims be enclosed witli a pan 
of biackets preceded by the sign — the brackets may be 
removed provided that the Sign of every term within the 
biackets be changed, namely + to and - to + 

The reason is obruous, for any expression, included within 
biackets preceded by the sign +, has to be added to, whilst 
one enclosed within biackets preceded by the sign — has to 
be subtracted from what goes before 

Thus a— &+(c— d+c) = a-&+c-f/+c 

whilst a-b—{c-d+e)—a-b-c-^d—e 

(&) The laws of insertion of brackets aie 

(i) Any numbei of terms in an expression maj be 
enclosed rnthin a pair of brackets, rvith the sign + prefixed 

(ii) Any numbei of terms in an expression may be 
enclosed unthin a pan of brackets, with the sign - prefixed 
if the sign of every teim put mthin the brackets be altered 

Thus a— &+(-d+c— /*=«—&— (“C+d—e+n 

Note We often find brackets within brackets as in the e\piession 
2n-[5&-{Jc-(5d[-6e)}] , here it is meant that the expression within 
the braces { ) is to be subtiactei from 3b and the result thus obtained 
IS to be subtracted from 2a , whilst the expression within the braces is to 
be found by subtracting the expression within the parentheses ( ) 
fmm 4c 

When an expiession of this kind is to be cleared of brackets, it is best 
fora beginnei to remove first the innermost pair, then the inneimost of 
those that remain, and so on , and lastly the outermost pair 

Example 1. Simplify a—[b—{c—d)} 

a~{b~{c-d)}=a-{b-G+d\ 

. =a—b+c—d 

Example 2. Simplify a-^\b-{c—{d—e)}~f] 

a-[b—{c—{d'-e)}—f'\=a-~[b~-{c-d+e}~‘f] 

= a~[b—c+d—e—f] 
=a—b+c—d+e+f 

1 — 
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Examples. SimpMj 

=fl+['-&-{c-rf+e-/-( 7 }-W 

=a+[-h—c+d--e+f+q-h] 

=a--b~c+d-e+f+q-h 


Example 4. Simplify ‘2(i-[Ba+{4&-(2fl-&)+5o}-7fc] 

The ffiven expiession =2a-[Ba+{4&-2a+i/+5«}-7b] 

= 2tt ^ + 3fl} “ 7&] 

=> 2a — [3(1 + 5& + 3fl - 7&] 

= 2 a-[ 6 fl- 2 &] 

=2a-"6a+2&= — 4a+2& 


Example 5. Simplify a-[~-b—{c—id~-e-f)}], fiist lemovinff 
[ ], then { }, tlien ( ), and last of all the vinculum 

(i~['-h-{c-{d-e-f)\]'=‘a-¥b+{c-{d-cj-f)\ 

= a-^b+c-{d-e-f) 

=a+b+c-d+e~f 

=a+b+c-d+e-f 

Note The expiession within [ ] consists of two teniis, namely, -b 
and , hence, when this pan of biackets, whi ch is 

pieceded by the sign is lemoved, we get b+{c-{d-e'-f)} ^ 
similai leasomng applies to the removal of othei biackets It must be 
noticed carefully that only one pair of brackets is to be removed 
at a time 

Example 6. Simplify [a— {&-(c-(?)}]— [2a— {36+(2c-4f?)}] 

Wc have «— {&— (c— d)}=a— {i—c+f/} 

=a— &+C— d 

ami 2fl-{3fc+l2c-4f/)}=2fl-{3&+2c-4(/[ 

=2a— 3&-2c+4d 

Heme the ^jiveii expiession 

=[fl-6+c-£?]-[2«-3&-26+ldJ 
=n— &+( -(7-2fl+3&+2c-4(? 

= — «*r 2 &+ 3 (-nf 7 
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Example 7. Of the expiession a+b-'C+d-c-f enclose 
the first thiee teims Avithm a pan oi biackets and the 
last three m anothei, each piececled bj the sign - , mid 
then put the last two teims of each of these bracketed 
expiessioiis within an ninci jiaii of biackets ])ieceded bv the 
sign — 

According to the given diiectioiis 

rt+6-t + d-C"-/’=-{-a-6 + c‘}-{“i/+c+/> 


EXERCISE 11. V 


Snnplih 

1 . 2a—i^b-[-ki-'Gh)+{'-2(i+ob) 

2. a;+(“i/+-la5)-(-2a;+3vl 

3. -(5x-y)+l-3aJ+i/)-(2?/-Ga:) 

4. ‘■3«“{6n-(2&-4 5- -«-{2&-(6«+4/>)} 

6. 2a-{bb-^Ta] 7. :i-{o-{6-7-n)} 

8. "2-f-3-l“4'(“5-6)}] 

9. -fl-[-3b-{-2a -(-« -4M}] 

10. rt-[2&~{3c-(ff-2&-3c)}] 

11. 3x-[5y-{10^-(ox-10?/-3rJ}] 

12. -a-[-b~{-c-[-a-b-c)}] 

Simplify the following expicssioiis lemoving the biackets 
in the leveise oidei, i c the outermost fiist and the innei most 
last 

13. 2x-[5y-{9x-tlOy-4x)n 

14. -5a-[36-{6a-(5&-7ft)}J 

15. - 7i)i- [3 j? - {Shi - (4h - 10hi)}J 

16. -2ft-[-4&-{-6c-(-8fl--=l0&-12c)}] 

17. -3x-[-5y-{-7s-(-9x-^W^l^W 

18. ~2x-~[-iy-{-Gz-{~dx — bij-lz)}] 

19. -x-[“3y+{-5s-(-2x+-4y“65:)}] 

20. '-2a;+[-5&'-{“8c+(~3a“-6^+9^}] 

21. -x+[“5y~{-9::+(-3'C- -ly+liz)}] 
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Simplify 


22 . 

23 . 

24 :. 


{2a - (36 ~ 5c)} - [« - {26 - (c- 4a)) - 7c] 

[2a-(6-c)-{36-(2a-c)}-{-2a+(c-46)}] 

-[-36-(2a-4c)+{6c-(26-3a)}-{-5c+(6a-76)}] 


In the expiession a-'h—c+d—m-\rn'-x+7j—z 

25. Include the 2rid, 3rd and 4th teiins m a pan ^ of 
hiackets preceded hy the sign and the 5th, 6th and 7th 
in a pair of brackets preceded by the sign + 


26 . Include all the terms after the 1st in a pan of 
brackets preceded by the sign — , and of the expression 
thus enclosed put the last four terms within a pan of 
brackets preceded by the sign + 


27 . Enclose the first five terms within a pan of brackets 
preceded by no sign and the last four within a pan of 
brackets preceded by the sign and then put the last 
three terms of each of these bracketed expressions within a 
pan of brackets preceded by the sign — 


28 . Enclose every three terms from the first rn a pan 
of brackets preceded by the sign - and then put the last 
two teims of each of these bracketed expressions ivithin a 
])air of hiackets preceded by the sign — 


Ul. Multiplication. 

4:0. DoSinition. One number is said to be multiplied 
by anothei when we do to the former what rs done to unity 
to obtain the latter 

Thns, Since 4=1+1+1+1 we must have 
4Xaj or 4a:=a;+a:+a:+a: 

Similarly, 4x5=5+5+5+5 = 20\ 

3x6=6+6+6 =18^ ^ 

5x3=3+3+3+3+3 = 15> 

3x(-51=(-5)+(-5)+(-o1 =-15>| 

4x{-3)=(-3)+(-3)+(-3)+(-3)=-l2[ 2 

5x(-4)-(-4)+(-4) + (-4)+(-4)+(-4)--20i 

Airain since -4= -1-1-1— 1, we must have 
{ -4) X a;== — jc- ai -jc— ac 
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Similaily 


( -4) xo= -5-3-5-r) 

= — 20\ 
= -18' 
= -15) 

i-3)x6=-6-6-6 

i-r)}x3=-3-3-3-3— 1 

3) X (-5)= -(-5)- (-5)- (-3) 

=5+5+5 

II 

4)x(-S)=-(-3)-(-S)-(-3)-( 

-H) 

=3+3+3+3 

= 12. 

3)x(-4)=-(-4)-t-4)-t-4>- 

-4l-(-4) 

=4+4+4+4+4 

= 20j 


The uumbei multiplied is called the multiplicand and tlu* 
number bv \rhicli it is multiplied is called the multiplier j Ihe 
result IS called the product. 


EXERCISE 12. 

Fiom the definition of multiplication deduce the lesult 

1. When 5 is multiplied bv 3 

2. When 6 is multiplied by 3 

3. When 9 is multiplied by 4 

4. When — 8 is midtiphed by 4 

5. When —15 is multiplied by 3 

6. When —13 is multiplied by 6 

7. When 8 is multiplied by —3 

8 . When 7 is multiplied by —5 

9. When lo is multiplied by —3 

10. When — 9 IS multiplied bv —4 

11. When —12 is multiplied by —5 

12. When —16 IS multiplied by —4 

41. The Law of Signs. From the last aiticle it is 
clear that if a and h are two whole numbers, we have 

(+a)x(+&)=+(a&)'j 

(+fljx(-&)=-(a&) 1 

(-a)x(+&)=-(a&) I 
(-a)x(-&)= +{ab) ) 
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Thus, the product of two whole numbers is positive oi 
negative according as the multiplicand and the multiphei 
lia\ e like or unlike signs 


The same thing can be found when the numbers are Irac- 
tional Foi instance, since - 7 - - - V i e since - 1 is obtained 
bi subtracting a third part of unity twice, to multiply any 
number x by-'i we must subtract a third part of x twice 

IT XX ^x 

Hence (-IjXa; 


Similailv 


and so on 




4 fi 

15 ““ i 7 


4 




J 
1 5 



_S_ 

1 -i 


Hence u e can enunciate the Law of Sigm in a moie general 
waj thu«« The sign of the product of any two quaniaties is 
positive 01 negative according as the multiplicand and the 
raulti])her have like or unlike signs Or, more briefly thus 
Lihr ^iqv9 pi orluce + mid vnhhe siqm — 

Cor. Since (— a;)xf— aj)=£C“ and also {+x)'>^{+x)=x^ we 
have slx~ = ±x Thus every algebraical quantity has got 
two square roots uhich aie equal in absolute value but 
ojiposite in sign 

Example. Snnplih la^h-cd)ic^—d^) when«=— 2 b=-% 
c— "4- r?=5 

Bince ‘ = ( - 2 )- X { - 8 ) = 4 X ( - 3) = - 12 

and cd=(— 4)y ■)= -20 

G=&-cd=-12-(-20)= -12+20=8 U) 
Al^o. since r®=(-4)- =16 

and f/= = (oH =25 

c=-d= = 16-25 =-0 
Hence Irom (M) and (B) we have 

rd)fc^— d2)=8x(— 9)= —72 


EXERCISE 13. 

J'lnd the lalue oi 

1. nb—cd whcn«=-2 &=-f5 c=— 8 d=iS 

2. (x-—\j')h'-axq i\henrt=l &=— 6 x-4 

3. STW/'+yj/r ^^hen'C=— 1 ?y=— 2 2 =— 7 


iB) 
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4. {—a)b‘-(‘d~'\-h{-i)‘ ^^hen «=5, ft- —7 c=4, f/=-3 

5* ~x%~c)-\-h~[~ii)+Aa^ \Ahen fi= -'2, ft= -B c=-l, 
x=b ?/=6 

6. a‘(ft-c)+ft-(t'-flHf“(f(-ft) vhen ({ = -2 6= -5 
c= -7 

7. x^{y-z)Arii\z-x)Ar:^{x-ii) \vhen .x=--3 ?/=bi, 


8 . 2;®(g--i“)+g®(;“-;rH/^(jr-g-) when p=-^ 
g= -5 ) = — 7 

9 . o® + ft®+c®-- 3 aft(, \\hen (f = — 12 , ft= — 13 , t=» -15 

10. 8how that (fl + ftl®=rt® + 5 ff^ft+ 10 a®ft" + 10 frft®+ 5 «ft^ 
+ &® when a =3 ft =— 5 


42. To prove that ax 6=&x a, j.e., 6 multiplied 
by fl gives the same result as a multiplied by &. 

(i) Eiist let « and ft be any two positive integers 

Place ft milts in a hoiis'ontal low and write down u such 
1 ows m such a inannei that units in siinilai positions in the 
different lows iiiav be in the same vertical column , thus 

11111 u times 

11111 ft times 

11111 ft times 


to a lines 

This being done evidently it may also be said that we 
have MTitten down 6 columns, each containing d units 

Now let us count up the total numbei of units thus 
M ntten doivn 

Since we have got « lows each containing ft units, the 
total number of umts=(the nmiibei m the 1st iow)t 
( the number in the 2nd row) + (the numbei in the 3rd low) 
+ + (the numbei 111 the ath row)=ft+ft+ 6+ to a 

teims=aX& (1) 

Also since we have got 6 columns each containing a units, 
the total number of units = (the numbei in the 1st column) + 
(the numbei in the 2nd column) + (the numbei intheSrd 
column) + + (the numbei in the ftth column)=n+ft+n+ 

to ft terms =6X0 (2) 
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Hence, from (1) and (2), we have aX & a-*, 

7 c b taken a times = a taken b times 

(n) Next let a and b be two positive iraciions , suppose 


7 ) 

« =— and 6=^} vheie n, q aie positive integers 


Tlienax&=“X =mX 

n (I U ff / } 


ng nq 


(I) 


,UKl *'X''=f x"=2>X 


= ^ 


qn~' qn 


But m and^ are positive integers theiefoie mp^pm 
similar]}^ nq-qn 


(II) 

.ind 


Hence, from (Ij and (II), we have ay.b=hX.a"\ 

Thus it IS established that for all positive values of a and b 

we must have flX&=6xa (i) 

Since ab=ba, it does not matter much whether we read ab as 
a times b orb times a (ic, as, b multiplied by a or a multiplied by b ) , 
' but until flic jn opositwn of the present aitiele has been pioicd it seems 
expedient to stick to one and tne same mode of interpreting it If a 
beginner is taught to read 7a as “7 times a whilst 7x4 as “4 times 
/ he IS but unconsciously led to think that such expressions as ba 
and ab mean the same, and that consequently no amount of reason- 
mg IS nccessarj to establish the aboi e proposition As a safeguard 
against this evil I have hitherto throughout taken « x 6 to mean 

times or ‘6 multiplied bj a’ 

rWeean illustrate axb=sb^a when b and a are fractions as 
follows 


Let us pro\ e that { x ^ x ^ 

X 4 means that we have to divide * of any thing into 3 equal 
parts and take 2 of those parts whilst ^ x means that we have to 
(ti\ icie of a thing into 5 equal parts and take 4 of those parts 

A B 


15 inches long, then ^ of the line will be 12 mches 
md c\ idcntlj , of 12 ins :=8 ms thus ^ x ^ of the line -8 inches 

Again, of the line is 10 inches, and i of 1C mche‘!=8 inches 

t-x , of the line also=8 inches 

illustntod .x‘= 4 x, Similarlv anv other case mav he 



III] 


POUR SDfPTiE RULES 

41 

Cor, I. 

From Alt 41 , we have a; X (—?/)=: — (jc?/) 



and 

(-■'?/) X a; = - (yx) , but xy - yx 

jj) X X 

(B) 

Cor, 2. 

From 

Art 41 (— 'r)x (—?/)= -t-ccj/ 



and 

(-?/)x(-a3l=+?/a; , but'rv=7/a; 



• 

(-a:)x(-//)=(-7/)x(-a;) 

(C) 


Hence, from (.4) (5)ancl(C) we conclude thatfoi all valuer 
of a and h oX&=&Xa 


EXERCISE 14. 

1*1 ove that 

1. 4X5=5x-l 2. 6x3=3x6 3. 7x5=rix7 

4. 4x8=8x4 5. 9x5=5x9 

43. T 0 prove that (ab) xc=ax (be) or, = 6 x (ac), 
i.e., to multiply c hy the product of a and b is 
the same as to multiply c first hy either of them 
and then that result by the other. 

Place & brackets m a horizontal low each containing ( 
umts and write down a such lows in such a manner that the 
brackets in similar positions in the different lou s mav be in 
the same verbeal column, thus 

[c] [c] [c] [(] & times 

[c] [c] [c] [c] 1) times 

[c] [c] [c] tc] h times 


to a rows 

This being done, it may also be said that we have written 
dovm b columns each containing a brackets 

As we have got together ax & brackets and as each bracket 
contains c units, the total numbei of units = (a&j X c («) 

Again since we have got & biackets in a low each contain- 
ing c units the number of units in a iow=&c, and as theie 
are a rows altogether therefore the total number of units 
=«x(&c) (|3) 

Again, since we have got a biackets in a column each 
containing c units, the numbei of units in a column =ac and 
as theie are h columns altogethei therefore the total number 
of units =&x(ac) fy) 



43 


AIjGEBRA made easy 


[CHAP 


Hence fiom («)j {0J and [y) we have 

[al] X c« a y [he) - hx{ac) 

Cor. Fioni the lesults of the last aiticle and this, we deduce 
that flhc=bca=cah Poi Toy the piesent aiticle abc=»ay(&c). 
and by the last aitiole ay.ibc)-ibc)Xa—bca, hence we 
have a6c^&ca, and sinnlaily hca= cab Thus we have led to 
conclude that /be vaiac of a ?v the same w whafevci 

01(1 Cl the factois may be taken *' 

Note 1 Although the factois of a piodiict can be taken in any oidei 
it i<i always found convenient to place fust the factoi expressed in 
figuies, and to put aftei it the factois expiessed m letteis in the alphas 
betical oidei of those letteis Thus, ( ^xdx7xbx.a'^ is wiitten 
Inched 

Note 2 We aie now in a position to modify a little the definition of 
co-efficieni given in Ai f 15 In an algebiaical pioduct one oi ntoie 
of the factois mag be called the co-efficient of the lemaininq factois 

Foi instance, in 7nbcd we may call 7cic as the co-efficient of bd, foi 
7(tbcd can be written as 7acbd and theiefoie by the definition alluded to, 
7(ic IS the co-cfficieiit of bd 

44. To prove that where m and n 

are any two positive integers. 

NB Fioin Alt 42 we know that the Quantity on eithei side of x 
may be legaidcd as the miiltipliei and that on the othei as the multi- 
plicand Hence, we need not any lonyei obseive the lestriction we have 
hithci to placed upon the meaning ofaxb 

ISee foot note, page 40] 

Since (r = aa 

and a^ = aaa, 

(ry-a^=>iaa)x{aaa) 

= axaxaxflyfl [Ait 40] 

Again -^iince a*=aaaa 
and (i^ ^aanaaa 

(t* x.a^~(aaaa)x((ia(ui(i(() 

s=aXoXrtXaXflXaxaxflXrtXfl [Ait 13] 

Theiiliditi of tlie (Oiicliision has been established onl) for 
three factors V gcneial proof hoiieiei has not been attempted 
IS beinp: too tcdiou*. fni tlic eJa^s of ‘student^ foi whom the book i** 
meant 
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Geneiallv since n'"=aaaa to m i.ictois 

and a"=‘a(i(iaa to » factois. 

a' ' X fi " = {aaaa to >» factoi s) X 

(flflrtflft to » factois) 

= aaaaaaaaa to (»? + ») facloi "5 
= a 

Cor. I. n'''Xfi"Xa'’=fl’"""'^'‘ Mlieicii? Ji ami p aie positue 
integeis 


Foi «'''x 




ir X rt" X fi' = a’"^” X 


Cor 2 . (fl’") =a"'" ■wheio m and » are positive integeis 
Foi (fl'") = n"' X fl’ ' X n”' x to i< f actoi s 


- »-L to II tfn»f 


, 45. Applications of the principles established 
in the preceding articles. 


Example 1. Show that {-ab\~=(rh- 

(-ab)~ = [-ah)y.{-ah) 

= (ab)x(ab) 
=axbxaxb 
=axaxhxb 
={aa)x{bh) 

Ol n 

-a-h 


[Alt 41] 
[Alt 43] 
[Coi . Alt 43] 
[Art 43] 
lAit 44] 


Example 2. ^lultiply —"la^b^ by 4ft® ft"* 

(-W)%{ian^) = -{(5»’!)')x(4a'6‘)) [Ail 41 ] 

= -{5Xft®xJ=x4Xft®x&^} [Art 13] 

= -{oX4Xfl®Xft®x&=x6^} [Coi,Art43] 
= -{20x(oV)x(&264)} [Alt 43] 

= [Alt 44] 

Examples. Simplify \- 2 x^ii*z)X{ 4 x~ifz^)x{~Gxif^z'^) 

We have {-2x^i/z)x{-b(ihjh^) 

= ~{{2x°y*z)x{4x^yh^)} 

= -{2Xir® X?/ x^;x4xa:= X?; ‘ x^^} 

= -{2x4X0!:® Xas^x?/* Xy’’ x sXz®} 

= -{8x(a;®a;=)x(2/Ly7)xU£=)} 

= — 
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[CHAP 


Hence the given expiession 

=(8£c’?/”s®) x(6a;i!/ V) 

= 8 X a: X ^ ^ X 5 : ® X 6 X aj X ® X c * 
=8x6xa:’ Xa:Xy^^ x?/®X2:®X2^ 
* =48x(as'^a£:)x(?y^S/®)x(g®2^) 
=48a:'*2/''r^ 


EXERCISE 15. 


8hou that 




1. 

(— fljx6&= 

‘-6ab 

2. 

(4a)x(-2&)=-8a& 

3. 

-7x'’ x8x 

' = -563;'® 

4. 

(-2&)x(-10a)=20rt& 

5. 

(-7c)x(- 

3fl&)=21fl&c 

6. 

10 X 35 =25X14 

7. 

15X75=5® 

'x3® 

8. 

(-a)® = -a» 

9. 

(-fl&)® = - 

-«®&® 

10. 

(<iV)®=fl'®&® 

11. 



12. 

(-a;)® = -a;® 

13. 

(-4a!®?/^)® 

cr 

CD 

II 




Miultiph 


14. by 15. -la^h^c by -^dbc^ 

16. -hx^h/ by -8a;®//'® 17. -12a;®//®^® by 
18.. -l^ifz^hY -lOx^tfz^^ 

Simj)lity 

19. (-a;)®x(~2a;?/®)®x(a;®^)® 

20. (-2a®)x(7a*67)x(5a9&6) 

21. ( - X (2s^a;®//® ) x ( - 47/®2®a;®) 

22. ( “ 3a:®//) x [Azy-^d) x (—x^z^y*) x ( 22 a;^) 

46. Products of monomial expiessions can be always 
found by the method lUustiated m the last ai tide, it is neces- 
<?aiv. howevei "when dealing uuth more complicated cases of 
multiplication; that such products should be found mentally 
Hence the student must get tlioioughly accustomed to this 
kind of mental woik for which an exeicise is added below 

Example 1. AVute down the pioduct of Sos® and — 5a;y 

(3a;®) X ( - ox?/) = - 15a;®// 

Example 2. Wnte down the pioduct of and 

(-5n®&)x(-8fl&®)=40fl®ft® 
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EXERCISE 16. 

Write down the product of 

I. -2a;® .md ox* 2. oa^b .ind-4«6’ 

3. and-7H®m® 4. 3a;®?/® aiid-6a;?/® 

5. fl®6® £ind~3fl'‘&‘' 6. ojjuj® aiid-BH?’?? 

7 , -lOxfjz^ aud-oa;;/®r 8 . ix^ij^z and-Oa;?/::® 

9. -Qx-y^z* and-Sa:®^/®” 10. -oa®6®c’and-5a®6’‘(® 

II. Bx^i/z* iiud-Sxi/'Z 12 . -iahxy aml-i}a“xby- 

13. - 7 a®&® 2 ® and“'5rt&z 14. 5«^a;®?/ and- 12 'i;®?/^fl® 

15. -l-ixy* and-ox*ijz 16. 2 fl 6 c® and-9rt‘6®f 

17. -la^x^y dnd-9a;®?/a® 

18. - 8 a:® 2 /^ 2 ® and- 20 ?/®::®aj'' 

19. -13a®&^®c^®and— o&c®a® 

20. -Ta’a;'’?/^® and— I6£®a:®«®j/® 

47. To prove that fl(6 +£)*■« 

Whatever b and c may be i£ « be a xiosiiwc mkqei w e 
have a(6+c)=(&+c)+(6+c)+(&+c)+ to a tenns 

= (&+&+&+ to a teims) 

+(c+c+c+ to terras) 

=a6+flc (1) 

Hence, conveisely , thatis, it j; and 

w U Cl 

q be any tivo quantities and i a imiiwc inte(je) then 

(A) 

Next suppose rt IS a positive fraction, le supi)o‘?e « =— , 

at 

where m and n are posifave integers 

Then, — (& + c) = i» X 
^ n ' n 

[by the definition of midtiplication ] 
_ m(b+c) 
n 

♦Every binomial expression can be put in the form b+c Eoi 
instance, the expression nmch can also be nntten as 

(2a:’)+(-3y2) is of the form b+c, 2®® beina: legaided as h and 
-3y» as c 
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mb+mt n /1^ 
= — — [by (1) j 
n 


, me 
u n 


m , , m 
11 n 


[by W) ) 


( 2 ) 


Hence fioni (1) and ('2), foi all positive values of a, 
w e have a{b+ c)=ab+ ac 


Next suppose a is anv negative quantity, ? e suppose 
(i = ~x where x is any positive quantity 

Then (-a;)(&+c)= -[a;(&+c)] 

= -{xb+xc) [by (3)] 

= -xb-xc=[-x) b-^i—x) c , 
tliiis, foi tiin negative value of a also, we have 

fl(&+c)=o&+flc (^) 

Hence, fioni (31 and (4), foi all values of o, b and c, we have 
a(&+c)=fl6+flc 
Con J. Conveisely fl6+fl( = f((6+c) 

Snnilai Iv, xija^ + xyb ^—xy{a^-{-b^) 

Cor 2 Since = 6+( — c), Ave have 

a{h-c)=a[b+i~c)]^ab+a{—c)=ab—ac 

Conveiselv ab—ac‘=a{h’-e) Hence, 2aa3-2ft7/=2a(a;—?/) 

Cor 3. a{b+c+d)=a{b+[c+d)]=‘ah+a{c+d) 

=ab+ac+ad 


Si iinlailv, a{b+c+d+c-\-f+ ) = ab+ac+ad+ae-^ af-^ 

Tlius, when any multinomial expiession is multiphed by a 
monomial, the result is the sum of the products obtained bv 
multii)l>nng the diffeient teims of the multinomial by the 
monomial 

Conveiseh ah+at+ad+ae+ =a{b+c+d+e+ ) 

Example 1. Multiply 2ab-3b'hy5ab 

fiab(2ab - 3& = 5ab{2ab-i- ( — 3&“ 1} 

—7Dabx2ab+5abx(—Sb') 

= 10a^b^-15ab^ 


i 



IIIJ 


FOUJi slmpjj: ijl'lhs 


47 


Example 2. ]\liilti])ly - 3x^ + 5a:- - 6a:+ 1 In - 6a;= 

( -Gx'Xr* -3a:®-t-5a:" —6a: +4) 

= ( - 6a;“){r ■* + ( -Stj® ) + 5a:- + ( - 6a:) + 4} 

= (_— 6a;-) a;^+(—6a:"X—3a:^)+(—6a:-)5a;“ 

+ (-6a:=)(-6a;)+(-6a:=)4 
= -6a:Hlhlc'-3(V+36a;='-24a:= 

iVfi The beginnei ts particulailij iccommendcd to ivoik out at 
fust each example in the method shown above, but after some practice 
he can safely do away with the intermediate steps and write down the 
lesiilt at once in the manna exemplified below 

Example 3 "Wnte down the pioduct of 

-•La* -ir'ia^b-Ga'b- —3(ib'^ +\)b* and —3n^- 
—4a*-toa^b—Ga~b' -Sab^-\-%* 

- 

12a®6=-15a563 + l8a"6H24fl365-27a=6« 

Example 4. Sunphfy 2a:X3x-2)+2a:(2a;+3)-6(a-H) 

^Ye have 2x-(3a:— 2) = 6a:® - 4 t- 
2a;(2a:-t 3)=4x-+Gx 
G[x-3)=Gx-lS 

Theieioie the given expiession 

=> (6a:® - 4a:®) + (4a:H Oa ) - iGa: - 18) 

= 6a:® -4a:® +4a:= + 6a:- 6a: + 18 = Ga:® + IS 

Example 5. Simplih 3af2a— 5)-3a^a— Gj 
Putting X £oi 2fl-5 and ?/ foi a-6 w^'e have 
3a(2fl - 5) - da{a - 6) = 3ax - 3ay = Ba{x - y J 

= 3a{(2a - 5) — (a - 6)} = 3n(tt + 1) = dn® + Bfi 

EXERCISE 17. 

Multiply 

1 . 2a:-?/ by -a: 2 . a-2HBc by -5fl 

3. 2a;-3?/ bi 4a:?/ 4. 2a®-3&®-c® bv a&c 

5. by ~‘6xy 

6. 3fl®&®— fl&®— 5a®+a®& by 76® 



48 


ALGEBRA MADE EASY 


[CHAP 


'Wnte down ttie product oi 

7. 3a“ic- 46/a;® +5a£c and — 2 ( 1 “ 

8. — + 3m - ^mn ® and imn 

9. aHc—b^ca+rab and -abc 

10. x^-{‘y^+z^—yz-sx-'Xij and xyz 

11 . -2c®6i+3623c-5c6?®-4c®6Z® and 

12 . 8a^“66*®&+5fl®i®— and — 26i®&® 

Simplify 

13. 7£C®(a;'-2)— 2a;®(a;— 3)-8a3®(l— 2a;) 

14. a;®(7/®“0®)+?/®(^:®”a!®)+£®(a;®— 

15. 9x®(a;®-2//®)+52/®(3a;®+?/®)+3z/®(a;®-10?/®) 

16. a;® (a;® + 2as® + 2a;) — 2a;®(a;® + 2a;® + 2a;) + 2a;(a;® + 2a;® + 2®) 

17. a®6®(fl®&®-2a^6®+26i®&H2a^/;®(a«&®-2a^6®+2a®&) 

+2fl®J(a®&®-26»^6®+2fl®&) 

18. 2ffi®&®(2fl®6°+666«&'‘+9fl®ft®)-66i®&*(266®6«+6a®J' 

+ 9a®&®)+966®fc®(26i®6®+66i®i>H9fl®&®) 

19. ft ® (2a; — 3?/) + a ®(3a; + 4.y) ~ a®(5a;— 2y) 

20. If a=x^-yz, b=y^-zx and c=z^-xy, 
find the values of (il flaj+h/y+cs , (n) ca;+a 7 /+k 


IV. Division. 

48. Definition. One quantity a is said to be divided 
by aiiothei quantity b when a thud quantity c is found such 
that c X 6 = 61 In othei words, a—b=c when a^b^c 

Thus when x=‘ 7 i'>(.z, we have x~y=>z and X'-z^y 

When one quantitv is divided by another, the formei is 
palled the dividend and the lattei the 6?7m.9(M jtheiesultis 
called the qiioheni 

49. Fundamental Propositions. 

(i) To prove that a-i-byb=a. 

If we denote a~h bv x, ive must have, by definition 

xyih^a 

Hence a-b'X^h^xy.b-a 
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(ii) To prove that a-i-b'i-c-a^rbc. 

We have (n — ft— 

= [{(fl-ft)-c}xc]x6 
= (a-6)x& [by the last lesult 1 
=a 

Hence, by defamtion, a-b--c=a—bc 

That IS, to divide any quantity successively by two otheis ?? 
the same as to divide it at once by then pi oduct 

Cor. Hence, a-h-c—a — c— 6, foi each of them = a ~{bc) 

(hi) To prove that 

We have ^Xft=l-&x6=l Lby(i)] 

Hence, wX ^x&=rtX ^—Xft^ [Art 43] 

=(iXl=a , 
le (axi)xl,=« 

Therefoie, by defimtion, a-b=a'X -^ • 

Thus, to divide one quantity by anotJiei is the same as to 
multiply the foi mei by the i ecipi ocal of the lattei 

Cor. a— 6xc=aXc— ft 

For fl— ftxc=ax4- Xc 

ft 



=ftXcx4-> 

ft 

[Coi , Art 

431 

and this latter 

=flXc— 6 



50. Law of Signs. 




Smee 

ax(-&)= ■ 

-ah, 


by definition. 

{-ab)-a=- 

-61 

r 

and (- 

a6)-(-6)= 

a] 


Again Since 

(-a)x(- 

II 



a&-(-a)= 

-61 

u 

and 

rt6-(-&) = 

-aJ 


It IS evident also that 

1 

II 


HI 

and 

11 

1 

j 



1-4 
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[CHAP 


Hence iioin I 11 and HI, we have the following law of 
signs m division When the dividend and the dimsoi have the 
mmesiqn the quotient is posihve and when theij have different 
signs, the quotient is negative In othei woids hke signs 
pioduce +, and unlike signs - 

51. Division oi one monomial expression by 
another. 

Let ns examine a few paiticular cases 

(i) Since we must have 

(15a®&®c)-(5a^&^c)=3a®& 

Thus, if the dividend =15fl®&®c 

xftxc 

and the divisoi =5a®6®f 

we have the quotient 

(ii) Since (-'2a''>&2cd)x(-'3a®c®)=6a*®&®c®d 

we must have6«'®&^c®d-(-2»'®&®cd)= — 3fl®c® 

Thus, if the dmdend=6a‘®&^c®d 

=2x3xfl^°Xff®x/;-xcxc2xd,l jy 
and the divisor== —2a ‘ j 

we have the quotient- “3a®e® ^ 

(ill) Since (— 5a‘’i®c^<?)x(46®c^)= 

we must have (-20a**&®c®d)“(-5a®&®c®<f)=4&®c^ 

Thus if the dividend= — 20ft‘'b^c'’d ' 

= — 5x’4xa^x6®xfc®xc‘Xc^xd, , 
and the dnisoi== -6a®?i®c®f/ ^ 

ue have the quotient 

Hence, fiom 1 11 and 111, we are led to deduce the 
following inle foi dividing one monomial expiession hi 
another 

Take away fi om the dividend all those factois which make 
npihcdiviso) audio theicmmnmg facto) s pi efix ihc sign +, 
0 ) no sign if the two exptesswns haie the same sign and Ha 
sign - , if they have diffei ent signs 
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Note ]Ve liauea^^—a~~{a^x.a~)—a~—a^ 

Similarly, a-°— a'' n’'^~a^*=a ~ ; and so on Hence, gene- 
rally, a"'— <7",=a"'~", ivheie m and n arc positioc intcgeis and in>n 

Example 1. Divide 18w?®?rj7 bv —durii'p 
The dividend=18jH®jr;; 

=6x8x?h^ xjh Xir X/) 

The divisor = 

The quotient= -Bm 

Example 2, Dmde —2ia'’h^c b\ 

The dividend = — 

= -6x4xfl'*Xfi3x&x?r X( 

The divisor= —ba^bc 
The quotient =4a'*6‘ 

EXERCISE 18. 

Umde 

1. 16a:^ by - la 2. -ISa*’ bj ba- 

3. “20a''a;® by — 5a®a- 4. by 12a®?/'* 

5. — 14;a’*6®cby — 7a-&c 6. — 202?^’2''j ■ by " 

7. — 70a*®y®5:by — 14a;*®7/58. bv — 

9. — 81 «?*®n*'* 2 ?® by 27 »w'’7?''^j^ 

10. -69??’6*c® by -23a®6^c’ 

11. 25a“®7/®2^ by 

12. — 42«“®£C“®^®r® bv — 14o* ‘a;^^?/®^ 

13. o*°*bya®’ 14. 28a’- o® by -4a*®’ 

15. Se??!®®’ by -Swr®*' 16. by Ida^V)''^ 

52. Division of Multinomial by a Monomial. 

Fiom Coi 3, Alt 47, we have 

a{b+c+d+e+f+ )=ab+ac+ad+ae+af+ 

Hence, (a&+flc+ad+ac+ )-a—b+c+d+e+ 

= (fl& - a) + (flc - ft) + (ad — a) + (ae - a) + 
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Thus, to divide a multinomial expiession hj a monomial m 
have to divide each tei m of the dividend hy the divisor and take 
the sum of those pai tial qiioiients foi the complete quotient 
Example 1. Dmde 4ft^£c“~6a®cc®+10fla5^ by —Saa; 


The required quotient= 


4a^g'^ - Qa“x^ + lOaag^ 
- 2(335 

j | lQa 35 ‘* 

~2ax'^ '-2ax ~~2asc 




Example 2. Divide 9a5®-4a;^a-2a5®a“ by 3x^ 

The required quotient=^^ — 

_9a;^ —4x*a —2x^a^ 

"Sa;® dx^ Sic** 

=3a;“ — j-cca-|a® 

Note Aftei a little piactice the student can safely do away with 
the (intermediate) step in each case and write down the quotient at once 


EXERCISE 19. 

Divide 

1 . 3n®&"-2a®6® by 2 . 2a®6— 3ah® by —ab 

3. 6a'‘&®-9a®&* by 3a®&® 4. 12x'^y^'~^x^yhy ~3x“V 

6. 14a5’2/®-21a5*?y’ by —Ix^if 

6. by Amn 

7. --3a®£c'*+6a®a;®-9a^a5® by -3a®35® 

8. 12oc^ — 8a:®a®+20fla;^ by — 4x® 

9. — 20»i®ii® by bm^n^ 

10 . Bp^q^-bpY-3pY by 

11. -U3cV+2lT'V-28a;V % '^aiV 

12. 15a'‘a5**— SOo’a?® — 45a®a:® by 20a^a5® 

13. -60»^a®-75a;®a«+80a;®a* by -20a5®a* 

14. 12o?n®iiV-175j)i‘*ii«p®~200m®n®iJ» hy 2bmHy 

16. -a-bU*x*y*z^+2aYc^xyz*-BaYc"xYY 

by -aYc’xY-'’ 



liliscellaneous Exercises. 1 
I 

1. What numbei ahH lepiesent an inteival of 5 houis 
(i) if the unit of time be half an hour , (ii) it the unit of tune 
be 10 hours ? 

2. If a; stands foi 17 and ?/ for 25 what docs 'C^y denote ■' 

3. Define ‘ Co-efficicnl Distinguish between a immo i- 
cal co-efficient and a btci al co-efficient 

What aie the co-efficient of in 15 t®, 2ax^ 7ab‘x^ and 
IQnrpqx^ ? 

4. Distins:uish between Jab and Jab Find the value 
of Jab'-‘ ^/a5, whena=9 5=4 

5. If a distance of half a mde to the noith of a place be 
ippresented by 40, what will lepiesent a distance of 11 yaids 
ta the south of it ? 

6 . State the lesult when a nei{ative quantity is added to 
a positive quantity Hence deduce that + ( - 5) = - 5 

7 . Define subU action Hence deduce that 4-6= -2 and 
that 5 -(—3) =8 

8 . Arrange the ioUowmg numbeis in descending oidei 
of magnitude 2 5 -3 7. -8 -1 9 -4 -12 


n 

1. If a =4, 5=5, find the value of 

(i) fl5— ax5 (u) 45— «5 , 

(m) 74— 7a (iv) 85—85 

2. What does o" mean ^ Distinguish between a“ and «" 
Find the value of a^-4a®5-l-6a®5--4a5® + 5-‘, when a=7, 5=5 

3. W hat is the lelation between a and each of the follow- 
ing Ja and % ’ 

Find the value of J'a^ -dcJ'^Vb^ - 0^-26 when a =8 
5=7 c=6, d=5and e=l 

4. What IS meant by the absolute value of a positive oi a 
negative quantity ^ lUustiate this by an example 

5. Add togethei 8a;®?/, — 8aj^?/, — 19a;®?/ and 17a;®?/ and 
find the numerical value of the sum when a;=4, ?/=5 

on* a down the sum of 16a;^, —8a;?/® 24a;®?/® ?/"* and 

— 82a5®y and find its numerical value, when a!;=4, ?/ =5 
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7. Subtract 4fl— 13&— 25c from 17&— 12c— 19fl 

8 . Simpbfv Ba;-[47y+{2g-{a;-5?/+35:)}]— (3a;— 7?/) 

Ill 

1» Expj ess algebraically the folloAvnig statements 

(i) The result of multiplying the sum of a and & by c is 
the Same as the lesult of dmding £C by the product of y andg 

(ii) The square of the sum of sc and y is the same as the 
result of adding togethei the squaie of as, the square of i/, 
and twice the product of x and ij 

(ill) If the cube loot of the result of subtracting wfromw 
be divided by the product of the cube of in and v, we get a 
quantity which is less than the sum of the square i oots of 
X and y 

(iv) Since a is greater than b, theiefore three times a is 
gieatei than thiee times h 

2. A B C\D,JE,F G aie a nuiiibei of successive points 
on a stiaight line such that the distances AB/ BC, CD, DIE, 
EF, FG aieiespectivelyS, 4, 6, 8 5and7inches If DC’ be 
lepresented by 3, what numbers unU represent DB, DE DF, 
Da and DQ lespectively ^ 

3. State the result when one negative quantity is added 
to another Dnid the sum of -o® -3a®& -dab® -b®, 
when a=6, b=4 

4. Show bjT a numeiical example that when any iiumbei 
of quantities are added together the result is the same in 
whatevei ordei the quantities may be talcen 

5. If a!=l6, b=10 c=5, d=l, find the value of 

(a-b)(5^/a'-b)+ ^/(a-bXc+d] 

6. Ifa=] b=® piovethat 

n® X 7>e 

=* fl'* - a®& + a®b® - ab® + 

7. Add together Ba®+4bc-a:®+10 2T;®-5a®-l5+6bc 
and 21— 9bc— 4n®— 10a:® 

8 . Simphfy fl-[5b-{«-(3e-Hb)+2c-(a-2b-c)}] 

IV. 

J. Jf a=9 hnd the value of 
(i) s/4^- , 


(n) ^/49-^/4a 
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2 . Show’ hy a numerical example that W'heii any number 
of quantities are added together, they can be divided into 
irioups and the re'^ult expicssed as the sum of these gioiips 

3. Tf n=2 6—3 c=s4 find the value of 

fl-b+c ^ 6-c+fl ^ c-ff + b 
fT+b— c b+c—a c+n— b* 

4 :. Define an Algehmcal Exp)cs^wn Distnigiush bet- 
w oen a simple expression and a compatnul expression 

ls42flba;“ a simple oi a compound expiession^ Ctivc the 
names with illustrations of the dilfeient classes of compound 
expiessions 


5 * If 'U=2, ?/=»3, a=6, b“5. find the value ol 

Vb{x+y)- + V{x+(i){b-'2x)+ Vx{b—iiy. 

6. A cei tain sum IS divided between A, B and 0 , B 
leceives a pounds iiioie than A, and G leceives b pounds 
more than B , if A leceives a; pounds, find an cxpicssion toi 

the whole sum divided 

?n 2b2-=^b=+c= «b-J-b= + b® 

ancl2«6- 

8. Reduce to its simplest foini 


V 


. a* ^3 the dimensions and degiee ol a 

proQuct What is a Homogeneous Bxpmsion'^ Write 
rtown twm trinomial homogeneous expressions, one of six 
(iiniensions and the other of seven 


2. If vou weie asked to find the value of the expiession 
fl X 0 c -a X e+f -jjb, how’^ would vou proceed ^ 

3. Define factoi What are the simple facioi s of 2ab(a+ b) ^ 

4* If a— 4 and a:=2, find the numerical value of 

2aa;^ 6^^ 29a;- ^ 

{a—x)^ a®/s/2a+4a; filo 
5t Rind the value of 

{'i;'i-7.uH6ac+5)+(-3at:+2a:H4+5Dc-)+(-ll-4a;^+2a;-7a;2) 

+f9a;®+2+oa;®— 4a;) whena;=5 
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6 . Prove that a~-{b‘-c)=>a-'b+c How is this ffeneially 
proved when a 6 c are all positive quantities and a is greater 
than h and h is greater than c ^ 

7 . Simplify 2x--[iSx—9y)—{{2x~~3tf)-{x+5y)}] 

8. When IS one number said to be multiplied by another 
From the definition deduce the result when -8 is multiplied 
by '4 


VI 

!• Define the powei of a numbei, and the index of the 
power , and illustrate them by a numenc.il example 

2> If a-=16, b=10, £0=5, ^=sl, find the numerical value 

ol {a-y) >j2kbx+x^+ tj{a-x)[b-\'y) 

3* Show that 

Of® + + c® •-3fl&c=» (a+ J + c® — a& - rtc- M 

(i) when fl=3, &==4 c=5 , 

(ii) when a != I-, & = f , c = 1 

4:« State the propositions from which the following lesult 
m.vv be deduced 

a-b+c-d+e—f^^ia+c+c-^+i-b—d-f) 

5* Illustrate clearly by an example that 40 — ('“lo)^b5 

(>• Find the numerical value of the sum of 
7 £K®- 2 ^^/?/ 2 +^^ and 25^+5a;®+7v/f/z 

whena;=17 77 = 16 , 2 := 15 

7 . State the opeiations indicated by the expression 
5fl-[4&-{3c-(2i?-741 

8 » Find the value of 

[(fl®+&®+c®+d®){a+&-(c-4+a®&+c®£;iX 

{g® — (6®+c®)+(f®}, when «=4, &=3, c=2, (^=1 

VII 

1. Distinguish between ( 1 ) a~~bc and a-'b'>ic 
(ii) a* and 4a, (m) Sja and 1 

(iv) ^/a+6and 7 o‘l'h,(v) ijab and tjaib 
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2. If fl=l. &=2, c=3, d^O find the yalne of 

,, a^b’¥J)^c+c"d+(l~a 

{a+b)ic+d)-{{a-d)Hc-b)y 

(n) - 1/8(8^&+ 3r - 2d) 

3 . Show that the expressions 

(a+&+c)’+o® + &®+c^ (fl+&V + (&+c)’’+(c-*-ff)®+6fl&< 
And 2a®+3&®(a+c)+2?;® + 3c"(f7 + 6)+2r“+3ff®('7;+f)+6fl&c are 
equal to one another 

(i) when 0=2 &=3. c=4 

(n) when o=7 &=4, c=l 

4. Simplify (i) 1“[1— {!“(— l+ac)}] 

(n) 3o-(&-2c)-{o + c-(3o— 6-2c)}-(2fl— 36+4c) 

6. Express algebraically the follownng statements 

(i) That the pi oduct of the sum of two numbeis multi- 
plied by then difference is equal to the diffeience of the 
squaies of the nunibeis 

(ii) That the squaie of the sum of tivo numbers exceerK 
the sum of their squaies by twuce their pioduct 

6. Emd the value of 

17a-5&-[7o-36-{4(o-&)-(2o+3&)}], when o=39. &=52 

7 . If F=5o+4&-6c Z=-3a-9&+7c 

r=23o+7&-5c ^=13o-5&+9c 
calculate the value of F— (Z’+ Y)+i^ 

[Madias TJniveisity Maiiiculation Papei 1883 ] 

8. From the sum of o--5&+ic— — -j-c+'jO— + d 
^d—^h+c—a -^a-^d+h-^c and 8o-66+3c”4d subtract 

vni 

1. Piove that oX6=&Xff, when a and b aie anv two 
positive integeis 

2t If Jlf stands f 01 aim+n) and jY stands foi b{in—n) 

find the values of — and- - y. 

a b a b 
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B* In tlie identity c(a+&)=cfl+c&, substitute 

(il tH+wfoi c and find the value of the pioduct 

(n) a+& foi L and evaluate (a+&)^ 

4. Simplify (i) x{y~z)’\-y{z-'x)-\-z{x~'y) s 


(ii) 


5. Prove that 


?j~g ^ z-x x-y, 
yz zx xij 


(i) cT—if—a”' " wheie m and?? aie positive integers 
and m > n 

and (ii) a~-h—c=a—c—J)=a — hc 


6. a^dxy—yz—:x b='6yz'-xy—zx and 

<I+& + 6 


c=32'ai—aJ?/—pj find the value of 


xyz 


7. Multiply 

by21a»6®c’aj‘"?/^«® 

8. Divide 

+ 12-10 IrtlOJlOclO^-?,; 




CHAPTER IV 

SIMPLE FORMULA AND THEIR APPLICATION 

53* Definition* Any geneial lesult expressed m 
symbols is called a formula. In other words, a formula 
IS the most geneial expiession foi any theorem respecting 
luimeiieal quantities 

54. Formula (fl+ 6)2 «(a=+Pa6+6=). 

[(a + &)2 =■ (fl + &)(ff + &) 

=a^+2ah+1)^ ] 

That IS the ?r/»rtjc o/ ihc 9?tJM ofamj huo giumtihes w 
h ihe mn of then ^uai es phis twice ihci) p) odiicf 



IV,] SIMPLE FOEj\IUL/F ANI) THEIK APPLICATIOIS’ ")M 


Cor. a=+&===(fl=+2a6+&“)-2ff& 

-(a+&)“— 2a& 

Example 1. Find the square of 2x+3y 

f2r+3//)==(2r)=+2(2a;X3v)+(3v)= 

=4a:'+l2j:7/+9v“ 

Example 2. Find the square of 5a;+4 

(5a;-i-4)"=foa;)“ ^2'^x) 4+4“ 

=25a:-+40r+16 

Examples. Find the squaie oi 4a® +76^ 

(4a®+7&*)®=(4o®)®+2(4fl®){7M)+(76^)= 

=16fl®+o6fl®fe"+49&® 

Example 4. Find the square of a+&+c 

(a+/i+c)®={G+(?;+c)}, [legal (ling &+( a*: one leim] 
=>a®+2rt(6+c)+(6+c)® 
=a®+2o&+2ac+l>®+2&c+c® 
=a®+6®+c®+2afc+2ac+26c 

Examples. Find the squaie of a + &+c+d 

(a + &+ c+ d)® ={(a+ h) + (c+ d)}®, [regarding « + & as one 

teim and c+d as anothei] 

=(a+li)^+2(a + t)fc+d)+(c+d)® 

= (a®+2a&+ &®)+2(ac+ad+6c+&d) 

+(c®+2cd+d“) 

= G® + + c® + d® + 2G&+2GC+2Gd+2ftc 

+26d+2cd 

Example 6. Simplify 

(G+&-c)®+2(a+&-c)(a-6+c)+(G-&+c)= 

Putting K* f 01 (a + h—c) and y f 01 (a—b+c) ive have the 
given expression = jc® + 2x1 / + ?/ ® 

= (a;+^)® 

={(a+h~c)+{a-b+cY 
= (2G)®=4a® 

Example 7. Find the value of 9fl3®+.y0ai?/+2Di/® when 
'e=15,2/=-9 

The given expression -(3a:)®+2(3ai)[5^)+(5?/)® 

=(3a;+5j/)® 

But 3a;+57/=3xi5+5x(-9)=4’5-45=0 

The given expression =0 
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EXERCISE 20. 

'P’lnd tho squaie of each of the following expiessions 

' 1. ^+4 2. 5^1+2 3. a;+2?/ 

**^4. 2x-¥7y 5. 3tt+4& 6. ba-Vlb 

7. ay+3bx 8. a^-+2bo 9. 3a;''+2?/® 

10. 4a;" +^® 11, a+2&+3c 12. ah-^bc-^ca 

yi3. 2p+3y+4? 14, J[5. 2a;+3y+42 

16. x-+if+z^ ;i7. a;+?/+2fl+3& 18. 3a-l-4&+c+2f/ 

j 19. 2a+a;+4?/+35 20. 4m+33?+32i+22 

iSimphfy 

v/21, {x-\-yY-\-2[x-^y)[x--ii)-\-{x--yY 

J22, ix-y+zY'^iy+!i—xY-^'^ix-y+z){y+z~x) 
j2^, (2a -36+4c)2+(2a+ 3& ~4c)2+2(2a- 36 +4c)(2a+ 36-4(,) 
1 24. (5a-76)2+2(5a-76)(96-4a)+(96-4a)2 
y 25. (’2a;”5?/"32)2-i-(6?y+35:-a;)2+2,2j5-37/-'30)(6?/-f'32:-a;) 

Find the value of 
/26. 9a;"+12a;+4, when a;=''l 
27. 16a3^+64a;+64 when a;=’-2 
^/28. 23??r +40 h??i+16u 2, when m= —18 and 11=23 
v/ 29. 49a® +36o6+166®, when a= - 7 and 6=13 
'BO. 64ff®+16ac+c® when o=6 andc=-49 
l/Bl. ^ix^+l8xz+z^ when x=7 and z-~S7 
^. 32. 36;?®+132jJ2+121g2 when ^=12 and g= -7 

y33. [f w+i=4, showthat w2 + ^~)"=14 

.55. Formula ia-bY=a--2ab+b\ 

[(a-6)® = (a-6)(a-6) 

= a(a-6)-6(a“6) 

=a®-2a6+6= ] 



IV] SIjMPLE F0K2IUL/E AXD THEIR APPLICATION bl 

That IS the sgxiaieofihc difjerence of any ino qiiantiiics is 
eg_iial to the sum of then squaics nwms huce then pioduct 

Note Tilts formula is virtuaUij included m the formula of the last 
aiticle Foi, {a-by={n+{-b)}-^a--\-2a{-b)+{-b)'^a' -2ab+b\ 

Cor. I. a^-=rlr={a~-2ah+r-)+2aljMa--V7+2ah 

Cor. 2. Since (a+&)==a=+2a&+&= 
and (fl-&)==o=- 2 a&+&= 
evidently we have 

(a+&)^=(a— &)"+4fl& and (a— = + — luh 

Example 1. Find the square of 3rt-4& 
(3fl-46)==(3a)=-2;3a)(4&)+(4&)= 

=9a=-24a&+16&- 

Example 2. Find the square of x-y—z 
{x-y"zy={x-{y+z)]- 

=‘X~-2xiy+z)-\-{y+z)- 
=x^-2xy-2x:-\-ir-^2}fz+z- 
=x-+y^-^z~-23.y- 2 rc+ 2yz 

Example 3 Find the square of 2a;-3?/-4? 
{2x-Hy-^)-={2x-{Sy+izT 

= (2a:) ■ - 2 2a:)(3?/ + dr) + (3?/ + 42:) - 
= 4a;= - 2iQxij+Sxz)+{{By)- + 2(37/)(42) + f4zl ’} 
= 4a: “ — I2xy — IQxz + 9y “ + 24p + 162 " 

= 4a:® + 9//" + 16r ® - I2a:y — 16a’r+ 24?/: 

Example 4. Find the square of a—b—c-\-d 

ia-b—c+dY~{{a-b)—{c—d)}- 

={a-by-2{a-b){c-d)+{c-d)- 
= (a®— 2 a 6 +&®)— 2 (ac— ad— &c+ 6 d) 

2 fd+d®) 

= a~—2ab + b~— 2ae+ 2>ad + 26c — 26d 

/ +c®-2cd+d^ 

= a® + 6® t- c® + d ® -2a6 - 2frc+ 2nd 

+26c— 26d— 2cd. 
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Example 5. Simplify 

{ax- hj-r cr)- '^'{ax-btf- czY -2[ax -hy+ czfflX - b?j- cz) 

Putting m foi [ax-h)f-}-cs} and n foi (ax—by—cz^ we hare 
the given e'vpression 

==Hi^ + )?“— 2 mi« 

={m—n)~ 

= {{oa;- by-bcz)- {ax - b?/ -t :}) " 

= (2c::)2=4c2c= 

Example 6. Find the value of 9fl"— 48ab+64b~ when 
^=15 and b=6 

The given expression=(3fl)-—2(8a)(8bj+(S&)" 

=(3a-8b)2=(45-4Sl= 

=(-31==9 


EXERCISE 21. 


Kind the sqnaie of each of the following expiessions 



T— 3 

-'2. 

2r— 5 

3. 

3r- 

■by 

4:. 

\ 

ax— by 

. 5. 

Sm—6n 

v/'e. 

X)m - 

-q_ii 

/’• 

Xr - mil 

"S. 

x-y—xir 

8. 

x^- 

■2rr 

. 10. 

3(1®— 5b® 

v/11* 

—xyz—abi 

L 12. 

x-y: 

:-irsc 

.13. 


.14. 

a-2b-2c 

1/15. 

2a;- 

3?/-^ 

t/16. 

3m— 4)?— 5g 

17. 

a=-3b— 5r= 

vl8. 

x—y-a—h 

^19. 

a-lx—^b- 

4?/ 20, 


Vr 21. 

120- 

-3 

22. 

)00-2 

23. 

1000-7 




Simplify 







V 24:. (fl+3b)— 2ifl+3g)(a-3b)+ta'-86}' 




J 


25. (2a-4b+5c)-+(2a+46J-5c)“ - 2 ( 2 a- 46 + 5 c)( 2 flT 4 b+oi-) 

26. (3n+56-^7c)-+(76-4rt+5b)--2l3tiJ-5b+7c)(7c— la+obl 

27. (2r^-if-oz^^f-2{2x-~y--o:~){Q^ _ 

-r(6r+2.r= 

28. ^(ib—bi +{fl)“ + (nb+4k-J-2oa)“ 

—2(ab—bc+ca\ah'^ib( +2(/f) 



IV] SBIVLK POimUL^E AND THRTR APPLICATION 
Find the value of 

29, ft®6“-12a&c+36c% when «=!, b-7 and i=o 

^^,30. 5C”?/--2la;//^+14i:", when t= 7, ?/=9 .uicl ;=L 

"^1^31. 25(a;+7/)“+C”-lO:(a;+;/l when a:^!? ij~-22 and 
5=129 

V-- 32. 9c"— 42c(fl+&)+49(a+i>)" when ((=—37 ^>=57 and 

(.=45 

'"33. 64(7jj— 5g)-— 96(7ji-5(]')» +30) • when 7>=2S (/=32 
and ? =46 

34. K c -"Y ~ show that ~ 

36. Formula (a+6)(a-6)=fl=-6“. 

[ fa+6Xfl— &)=a(fl— 6)+6(a— &» 

=(1^-6=] 

That IS the in odiid of iJie sinn and diffaencc of am/ two 
qumihhcs is cqiial io the diffei ence of then sguai es 

Note Conversely, a- -b'={a-\-b)[a-b) Hence wc ea.i Jivdtjs 
find the factors of an expression which is of the form (j-’-ft- 

[ TV/ien one crpicssion /s //ic /Jiodijct of two oi moic expressions 
each of the lattei is called a factor of the foimcr'\ 

Example 1. Multiply 3a; + oy by 3a;- 5// 
f3aj+5)/)(3a — 57)={3a;)"— (5?/l" 

=9T;“-25)r 

Example 2. Multiply a+ &- 6 by « - 6 + 1 
(rt + 6 - c)(« — & + c) = {ft + (& — c)}{(fl — (& - ( ),' 

= fl=-(&-c)= 

=a-~ib--2hc+c-) 

= fl— iH2&(-c= 

Examples. Multiph’’ x'+xy-hy^hy x^-xy-r y~ 

^{x'^W)—{xyY 

-x^ +2a;®?/” +(/■* — r-7/^ 
=x^’\'xhi^+y*. 
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Bxainple 4. )SimpHy (a“ ^ + 6“) ® 

The given exp ={(fl^ + fl&+&^)+(ft^“a&+&^)} 

M{a-+ab-\-b^)-ia^-ab+d^)] 

=(2aH262)x2a& 

=2(a“+&")x2a& 

=4a&(a“ + &') 

Examples. Find the value of (9726854)^ — (9726849)" 

The given exp ={9723S54 + 9726349)(97238o4- 9726849] 
=19453703x9 
= 97268515 

Example 6. Resolve into factors {a-\-bY-{c~d)^ 

The given exp ={{a+b)+{c-~cl)}{( a+b)—{c— d)} 

= {a+b-\'C-~d)(a+b-c+d) 

Example 7. Resolve into factors 16a^-81ir^ 

Tne given exp = (4«^ } ^ - (9a;^ ) ’ 

=(4fl^ +92c®)(4fl® — 9a;^) 

Again, 4a®-9;c® =(2a)^-(3£c)" 

=(2flH-3a;)(2fl-3a:j 

Hence the given exp =(4a"+9a;®)(2a+3a:)(2a-3a;) 


EXERCISE 22. 


51ult]ply together 
1. 35+3 and sc— 3 


2. 5sc+13 and 5sc-l3 


''^3. sc+2f( and sc— 2a v 4. (ix+by and ax -by 

5 . CM! + and fl w — ?? - , 6 . sc?/ + ^ 5 : and xy - yz 

'7. sc"— 2?/2 and a;®+2y^ 8. x^y-^xy^ xadxy'^-x^y 

9. sc+1, sc— 1 and sc" +l/dLO. a"+&^, a®— and a^ + &’ 
11. fJ+&+c and a+&—Cj, 12. a + &+c and a— 

yi3 . m " + m ?? + ?? ^ and m ^ — mn + 

^ 14 . sc"+2scy+l8y" and sc^— 2a:y+2?/- 
, 15 . ax—by+ cz and ax + by - cz 

0 

16 . - asc+ by-h rz and ax + by + cz 
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17. l}^m~c-}i+a~}} and b^m-\-c“n—a”p 
^18. fl®-8&®+27c® and a®+86®— 27c^ 

1/19. fl-a;“-2aic+2 and ft'a:“+2cfa;+2 
^20. a^aJ^ — a"3C“+l and a'‘®^ + a\x®+l 
y 21 . m-+ sj 2 7)171 + « “ and 7H " — v/ 2 i7i7i + Jr 
y 22. A,/2a;+l, .'C“+ ^/2^r+l and 

Simplify 

v23. (a+&-c)"— (fl— &+c)“ 

1/24. (a-2&+3c)--(a+2&-3c)'^ 

-/25. (aj”+as?/+J/“)'~(a;®-a:j/+ 7 /")- 

u-26. (a;+y— a+&)^ — (ic— 7/+a— &)“ 

.^7. (2fl+3&-5c+7d)=-(2fl-3&+5c-7d)" 

Pind the value of 

v/28. 2345 x 2345- 2313 x 2343 ^ 29. (53497)=- (33487)- 
v/30. 498567 x498567-498o62x 498562 

Resolve into factois 

^'31. 25a;=-36 u'32. 9a=-16c= <^33. 16»?=-49 h= 

i/34. 4jo=— 812 = v>35. ft=a;=— 64&= 1/36* 36a;^— 121y'* 

. 37. 49-64d= v- 38. 144c=-25d=/39. (fl+&)=-c= 

/40. (g+2&)=-25c= l41. 4a;=-(3a-4&) = 

/'42. ft=-(2&-3c)='/43. a^-81&V44. (a;-7/)= -(«-&)= 
45. 81a;'-62oJ/" 46. (4ff+76)=-(3fl-8&)= 

47. (3a;+57/)=— ( 2 £c— 77/)= 

48. (G+26-3c)=-(fl+&-c)= 

49. (27ji+3jj— 5p)=— (2j?+3jj)= 

50. (S3!-47/+75:)=-(2a:-32+5s)= 

57. Formula (a+6)5=a®+5a=5+5c&=+&=, 

or=a^+b^+3ab(a+b). 

[(fl+&)®=(fl+&)(a+&)= 

=(a+&)(a=+2a&+&=) 

= tt(a= + 2a& + & =) + 6(fr + 2fl & + b-) 
=‘a=+3fl=&+3a&= + &® , 
and tins latter=ft=+3a6(rt+&)+&= 

= fl® + &=+3G/j(a+&)] 
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Cor. a®+6®={(i® + &®+ 3cr&(a+ &)} — Sad(a + b) 
='(a-hby’-3ab(a+b) 

Example 1. Find the cube of 3a+5b 

{3fl+5&)3 +3(3a)2(5b)+3(3fl)(5Z;)’- + (5b)^ 

= 27cf ® + 3(9a® )(5&) + 3(3a)(25b® ) + 125&® 
= 27a® + 135a® &+225a&® + 125&® 


Example 2. Simplify 

(a;-«/)® + ('K+2/)®+3(a;~?/f(a;+?y}+3(a;-f2^)2(a:-^) 

[Calcutta Umveisity Entiance Papei 1870] 

Putting a foi a;— 7/ and b foi we have the given 
expression =a® + 6®+3a®6+3&®fl 

=»a®+3fl®6+3a&®+&® 
and =(a + &)3 

='{C»-2/)+(a;+?/)l® 

=(2a;)®=8a;® 


Example 3. If a+&=5 and a&=6, find the value of fl®+&® 
We have fl®+&®==(a+6)®~3aKa+&) 
and bv the given condition 
=5®-3x6x5 
=125-90=35 

Example 4. Ita;+l=j, show thata;>+(-l)'’=p>-3;) 
Since a‘+li’=(a+b)‘-3ab(a+b) 

Hence the leqd value=p®— 3p 
Example 5. Pmd the cube ofp-hq+i 

{7J + </+7)® = {(p + fl) + )}S 

+3(p+g;)j 

=p( +Sp-'q+dpg^+gr^)+3(^=+2ps-1-Q^)/ 

3, E , « +3&+7)>-+>' 

=p® + r/®+>3+3p=(7+3pr/H3p®7+3p/®+32=i 

~+6pqi 
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Example 6. Find the value of 
when a;— 5 and y= —2 

The given e\piession-=a;®+da;^(3?/)+3x(3vl“+(d?/l® 

=(a:+3?/)®=(5-'6P 

==(-l)==-l 

EXERCISE 23. 

Find the cube oi 

xV6 1 ^ 2 . 211+1 [yB, ‘k+b -^4:. ix-{-3y 
V 6. x’^+2y ’/G. a;v+?/r\7. a®f;+cV*^8. fl + &+2c 

9. 2x+Bif+z\A.0» x^+y^ 

Simplify 

11. (3?n + oh)® + 3G3»i + — 7w i 

+ 3(3?h + k)[2nt — oh) - + {2m — oh) ^ 

12. ( 3 a;-Sy)®+( 9 //- 2 a;)H 3 (a;+ 7 /)( 3 a:- 8 ?/)(P 7 /- 2 a:) 

13. (3a-7&)8 + (10&-3(7)H96(3o-7&)a0&-3a) 

14. (5a; “ 2) ® + (3 - rkc)^ + 3(a; + l)(5a; ~ 2)(3 — la;) 

’ 15. (8-7a;)®+(8a;-l)®+3{8a;-l)(3-7a;)(a;+2) 

1 ^ 16 . (a-&+c)5+(fl + &-*c)®+6fl{fl=-{&-r)=} 

Find the value of a® + 

' 17. When a+J=6 and ab=7 
■^18. When a+Z>=7 and ab=S 

'-19. Ifa+~=3 show that «* + (“) =18 
a \n J 

*'-^20. If find the value of S’® 

Find the value of 

'-21. a?® + 6a;® + 12a; +8 when a; =— 2 
-.22. i3® + 12a;®+48a;+64 when a;=— 5 
23* 8fl®+36a®&+54a&®+27&® + 61, when a= — 3 and&=2 
24. a;® + 18a; ®+ 108a; +351, when a;=— 11 
>^25. Ifa;+«/=5 show that a;® +^®+ 15a;?/ =125 
'’26* Ifa®+J® = c®, show that fl® + &®+3H®&®c® = c® 

'<27. If p+q~2, show that 7)®+g®+6/?</=8 
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58. Formula {a~by=a^-3a^b+3ab^-b^, 

or=a^-‘b^’- 3ab{a - b). 

[{a-by={a-b)(a-bY 

= (a-&)(a®-2a&+&®) 

=> a(a^ —2ab + b^) — h{a~ —2ab +6®) 

and this Litter=a®— 3a6(ft— &)— 

^a^-b^-Sabia-b)] 

Cor. a® - &® = {a“ — — Ba6(a - &)} + 3a6(fl— b) 

= {a-bY ‘\-Bab{a—b) 

Example 1. P^nd the cube of Brc— 4y 

(3a;-4y)® = [dxY -%Bxy{Ay) + 3(Ba;)(47/)= - (4^)^ 

= 27a:’ - 3(9a;2)(4y) + 8(3a;)(16y - Qii/ 

= 27a:’ — 108a:’y + 144a:y ’ — 64?/’ 

Example 2. Phnd the cube of a-b—c 

(a-b-cY = [{a-b)~'cY 

=(a-&)®--8(a— &)’c+3(fl— &)c’-c’ 

= {a^ — Ba^b+Bab~ — b^)-B(a^ —2ab+b^)c 

+3(a-&)c’-6^ 

= a’-fc’~c’-3a’&+3a&’-3a’c+3flc’ 

-3&’c-86c’ + 6ft&c 

Example 3. Find the value of 27a:’— 54a;’ + 36a;— 64, when 
a;s=‘2''. 

The given expression =(Ba;)®-3(9x’)2+3(3a;)4-8-b6 

= (3a: -2)’ -56 

Hence, the Required value=(7— 2)’— 56 

=125-56 

=69 

EXERCISE 24. 

J5nd the cube of 

^1. a;-2 2. 2a:-l ' 3. 2-3« 

_ 4. 3 -4a - 5. 2a— Bb 6. om— 4?? 

7. 2x-oy 8. 2a-b-c *9. 2x-Bi[-' 

10. p’-5=-? = 
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Simplify 

'"11. (a+2&)3--3(fi+26)2ln-2b)+3ia+2&Ko~2&)=-(«-2ft)^ 
- 12 . (3ac—8{/)'’— (2a’~7j/}^~3(3a;-8yX2j;-7>/Xa:“7/) 

. 13. (5a;-8P-(3i;-B)'*-6'x;f5T-8KB'T;~81 

Find the value of 

/-14:. in® -’12m”n+48))nr— 64.11®, vilieii and »=3 
^,15. 27n®— I33a®+225fl-"123, when rt=4 
^yl6. 8~9fl+27a“— 27tt®, when a=3 
vl7 . 2l6 — 144a;+ lO&c® — 27(i5 ' , when a; = B 

<^18. If a— -^=>3 find the value of a® — • 

a \ fl / 

S-. 19. If c- ^'=5, find the value of c® — , 

^ 20 . If ic— ?/=3, showthata;®— ;/®— Bail/— 27 
t^l. If 2J-2q-^4i, show that — 8(j'® -‘24^;2=61 

^ 22 . If 2ft— 3&=5, show thatSn® -27h® -90ft&=!l25 

59. Formula (a+6)(a=-a6+6®)«fl®+6®. 

[(ft + &)l ft ® - ft & + & ®) s= - a j + yi) -^hln'-ah-hb-) 

= (ff - ft =& + ft&®) + ftbH ) 

Note Convetsely, ft-‘+6« = (ff4-6){ft5-cJ+&s) ffeiicc wc can 
alivags resolve an evpiesston into factois lohen it is of the form ft-'+fi*' 

Example 1. Multiply — oc® + 1 bv aj® + 1 
Putting a foi a:® and b foi 1 we have 

ix”y 1 +12 » y - fth+ h® 

Hence fa;HlXa!"-a;®+l)=(ft+JXa 2 „„j+j 2 ) 

=(a;®P+l®=a;®+l 

Example 2. Multiply 9a;® -12a;+16 by 3a;+4 
Putbng ft foi 3a; and 6 for 4, we have 

9a;® -12a;+16«f3a!)= -(3a;) 4+4® 

“fl®— ftJ+J® 
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Hence (Sa5+ 41(9,r® —lQix+1 6) = (a+ h)(a^ — ah + &®) 

=a®+&®='(9a;)'+4® 

=27£C®+64 

Example 3. ^Miiply IGrr— 20a&+25&^ by -ia+nb 
Puttinsf X for 4fl and y for oh e have 

16fl 2 -20rt&+25&2 = (4a)2 - (4a)(5 &)+ W 
-x^-xy-Vy^ 

H eiif e, (4fl + o&)(16fl ^ - 20rtfe+ 25&") 

“ (as + y){x^ -xy+v^} 

= (4a)® + (o&)^ 

=64aH 12563 

Example 4, Resolve a^h^+^c^ into factor's 
ft36® +8c® = {ahy + (2c)3 

={ah+2c){{ahy — (fl6}(2c)+ (2c)*} 
=(a6+2r)(a362-2a6c+4c*) 

EXERCISE 25. 

Hnltiph ' 

N/1. aj3— a;+l by ac+l 
2. l-2jc+4aj3 by l+2sc 
-3. 25ij3-5i?+l by ip+l 
n/ 4. 49ft3— 23a6+1663 by 7a+46 
L.5. 6fa;“— 24a;v+9?y3 by Sas+S?/ 

6. a“h“—iahc+lQc“ by a6+4c 

7. a^x‘ - ’bahx+2oh- by ffcc+56 
-8. 25n=~'15a6+816= by on+96 

Resolve into factors 

-^9. fl3+l /lO. a;3+8 yll. Sir^+l 

-^12. 27fl3+8 13. 8»i3+64 >-1,4. 64p3+l25 

vl6. 8a'3+216?/3 V 16. 21GaWy^^ 

'^18. 27fl363+01a;3y/= lO.'^ 729a3&5c3+1000aj37/3^;3 

^20. n31fl363a;®+729r3;/C:« 
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60. Formula {a~b){a^+(ib+b-)~a^'-b^» 

[{(t—]))(a^+ttb + h^)^a{a~+ah-{-h~)'-b{a^+ab+b“) 

=fa® + a“6+n6“)— + 

Note Conveisely, »■*— l;®={rt— Hence, ive can 
alwaijH resolve into factors an e\presswn which is of the form ft® “6® 

Example 1. Multiply 4fl'&^+2fl&'+l by2fl&''— 1 
(2ft&=-l)(4ft=6'‘+2ff&®+l) 

=(2ft&=-l){(2a&2)2+(2ft&=)l+l‘l 

=(2a&-)°-l®=8ft=6'’-l 

Example 2> Resolve Gla;'’ — into factois 
Qix*" - —(ay^y 

= (4a:® - fli/® ){(4a;®)® + {^[xW)+ W)-\ 

=(4a:® - fl7r)(16a;‘^ + iax^y^ + a^y^) 


EXERCISE 26. 

Multiply 

1. l+2a5+4a:® by 1— 2ai 2. 5c® + 3a:+9 by sc— 3 

3. 16ft®+4a+l by 4fl— 1 

4. a:^+2aj®?/*+47/®2® by aj“— 2f/2: 

5 . 9 Hi®+ 6 }??n( 7 + 4 i?®(/® by 3 »)i— 

Resolve into laotois 

6. 125ft® -1 7. 343a:® -8 j/® 8. 216ft® -125/® 

9. l-ol2fc® 10. 729m®-64a®«® 

61. Formula (x+a){x+b)^x^+{a+b)x+ab» 

[ix+a){x+b)=x{x+h)+a{x+b) 

=‘X'+{a+b)x'\-ab] 

Note It IS easy to see that the above formula includes the follow- 
ing results 

tl) {x"a){x—b)=x'^-'{a+b)x+ah 

(2) (aj— a)(a3+&)=aj® + (&— ft)a;-ft& ■ 

(3) {x+a)ix-b)=x'+{a—b)x-'abj 
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Yol instance, (x~a)(x'-b)^{x+{- a)}{x +(-&)} I' 

== £C^ + {( “ fl) + f “ ^ 

=iX^-{a+h)x+ab 

Simikily, the tiutli o£ the other lesults can be piovecl, 
which IS left as an exeicise for the student 

Hence, we can express the formula more cleaily as follows 
(£C+fl)(a;+&)=JC" + (algebraic sum of a and &la;+{product ol 
a and 1)) 

Example 1. Write down the product of a: +3 and 31+4 

Since 3+4= 7\ the required product 

and 3x4= 12) > =a;“+7a:+12 

Example 2. Write down the product of a:— 7 and a? +4 

Since -7+4=- S') the lequiied product 

and (-7)x4=-28]’ =.a5^-3a;-28 

Example 8. Write down the product ol £c+5 and a; -9 

Since 5-9=1- 4^ the required product 

and 5x("9)=-45j’ 

Example 4. Wiite down the product of a;— 2 and a;+7 

Since —2+7= the lequiied product 

and {-2)x7=-14) =a;2+5a;-14 

Example 5. Write down the pi o duct ot a:— 5 and ic— 8 

Since -5-8=— 13) the required product 

and (-5)x(— 8)= 40j ’ =3a;®-13a;+40 


EXERCISE 27. 


Wiite down tlie pioduct ot 
a:+l and a:+2 
w/3. jc— 5 and x+Q 
i;5. fl~ll and ft +16 
^7. J9+13 and p-11 
*'"9. 11-4 and a:+9 
11. a:— 12 and a;+5 
13. n+o and rt+14 
16. T — .1 and a:— 13 


^2. x+2 and 3;+ 9 
*^4:. -r-S and a?-ll 
6. Ill -7 andm+l9 
y8, p+12 andp-1'^ 

‘^10. a:-5 and r-10 

12. /c-13 and /f+2 
14. jH-14and3H+6 

16. x+1 and r+t2 
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17. a -3 and 
19, w+o and 
21. a-f6 and 
23. a;— 10 and 
25. a— 16 and 


«-ll 

18, 

jh-16 

20. 

fl-l2 

22 

^’-l6 

24, 

'C+16 



ai+d and a?~13 
TS-S and >??— 10 
jH— T and hj+13 
tj+T) and r— IB 


CHAPTER Y 
SIMPLE EQUATIONS 

62. Definitions. Any two e^piessions connected b^ 
the si^n of equality constitute an eQuation, and each of the 
expressions thus connected is called a side oi memuer of 
the equation 

The teini equation, howevei is hardly used in this exten- 
ded sense Wlien one expiession is put equal to anothci 
the equality may hold either for all values oi the letteis 
involved, as in {a‘^h)(a-~h)=a~—h^, oi foi some pditiciilai 
values of the letters only as in 4‘r=8, (which is tiue onlv 
when x—2) The latter class of equations alone aie called 
equations (more coiiectly Equations of Condition), whilst 
any equation of the foiinei class is called an Identity (or an 
Identical Equation) 

Thus (a:+l)+(2a:+3}=3£c+4 is an Tdentiiy, 

whereas (a;+l)+(a3+3)=»3'B+2 is an Equation , 

the foiniei being tiue foi all values of x and the lattei 
only when a: =2 

The letter to ivhicli a particular value or values must be 
given in order that an equation may be true, is called the 
unhnoion quantity Tt is usually repiesented bv one of the 
last letters of the alphabet x, yi &c 

Any particular value of the unknown quantity, foi "which 
an equation is tiue, is said to satisfy the equation and is 
called a root oi a solution of the equation 

To solve an equation is to find its lOot oi lOots 
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An eauation containing only one nnknoym quantity> is 
said to Be an equation oi the first degree or a simple equation, 
when the unknown quantity occms only in the p st power 

63. Axioms. The process of solving an equation is 
pumarily based upon the following axioms 

( 1 ) If to equals the same quantity; or equal quantities 
be added, the sums aie equal. 

(2) If fiom equals the same quantity, oi equal quantities 
he taken, the remainders are equal 

fl) If equals be multiplied by the same quantity, oi by 
equal quantities, the products are equal 

( 4 ) If equals be divided by the same quantity, oi by 
equal quantities the quotients aie equal 

Cor. 1. ITrom axioms (1) and (2), we deduce an nnportaiit 
piinciple which is of gieat use m solving equations, and which 
may be ennunciated as follows 

Any term may be transposed from one side ol an equation to the 
other by simply changing its sign 

For, let x—a^b+c, 

then adding a to both sides, we must have 

a 3 “a+a= 6 +c+a [Axiom (1)1 

01 X’=b+c+a , 

again, sub ti acting cfioin both sides we have 

a:— <i“C==&+c— c [Axiom (21] 

Thus —fl, removed from the left side, appears as 
on the right, and +c lemoved from the right side appears 
as — c on the left 

Siniilaily if as— a= 6 -c+d, we have as— ft— 

Such leinoval of teimsis called Transposition. 

Cor. 2. The sign of eveuj torn of an eqiiation waV 
changed without dcsti oying the eguahiy 

For let as— 

then (as— fl)x{— l)=(&+c)x(— ll [Axiom (S' 1 

or -as+fl=— &-C 
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64. Simple Examples. AVe shall now work out 
some examples illustratiiifr the geneial method of solving a 
simple equation by the application of the foiegoing principles 
The unknown quantity will always be denoted by x 

Example 1. Solve 18aj=51 

NB The question may he othei wise pill as follows *'If 18\=54, 
what IS the value of \ 


Since, 18a? =54, 

dividing both sides by 18, u e get 


18 a?_^ 
18” 18 




Thus the required value of a? is d 

Example 2. Solve 3a;+5=a?+19 

NB The question may be othci wise put as follows “If 3x+5 

— \+19, what IS the value of \ 

Since 3a?+5=a;+19, 

by transposition, we must have 

Sa?— £ c=19— 5, 01 *; 2a?==14, 
and therefore (dividing both sides by 2) 

a?=7 [x\xiom (4) ] 

Thus the required value of a? is 7 


Example 3, Solve the equation —11a? +2(3— a?) =32 

Removing the brackets, we get 
-lla;+6-2a!=32 
or, — 13a?+6=32, 

or, — ]3a?=32— 6 [by traaspositron ] 

or -13a? =26 

Multiplying both sides by -1, 

[-l)x(-13a;)=(-l)x26 
or 13a;= -26, 
dividing both sides by 13 

Thus the required value of a? is —2 
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Example 4. Solve (a;+2)(3a;+4)-6a;=10+(3a;+2)(a;+l) 

The left side=3a;® +tOa: 1-8— 6a; 

=3a;®-t-4a;-h8 , 

»\nd the sicle=10+3ac®-i-5a;-h2 

=3a;“-l-5a’+12 

Henre 

Ba;- -f 4 £c+ 8= 3ac® + 5a; + T2 

Removins: Ba?" fiom both sides ive ha\e 

ta;+8=r)a;-l-12 [Axiom (2)] 

Hence by tiansposition 

4a;-5a;=12-8 
01, — a;=4 

mul a;=— 4 [Coi 2, last ai tide] 

Thus the lequiied value of a; is —4 

Note The student can easily see foi himself that when i has this 
value, each side of the given equation becomes equal to 40 

Example 5. (hveii ^ find a; 

o X X , v 

Since, ri'+o='o+Ti 

6 3 4 

! 

multiplying both sides by 12, (which is the L C M of the 
denominatoisl we have 

12(-| +5]=12(-|-b|) [Axiom (8)] 

01 , 2a;+60=4a:+,Sa;=7a; 

Hence bv tiansposition, 

2a;-7a:= -60 
01 , -5a:=-60 

,nid theiefoie (duidmg both sides bv —5), 

a;=12 

Thus the lequiicd loot is 12 
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EXERCISE 28. 

Solve the following equation*: 

1. 4.17=16 2. 3i7=— 15 3» 7.17= —2^ 

4. -oc=25 5. ? = 6. 

o o 

7. 3cc+5(2-~a7j=-16 8. 5(l~a-)+3(2-®i= -2‘> 

9. 4(2-!r)+2(3-2xl=30 10. 7l3-2a7)+5(.r-ll=-lJ 

11. 457+3=217+5 12. 3a;+2=i7+(> 

13. oa;-6=2x+8 14. 1537-0=lla — 25 

15. 4(37— 3) =2(07—6) 16. 2f,i7— 15)=5(a7— ll)+4. 

17. 19— 3a7=5a7+35 

18. 3(a;-2)+7(2a7-3)=5(l-2a7)— 59 

19. 13a7-4(oa7-8)+17=0 

20. 14(a7-4)+3(a:+5)=6(7-2a7)+4 

21. 8(>c-7)-9(3a;-14)=15 

22. 3a7-13(2a;-18)=4a;-20 

23. 49+13(5a7+27W8(5+i7)— 3a7 

24. 16-6(7a:-2)=13f5;-2)+4(13-a7) 

25. 8a:+5(a;+7)+9(2a7+23)-3(a7+6)=0 

26. (a:-7)(4a7-29)^(2a;-5)l257-17)+l 

27. (3a7+2)(2»-6)=(4-357)(l-2a7)-10 

28. (3a7+5X6a;-7)-(35;+2)(9a7-13)-(3a;+l)(327-ij 

29. (a7+2)(2a7+o)=2(a:+l)=^+13 

30. (a7+l)(4a7-7)-f57-l)(a7+5)=3(a7+2)"-+5 


a; , - X 
^ + 0 =^+/ 


2L ^ ^ 

6 5 ^15" 3 ‘ 


07 07 , 07 


33. 


07 , OX 

F+S 
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65. Symbolical Expression. The chief difficulty 
in solving an algebiaical pioblem lies in expiessing coirectly 
the condition of the problem bj" means of symbols The 
student should, theiefore, be first of all inti oduced to this 
art befoie the solution of any pioblem is presented to him 
The following examples will serve as illustrations 

Example 1. Tf a man earns x lupees pei month, how many 
four-anna pieces unll he earn m half a month 9 

Since 1 iupee= 4 four-anna pieces 
X 1 upees= 4a; f 0111 -anna pieces 

Oleaily theiefore the man eai ns 4a; foui-anna pieces pei 
month 

Hence, the iiurabei of foui-anna pieces earned in half a 
moiith=-} of 4a;=2a; 

Example 2. If an insect creeps up a pole x niches pci 
minute how many feet wiU it nse in i/ hours ^ 

Since 1 inch=xVth of a foot, 

X inches =j^th of a foot 


Hence, m 1 minute the insect cieeps up ^tii ft , 

in 60 minutes , , , » ^ X 60 ft 

Thus in 1 houi the insect cieeps up 5a; ft 
Therefoie in y houis it rises (5a: Xj/) ft 
Thus the lequued number of feet=5a:^ 

Example 3. If a man travels •at the rate of x miles pei liouh 
in what time will he finish a journey of lO miles ^ 

Since X mile is tiavelled m 1 hour; 


1 mile 


“th of an lion I 
X 

10 , 

~ honi*! 


10 miles aie 
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Example 4. The digits of a muubci besmiiing from the 
left are x and y How would you jepiesent the number ’ 

If the digits be 4 and 5 the nuinbei = 10 X4+5 , 

if the digits be 5 and 7 the number=10x5+7 , 

if the digits be 8 and 4 the nuinbei =10x8+4 
as so on 

Hence, it IS quite deal that when a: and y stand foi the 
digits, the nunibei is to be represented by lOx+?/ 

EXERCISE 29. 

I. The sum of two nuinbei s is I") if one of the nuinbei s 
be V what is the other ? 

2« The difference of two numbci*: is 20 if r be the 
gieater what is the other ^ 

3. The diffeience of two mimbei': is 25 d x be the 
smaller what is the gieatei ^ 

4. What IS the excess of 25 over y ^ 

5. What IS the defect of 2a; from y ^ 

6. If X be one factor of 21 what is the otbei factoi ’ 

7. What number is less than 100 bv 3a: 

8. What numbei taken from 4a: gives 3// as a remaindei 

9. If a man travels a; hours at the rate of y miles an 
hour how many miles does he travel ^ 

10 . If a man travels at the late of y miles pei lioui in 
what tune mil he finish a ^oiuney of x iiules ^ 

II. A mail is X yeais of age hou old mil he be 20 yeais 
hence ’ How old was he 3 yeais ago ^ 

12. In a: days a man travels 60 miles what is his late 
pel day ? 

13. If a tiam travels 30 miles in x hours how many feet 
does it travel in one second ^ 

14. If I spend a: annas a week, how many lupees do I 
save out of a yeaily income of oa; xupeos ^ 

16. Wnte down 5 consecutive numbers of which x is the 
middle one 

16. Write down the sum of 3 consecutive numbers of 
which the middle one is x 

17. What is the odd mimbei next aftei 2«i+l ^ 


1 
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18. What IS the even number next befoie 2x ^ 

19. If X men take 10 days to do a woik, in what time will 
// men do it ^ 

20. A loom IS a yaids long and h feet wide , what is the 
measuie of the aiea of the flooi in square feet ^ 

21. In the last question find the numbei of sqiiaie umls 
in the aiea when the unit of length is 4 feet ^ 

22. How many miles can a peison walk in 30 minutes if 
he walks x miles in y houis ^ 

23. In what time will a person walk 16 miles, if he walks 
u miles in a horns’ 

24. What IS the pieseiit age of a man who was 
yeais old 20 years ago ’ What will be his age 30 yeai s hence ^ 

25. If the digits of a numbei beginning frorii t)ie right 
are x and i/, what is the number ’ 

26. If X If, ? be the digits ot a numbei beginning fioin tlie 
left what IS the number ’ 

27. In the pieceding question, if the digits be inveited, 
how Would 3 ou lepresent the new number ’ 

66. Easy Problems. We shall now work out some 
]uoblems which will fairly introduce the beginner to the suh- 
icct of the piesent chaptei The unknown quantity will 
invaiiably be lepiesented by x 

Example 1. A and B together stait a business with a lomt- 
c.ipital of Rs 640 If j4’s share in the capital be double that 
of B hnd the share of each in the \oint-ftind 

Let X lepiesent B s share 
Then, if s shaie in the capital is 2 ,t 
S o the loint-fund =a;+2a; 

I e =3a; 

But the loint-fund is Rs 540, 

3a:=Rs 540, 

01 a;=Rs 180, 
ic JS s shaie is Rs 180, 

and .1 s shaie is Rs 360 

Example 2. Divide 34 into two paits u hose difference is 8 
Let X denote the larger part 
Then 84—0? denotes the smallei part 
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Hence bv the question 

' 'C— (34— ic)=8, 

01 2a;-34==8, 

.* 2a;=42 a;=21 

Thus the ]ai sei U‘itt 21 and the smaller pait is 13 

Example 3. What numbei is that of \\ Inch Uie ihid part 
exceeds the fifth pait bv 4 ? 

Let aj lepiesent the requiied number 
Then, by the given condition, 




6C 


iP=30 


Example 4.^In 10 A vlnirbe twice as old as B was 
10 years ago Findthen^piesent ages if 4 is now H vcnrs 
oldei than B 

Let the piesent age of B be denoted by x 
Then, the present age of ^ is ai+O 
Aftei 10 years ^’s age = 05 + 9 + 10 , 

= 05 + 19 


Hefoie 10 „ B's j, = 05-10 

bv the given condition, 

a;+19=2(a;-10), 
or, 05+19=205-20 

by transposition 205—05=20+19 

or; 05 = 39 , 

i e the piesent age of 5=39 years, 
» » 11) ^=48 „ 


EXERCISE 30. 

1. A straight line, ivhose length is 9 feet, is divided into 
two portions, one being double of the other Find the length 
of each portion 

2. A bag contains as many rupees m it as there are 
eight-anna pieces Find tlie number of eight-anna pieces if 
theie be Rs 30 in all 

1— R 
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3* Find two numbers whose sum is 50, and whose 
difference is 30 

4. Find a number such that it is equal to five times its 
defect fiom 96 

/ 5* Find a numbei which being multiplied by 8, the pro- 
duct will be greater than half the numbei by 90 

6. What number IS that from which if you subtiact 40, 
the difference will be one-third of the oiigmal number ^ 

o 7 . What number is that of which the excess over 35 is 
less by 22 than its defect from 67 ^ 

' 8 . Four times the excess of a numbei over 16 is equal to 
the defect of the numbei from 416 , find the number 

9. Find 3 consecutive numbers whose sum ivill be 129 

10 . Find a number which when multiphed by 7 is as 
much above 132 as it was originally below it 

y/ 11 . Divide 90 into two paits such that three times one 
iol the paits together with four times the othei may be equal 
I to 335 

, 12 . The sum of two numbers is 39 and one-fifth of one of 
j them IS equal to one-eighih of the other Find them 

^ 13 . Find a numbei whose foia th part exceeds its mnth 
Ipart by 5 

, 14 . Pind a numbei whose sixth part exceeds its eighth 

part by 3 

15 * Divide 21 into two parts, so that ten times one of 
‘x^them may exceed nine times the othei by 1 

16 . Ahouse\nd a gaiden cost S850 and the price of 
the garden=irth)s of the puce ot the house , find the puce 
of each z'' 

17 y/ Divide £120 among two persons, so that for every 
shillmg one leceives, the othei may receive half a ciown 

lo. Tivo shepherds, owning a flock of sheep, agree to 
divide its Valpe A takes 72 sheep while B takes 92 sheep 
'^and pays A £35 Find the value oi a sheep 

19 . The ages of two men differ by 10 years, and 15 years 
ago the elder wa*; just twice as old as the younger , find the 
ages of the men 

20. A father s age is three times that ot his son, and m 
10 ^eal^ it will be twice as great , how old are tliev ^ 



, CHAPTER Vn 

GRAPHS : PLOTTING OF POINTS 

67. Introduction. We have shown m Chapteis 11 
and ni how ceitam algebraic ideas and lules may be easily 
understood by graphical iJlustiations In fact, giaphical re- 
piesentatioii of anj thing wheievei it is possible, gieatly 
helps to realise the natuie of the thing lepresented In the' 
present chapter we piopose to considei how algebraic quan- 

. titles can be represented by points as a piehminary to 
'geometrical repi esentations uf algebiaic identities and 
equations which will be considei ed latei on buch geometn- 
oal representations are called 'Graphs, 

68. Instruments required. The student should first 
of all provide himself with the follovung instiunients and 
acquire slall in manipulating them inth accuracy and neatness 

(a) A hard Pencil. 

Note It must be well sharpened so that the lines drawn may be 
very fine 

(b) A pail* of Compasses (also called Dividers). 



I 
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(d) A graduated Flat Ruler (of modeiate length) 
shewing tenths of an inch. 


niuiiiii 

nmig 

1 

III 

um 


lii 

lii 

1 

1 

HI 

ill 

1 

1 

B 

I 

% 


{e) A Diagonal Scale, giving hundredths of 
an inch. 



Example 1. Tluough the point A diaw a "^tiaight line 
])arallel to BC 



K 
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Place the Set-squaie DEF m such a way that the edge 
BE may fall along BC Then slip the othei Set-square 
GEK into the position shewn m the diagiam, so that KGr 
may pass by A Now trace a line along EG, which will 
evidently be paiallel to BC 

Example 2. Thiough the point A m the straight hne BC 
diaw a straight line pei'pendiculai on BC 



First trace a line BE, parallel to BO Then place the 
Set-square GEE m such a way that EE may ftiH along BE 
and GE may pass by A Now trace a hne along EG, which 
wiU evidently be peipendiculai to BO 

Example 3. Find the lengths of the straight lines AB 
and CB 


A 


B 


c 


0 


(1) By means of the Pan of Compasses and the Diagonal 

Scale we hnd that the length of AB is equal to the distance 
between the two points maiked on the line 4-4 in the 
diagram Hence the required length= 2*24 inches. , 

(2) The length of CB is found to be equal to the distance 
between the two points marked on the hne 9-9 in the dia- 
gram Hence the lequired length=l‘69 inches. 
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EXERCISE 31. 

1. Produce tlie straight line AB to double its length 

A B 

2. On a given straight line AB a point I) is taken 
supposing it to be the middle point Bv means of a Pair of 
Compasses howevei it is found that AB is a trifle shorter 
than BD How is the mistake to be collected ^ 


3. ABC IS a triangle and D is a point on as in the 
Following diagram Through B draw towards AB, a straight 
line parallel to CB 



4. In the same diagram, through B draw, away Irom 
AB a straight line parallel io BC 


5. In the diagTAui ot example 6 through B draw a 
rtiaight line paiallel io AC 


6. Pi 0111 the veitices of a given tnangle draw peipendi- 
culars to its opposite sides 


7. In example 8, measuie the lengths of the sides of the 
triangle and also mea‘;ure the length^! of AB and BO 


69. Squared Paper. A specimen of a sheet of 
squaiod papci is given on the next page 
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We have two sets of parallel straight lines on the paper 
One set being parallel to the length, and the other parallel 



first set IS perpendiculai to every line of the second The 
distance between every two consecutive parallels is one- 
tenth of an inch whilst every two consecutive ihitk pai alJels 
are half an inch apait The whole paper is thus divided 
into a large number oi small squares which are equal to one 
another, each side of each square being one-tenth of an inch 
in length The paper is also divided into a number of 
thick-boideied squaies, each side of each such square being 
half an inch in length It is clear also that twenty-five of 
the small squares are contained in each of the thick-bordered 
squaies 

Note 1 Lines paiallel to AB mag be legaided as east-and-west 
lines, and those parallel to AJ), as north-and-south lines Theg mag 
also be consideied as horizontal and vertical lines respectivelg 

Note 2 For the sake of convenience the length of a side of a small 
square mag be denoted bg the sgmbol a 

Note 3 The papei mag also be jiiled so that the length of a side of 
a small square IS onlg one-tenth of a centimetre (le a millimetre) 
instead of one-tenth of an inch In that case the distance between everg 
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two consecutive thick parallels is evidently half a centmietie oi 5 milli- 
melies (One centimctie is approximately equal to 39 of an inch ) 

Example 1. P, Q, B, S are foui stations suck that Q is 7 
miles c.ibt ol P, B is 11 miles south of P, and S is 13 miles 
north ol Q Find the distance between R and S 



Taking the length of a side of a small squaie (j c , a) to 
lepresent one mile we have P, <?, R, S as in the above ligiue, 
wheie PQ=7a, PR=>ila andQ)S=»13« 

With R as centie and RS as radius desciibe an aic of a 
circle cutting the e.ist-and-west line through B at T 

Now as Pr=2)n, wc have RS also='25fl Ffeiice tho 
roquiicd distance =23 miles. 

Example 2. Anupnghtpost is 8 feet high A stung ol 
lengtn bj Icet has one end attached to the top of the post 
and IS held tight uith the othci end in contact with the 
mound How fai is this end fiom the font of the post 

Let Ml ({ c , 3 times the length of a side of a small squaie) 
roprc'^ont one foot Then 8 ioet will bo lepiesontod hv 
and 8“ feet by *2G« 
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hetAB repiesent the post, so that AB=24La Take a 
point C on the hoiizontal line thiouirh B such that BC=2Qn 



With J5 as centie and BO as ladiiis descnbe an aic of a 
ciicle cutting the horizontal lice through A at D Join BI) , 
then BD represents the string 

Kow, ilDis egual to lOff, which is 9rt+rf Hence, the 
lequired distance “3| feet, 

EXERCISE 32. 

1. A IS 6j- units of length east of 0, and P is 4 umts of 
length north of A Hoiv fai is P fioni 0 ^ 

2. B IS 3 feet Twest of 0 and Q is 7} feet south of B 
How fai is Q fiom 0 ? 

3. C IS 2 yards north of 0 and J2 is 6^ yards west of C 
How far is B fiom 0 ’ 

4:. I) IS 2 1 inches south of 0 and S is 28 inches east 
of D How fai is S fioiii 0 ^ 



0 () 
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5* ^is 27 tcet east) of 0 P is north of A and 46 
feet from 0 How far is P fi om j4 9 

6. Qis24 feet south of P 0 is east of P and 25 
loot fiom Q How fai is P fiora O’ 

7. Pis45yaids east of ^4 G is I yaid north of A 
.ind P IS 2 yai ds noith of P How fai is P fiom 0 ’ 

8. P IS 26 feet north of A F is 40 feet west ol A, 
and Q is 20 feet cast of P How far is Q fiom P ’ 

Ot Twoveitical posts, 14 feet and 34 feet high, aie 13| 
feet apait Pind the distance between the tops oi the posts 

10. A ladder 30 feet long has its foot at a distance oi 
10 feet fi oin a vertical wall How fai up the wall does it 
jeach 9 (The cbagonal scale may be used if necessary ) 

70. If in a plane, a point and two straight 
lines passing through it at right angles to each 
other be given, the position ot any point in the 
plane can be easily defined. 



In the plane of the papei as shewn in the last diagram 
lot XOA' and YOY' be the two given straight lines at right 
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angles to each other Tf P he any point in the plane, how to 
know its position ^ 

We may regard XOX' as the casf-and-wesf line, and 
as the VO) th~mid-so?tiJi line Draw PM parallel to TOY' 
meeting X0X‘ at M Evidently then ill is due east of 0, and 
P due noi th of ill Hence if OM and MP be known we 
know the position of P at once 

Taking the length of a side of a small square as the 
unit of length, wo have 0il/=9 units of length and il/P=l2 
units of length Hence, the position of P mav be biieflv 
defined as follows 


9 nmts east, 12 units north 

Note 1 If Qhe a point whose position is defined to be 5 units easU 
8 units north, to find Q all that we have to do is to take a point 5 units 
due east of 0 and thence proceed 8 units northwards 

Note 2 If R be a point whose position is defined to be 1 units west, 
4 units south, to find R all that we have to do is to take a point 7 units 
due west of 0 and thence proceed 4 units southwards 

EXERCISE 33. 

[Sg^iiaied Pape) ts to he used in eveitj case] 

1. Find the points whose positions are defined as 
follows * 

(1) 5 units east, 7 units north 

(2) 8 units west, 5 units north 

(3) 10 units westj 12 units south 

(4) 15 units east, 6 units south 

(5) 8 milts west, 13 units north 

(6) 14 units east, 15 units south 

2. It IS clear from Chapter II (Positive and Negative 
Quantities) that “6 units west” is the same as “-6 units 
east,” and “8 units south” is the same as “—8 units 
north” Hence find the points whose positions are 
defined as follows 

(1) 7 units east, —8 units north 

(2) — 10 units east, 6 units north 

(3) — 9 units east —13 units north 
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3. In defining the position of a point the woids “east” 
and “nortli” may be omitted if it is accepted as a lule that 
the distance measured ton .irds the east should invaiiably 
be mentioned fust On this convention find the points 
who‘50 positions aie defined as folloivs 

(1) 8 units, 9 units (2) 6 units — 11 units 

(3) —12 units, 15 units (4.) —10 units, —14 units 

4:t We Ilia'S define the position of a point stdl moie 
biiefly if the ivoid ‘units” be omitted hhnd, then, the points 
Avhose positions are defined as follows 

(1) G, 4 (2; 13 8 (3) -7, G 

(4) 8 -G 0) -10. -13 (G) -9. -15 

71. Definitioiis* The student is lefeired to the 
di.igrim of the last article The given lines XOX' and 
yOr^ with lefeiencc to u Inch the positions of all points in 
the pl.me aie defined, aie called the axes of co-ordinates i 
and the point 0, wheie these linos inteisect, is called the 
origin. 

The stiaight line IS called the axis of X and the 
straight lino YOY' the axis of 31 . 

The lengths 01/ and MF which define the position of 
the point P aie called its co-ordinates, Oil/ being called 
the abscissa (01 jc-co-ordinate) and il/P, the ordinate 
(01 3 >-co-ordinate). 

‘ The point (a, v)’ 01 simply “(a:,?/)” means “the point 
whose abscissa units of length and oidinate=^/ units 
oi length ’ 

Note 1 When wc speak of ibe “x and if' of a point, we mean its 
abiciiiii and ordiiuite 

Nolo 2 The abscissa is positive or neqaiioe accoidintj as M 15 the 
light or on the left of 0 The 01 dinate is positive or negative accord- 
tnq as P is above or below XOX' 

Note 3 *‘To plot a point" is to find the position of a point when 
its co-ordinates arc given 

Example 1. In the diagram gnen on the next page, wiite 
down me co-ouhnates of the points Pj Po, P; 

The hguic explain'? itself Take the length of a side 
of 1 small square the unit of length 
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(1) Oilli =8 units and J/i is on the i igJit of 0 , il/i Pi =10 
units and Pi is above the line XOX' Hence the co-oidi- 
nates of Pi aie 8 and 10, 

(2) units and jlP is on the left of 0 , il/oPo^lS 

units and Po is fl&oiJC the line Hence theco-oidinates- 

of Pa aie -5 and 13. 
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(3) 0 ili 3=10 units and 21^ is on the left of 0 , il/ 3 Ps==ll 
units and P 3 is below the line XOX'. Hence the co-oidi- 
nates of P 3 are -10 and - 11 . 

(4) 011 / 4 =15 units and M 4 is on the 1 ight of 0 , il/iP^ =10 
units' and P 4 is below the hne XOX' Hence the co-ordinates, 
of P 4 are 15 and - 10. 
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Example 2. Plot the points (-1 0), (0,1), (1,2) and (2,3), 
and sbon that they all he in a straight line 

Let ~j times the side of a small squaie represent the unit 
of length and let P, Fn, Pg P 4 respectively denote the four 
gi\en points Then the positions of the points will be as 
shewn in the figure 



XoM e find that a Plat Ruler may be so placed that its 
edge Mill pass thioligh all the iom points Hence the 3 '-al] 
lie m the same straight line 

Example 3. Plot the points (3 i) and (8 12) and find the 
distance beiwecn them 
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Let a side o£ a small square repiesent the unit of length, 
and let P and Q lespectively denote the two given points 
Then the positions of the points will be as shewn m the figure 



With centre P and radius PQ draw a circle cutting the 
east-west hne through f at E 

The distance lequii ed = PQ — PE =86 units [from the figure] 

Example 4, Plot the points PiO, 4), Q{p —4) and E(8, 2) 
and find the area of the triangle PQE 
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Let a side of a small square be the unit of length. Then 
ihe positions of the points P,Q JK will be as shewn ni the 
diagram Count the number of small squares falling wholly 
inside the tiianglePQi’ Of the remaining squares through 
Minch the ^ides pas*:, find the number of only those half oi 
jHoic than half ol M'hich are uiihin the triangle and reject the 
other- Since each small square lepresents a unit of area the 
total number of small squares thus counted ivill give the area 
of the tiiangle pretty accuiately 

* Counting by the above method the number of small 
‘■quarc*: in tlie triangle PQE~27 

Hence the lequired area =27 units of area 

Example 5. Plot the points il{S, 2) jB( 12, 2), Cfll, and 
Tj(2 bi Find the area of the quadnlateral APCZ) and read 
the co-ordinates of the intei section of AC and BD 



Take .i -ide of a small square as the unit of length Then 
the i)o«:itions of the point*? .1 B C and JJ Mill be as shoum in 
the diagram 

Counting bj the method of example 3, the numhei of small 
''quaies in the quadrilateral ABOD—iA 

Hencf' the area required=51 unit*: of aiea 

Al«:o for the diagram the co-ordinatec of L the intellec- 
tion of AC and BD are 7 and 5 
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EXERCISE 

1 . In the diagiam given below, what are the co-ordi- 
nates of the points Pj, P3, P4, (1) when the unit of length 
IS lepresented by a side of a small square, (11) when the 
unit of length is represented by 5 times the side of a small 
square ^ 

2 . In the following diagram what will be the co-ordinates 
of the points if the unit of length be represented by three 
times the side of a small square ? 



3 . Plot the points (-4,-4), (7,7), (13,13), and satisfy 
yourself that they lie in a straight Ime passing through the 
ongin. 

l‘-7 
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4* Plot the points (-8, 4} and (10, —5), and satisfy youi- 
self that the clraij;ht line joining them passes through the 
origin 

5* Plot the points (8,5) and (—4,-11), and find the 
distance between them 

6. Plot the points (-7 9) and (—12,21) and find the 
distance between them 

7. Plot the points (-11 13) and (3—35), and find the 
distance betiieen them 

8. Join the points (0, 0) and (5, 5), and pioduce the 
straight line both ways Pind the ordinate of the point on 
this straight line whose abscissa is 11 and the abscissa of 
the point whose ordinate is —13 

9. Join the points (0, 7) and (12, 0), and produce the 
straight line both w ays Ihnd the ordinate of the point on 
the straight line whose abscissa is —18 and the abscissa ol 
the point whose ordinate is —14 

10. Join the points (—4, 0) and (0,-8), and produce the 
straight line both ways Find the ordinate of the point on 
the stiaight line whose abscissa is —10 and the abscissa ol 
the point ivhosB ordinate is -24 

11. Plot the points A(3, 2], B(3, 7) and C(8, 5), and find the 
area of the tnaiigle ABC 

12. PlotthepointsP(-2, 5), Q(6.o)and JS(8, 9), and find 
the area of the triangle ABC 

13. Plot the points D(o, 2), B(6, 8) and F{7, 12), and find 
the area of the tnangle DBF 


14. Find the area of the quadrilateral whose vertices aie 
(11, 2), (3, 2), (3 7) and (11, 7) Obtain the co-oidinates of the 
intersection of its diagonals 


15. Find the aiea of the quadrilateral whose vertices are 
(t) (IG, 6), (2, 3) (11, 14) and (5,11), (u) (3, 0), (6, 4), (17, 16) 
and (9 18), (lii) (-12, 5), (-12,-10), (16, -10) and (16,5), 
(iv) (0, 1), (10, 8), (2 13) and (-2, 8) 


16. Construct a triangle vrhose base is 12 centimeties 
and the two other sides are 5 and 13 centimetres lespectively 
Find the area of the tnangle, the altitude and the angle 
oppo‘;ite to the longest side 


17. Construct a triangle whose base is 6 centimetres and 
the tw 0 olhci sides are 3 and 5 centimetres respectively 
kea'!ure« the altitude as accurately as possible 
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18. Plot the follo\nng series of points 

(i) (6. 0), (6, 3), (6, 4), (6, 6), (6, 8) and (6, 10) 

(ii) (-2, 7), (3, 7) (5 7), (7,7), (8,7) and (10,7) 

Show that they he on two straight hnes respectiveK 
parallel to the axis of y and the axis of x Find the co- 
ordinates of their point of intersection 

19. Plot the points (3 4), (4, 3), (5, 0), (-4, -3), (4, -d) 
Find their distances from the ongin and show that they he 
on a cucle with the origin as centre 

20. Plot the points *4(5,2), 5(9,2), C(6,8), 5(9,8) and 
5(7,12) Find the aiea of the figme 15550 and the co- 
ordinates of the intersection of AD and BC 


Mscellaneous Exercises. II 

I 

1. From the identity (a-l-&)^ = a;“-h2a&+6®, deduce the 
square of x-y—z by putting x for a and -y-z for h 

2. Establish the following formulae 

(i) a^ + b^=^(a+b)~+{a—b)^} 

(ii) 4fl&=(a+J)2-(a-&)= 

3. Prove that 

iy—z){y+z—x)+(z-x){z+x—ij)+{x-y){x+y—z)=^0 

4. Piove that 

{a-b){a+l){b+l)-a{b+lY+b{a+l)^={a-b)ia+b+2ab) 

5. If a=x+m, b=y+m, c=z+m, show that 

a^ + h^ + c^—bc—ca—ab=x^+y^+z^—yz—zx—xy 

6. If 5=a+6+c prove that 

{as+bc){bs+ac){cs+ab)={b+cY{c+aY{a-^b)^ 

i 

7. Divide {m+n)^—27p^ by m+n—dp 

8. Find the quotient when the dividend is {Qx^—llxy 
+13?/®)“ the remainder is 497/®(2a;+5?/)® and the dmsor is 
Sa;2-a;;/+16?/® 
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^ ‘ y 3 


and 7/+ 


3 

X 



find the value o£ 




216 

03%® 


ShoTT that 

fa; - ?/ + s)® + (a;+ y - + 6 x(o 3 - 7/ + 2)(a! + 7/ - s) =8a3* 


n 


Solve the foUo'wing equations 

1. 3(a3'-3)-2(a;-2)+a;-l=a:+3+2(a;+2)+3(a;+i) 

2. {x-^)[x-b)^[x-2){x-l) 

3. 2(a;+l)fa:+3)+8=(2a;+l)(a:+5) 

Find the value of a;, when 

4. (a+&X&-a;)=&(fl-a;) 

5 ^nx-p ^ npx-v i ^ pmx-'n _2p ^ 27)1, 2)i 
mn my pm "^mn np pm 

6. . _a;~l 2a3-2 

7 11 2 ^ 2 b 


f24. 


8. 


9. 


10 . 


a;“2 „ 3 a;+10 . 03-2 

X — sr »=o-5 ? — +'~T~ ‘ 

2 4 o 4 

2a;-l 3x~2 4a;-3_ 1 
2 S 4 “ 12 ’ 

ifa3-l)-^{2o;-3)+Kl-2a;)=J3(4a:-5) 


in 

1. Find the number to which, if 29 be added the sum 
u ill exceed four times the number by 8 

2. Find a number whose 7th part exceeds the 9th part 
bv4 


3. A man saves one-tenth of his monthly income and 
spends one-third of the remainder in buying petty things 
At the end of the month, he has Rs 300 in his pocket after 
meeting all the current expenses which amounted to two- 
fifths of the total income Find his income per month 

4. A merchant invests two-fifths of his capital in sugar 
business onc-third in jute and half of the remaindei in cloth 
and has liSOO cash l^iid his capital and the money invested 
in each business 
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5 . A IS twice as old as B and four years older than 0 
The sum of the ages of A, B and C is 96 years Find the 
age of each. 

6. Two sums of money aie togethei equal to £54 12^ 
and there aie as many pounds in the one as theie are shilhngs 
in the othei Find the sums 

7 . Plot the following points on a squared papei and 
verify that they are the angular points of a rectangle Show 
that the length of each of the diagonals is 5 

(li 3), {-IJ, 2), (-«, -2) and («. -2) 

8. 0 IS a fixed station A is 20 miles north of 0 B is 
4 mdes east of -4 C is 17 miles south of B Show that the 
distance between 0 and 0 is 5 miles 

9. If, in the above example, >1 be 12 miles west of 0 
and P be 5 miles north of A , and B be 12 miles east of 0 
and Q be 5 miles south of B, show that the distance between 
P and Q is 26 miles 

10 . Plot the following points on a squaied papei and 
verify that they he on a straight hne through the origin 
(—5,— 10). (1, 2) and (3, 6) 


CHAPTER Vm 

HARDER ADDITION AND SUBTRACTION 
I* Addition. 

72 . In Chapter HI, we have explained the following laws 
of addition of algebraic quantities and expressions 

(1) If any number of quantities are added together, the 
result will be the same in whatever order the quantities may 
be taken Thus, 

a+&+c=&+c+a=c+fl+&, etc [Art 31] 

This IS called the Commutative Law of Addition 

(2) When any number of quantities are added togethei 
they can be divided into gi oups and the result expressed as 
the sum of those groups Thus, 

a+6+c=a+(&+c)=(a+&)+c=&+(c+a), etc [Art 32] 

This IS called the Associative Law of Addition 
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fS) When any number oi like iejms with mmerical 
to-effiaciiis ere added, their sum is a Itke iej m whose co- 
efficient IS equal to the sum of the co-efficients of the terms 
added [Art 32] 

Thus, the sum ol "ijc --2a: 7x Qx is 16a: since 
'?+(-2]+7+6=»16 

This piocess is Imown as collechng to ms 

The ordinary rule for addin^r together compound ex- 
pressions with like and unlike terms has also been explained 
in Art 33 

Weha^esotar applied these lules to simple cases and 
now propose to consider more difficult problems 

73. ^ Compound expressions with fractional 
co-ell ficlents. If compound expressions with fractional 
co-eificients are to be added first simplify each expression if 
necessary and then put the expressions under one another so 
that like tenns stand in the same vertical column, and draw 
,1 line below the last expiession then add up each vertical 
column and put the result below it Simphfy the co-efficients 
in the result by Arithmetical Rules 

The foUomng examples ivill illustrate the process 
Example 1. Add together 

^ ,V - . 3 ,12 , 7 , ,3 2,4 rt, 

Y and 

The 1st expressions ia;+ -^j-jz 

The 2nd expressions !-a:-i'tr2/+-T*^+12ff 

The 3rd expressions - --irgd- — 2& 

The sums 2a;+-^?/+2f +12fl-2& 


[In the sum 

the co-efficient of a: = - + ^ ^ s ^ = 2, 

the co-cfficient of 

the co-efficient of js 

the co-efficient of fl=0+12-{-0s]2 

the to-pfficient of &=0+0-2s —2 ] 
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Note Notice that places of hhe terms in 'a* are vacant in the 1st 
and 3rd e'cpiessions For convenience, the co-efficients of ‘a’ in these 
places may be taken to be zero Similarly, the co-efficients of the like 
terms in b may be taken as zero in the 1st and 2nd e\pression$, 

w, 1 n TV 1 £ 6a:-2*/ , 2z~4x 

Example 2. Find the sum of — g — + ■ ■ + — g— j 

■ks-By . Qy-4z , Bz-Bx _ i 2£n-47/ , Bv-2z , Az-Gx 
-^ + -^+-g- and— g— 

Simplifying each of the expressions by collecting terms 
and proceeding as above, the sum follows Thus, 

The 1st exp =(^ -i) x+{-f +T^)2/+(-iV+f)^ 

=(1 -i) +i) 2/+("i +t)3= ^ 

The 2 ndexp =(it— fr) a;+(“TJ+¥) y+{—^ +7)2: 

= (i -1) Jc+(-T +I-) t/+(-i- +-2-)2“-|a;+i-?/ 
The 3rd exp =(f +|-) 2/+(-^ +A> 

=(1 - 1 ) + i ) 

The sum = — 

[ In the sum, 

the co-efficient of cc—i—f 
the co-ef&cient of7/=0+i+0=^-] 

Example 3. !Find the numencal value of the sum of 

-|j+'|-6®-3a2 and ~^6®-^2/®+7a^-i-ya;3, 

when a!=98, ?/=79, a=5 and 6='4 

In this problem, the numencal value can be obtained 
easily from "^e sum of the expressions, 

The 1st expiession= -f x^ Ar-i^y^ +^1)^ 

The 2nd expressions +17a®--%’&® 

The 3rd expressions ” 1 ^®- 3a® + 

The 4th expressions 7ft®— -^6® 

The sum = a® 4- 6® 

=5®+4®s5x5-^4x4x4s25 -1-64=89 
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f In the lesult, 

the co-efficienfc of a:= = 

the co-efficicnt of y=-n'^ 0 

the co-efficient of —20-H7'-3+ 7 = 24 —23=1, 

the co-efEcient of 6^='^— -^+ 2 '— -t* 

74. Compound e:spresslons with literal co- 
efficients Co-ethcients which are not wholly numerical 
are called liteial Thus, the co-efficients of x in ax^ Gbx 
{C'\^d~e)x, being fl, 6/>, (c+d-c), respectively are liteial 

The terms aa;, 66a;, {c+d-~c)x, if considered in respect 
of jc, differ in then literal co-effioients only and are also called 
like when thus consideied 

If ax and bx be two hire terms in x, 

their sum = fla: + 6a; = (a + b)x 

Hence, the sum of two like terms is a like teim whose co- 
efficient IS the sum of the co-efficients of the two teims By 
Art 47, Cor 3, this rule for addition will be true even when 
the number of terms is gi eater than two 

Thus, the rule for addition of like terms is same for all co- 
efficients numerical as well as literal 

It^ therefore, follows that the lule foi adding compound 
expiessions is same for both of these co-officieiits 

The following examples will illustrate the above i ulo 

Example 1. Add together 

ib+c)x+{c+a)y-^{a+b)z, ax+by+cz and x+y+z 

Arranging the expressions so that like terms may stand in 
the same Teitical column and adding up each such column, 
the sum follow s Thus, 

The 1st exp ={b+c)x-¥{c+a)y+{a-\-b)z 
The 2nd exp =ax +by -hes 

The 3rd exp - x + y + x 

. The sum ==ia+b+c+l)x+[a+b+ci-l)tj-f(fi^flrfc+Tjz 
[ In the result, 

the co-efhcient of a;=(6-l-c)*l'a+l=a-f6+c+l, 
the co-efficient of 7/=(c+a)'{-6+ l=fl-l'6+c-l-l, 
the co-efhcient of ^=(c' + 6)-hc+l=«+6+c+ll 
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Example 2i Add together* {b’^c)x+{c—a)y+{a—l})z, 
(&-c)y+(a-6)a;+(c-a)2 and (&-c) 2 +(c-a)a;+(a-% 

The expressions contain like teiras in respect oix y and z 
Hence, arranging hire terms in the same vertical cohunn and 
proceeding as before, the result follows Thus 

The 1st espres sion = (6 — c)x + (c — a)i/ + (ft — &)r 
The 2nd expression=(a— &)^+(&— c)?^+(c— n)r 
The 3rd expiession =(c—g)a:+(g— &)?/+(&— c)c 
■ The sum = 0 

[fn the sum, 

the co-efficient of ic=(b— c)+(c— a)+(a— &) 

=6— c+c-G+g-6=0 

Similarly, the co-efficients of y and z are zero ] 

Example 3. Find the sum of {ax-hj)-\-{bx-cz), (ay-bx) 
+(6?/— c:) and {cz—ax)+[cz'^by) 

Each of these three expressions contain like tenns in 
respect oi x y and z Arranging each expression in terns 
of jc. y and z and proceeding as in pievious examples the 
sum IS obtained Thus 

The 1st exp = ax+hx—by—cz={a+b)x— by— cz 
The 2nd exp =— 6a;-f «= —bx +(«+&)?/'- cz 

The 3rd exp =— aa;-6y-l-2cs = —ax — hii+2cz 

' Thesum= {o>"-b)y 

[In the sum. 

the co-efficient of ic= {a-\‘b)—b—a= a-i-b—b—a—O 
the co-efficient of — &-h(fl + &)— 6= — & + a+&--&®=a— & 
the co-efficient ofs=— c— c+2c=0] 

Note 1 When compound expressions with biackets are to he added 
to like compound expressions it is more convenient to retain brackets as 
m Example 2 

Note 2 The expressions to be added should be simplified by 
collecting terms if necessary as in Example 3 

Example 4, Find the sum of 

(c^'ha®)p+(a“+&^)2 and (a"-f 
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The expressions oontam like teinis m lespect of (o“+c“) 
(c“+fl"} and (a“ + 6“) Hence, arransfing lilce terms in the 
•same veihcal oolnmn and proceeding as before, 

1st expiession«a:(a"+&“)+7/(&“+c“)+::(c" + (7") 

2nd expression = w?(?>-+C“) + H(c”+fl"l 

Srd expiession= (/(«“+&“) +jp(c-+cr") 

1th expression =j(n “+&“)+ Ujj' + C"1 

the sum 

=(aJ+g+?Xfl" + &"^ + (y+>w + ^)(^" + c“)+(c'+i?+2i)(c"+o^l 
fin the lesult, 

the co-efficicnt of (n"+6®Wa;+0+g+?=aj+g+j 

Siniilaily, the co-efhcients of (&"+C"'l and (c^ + a®) aie 
(«/+»»+ A) and (c+ii+jp) lespectively 

EXORCISE 35. 

Add together 

1. 2a:=-5r?/+?/“ A}j--7x-~ox+2ij da:?/-5+7/-6?r 

and 8 -41/+ 3a; 

2. ahc+a^b~b“C" on“ft“126”C"— 3a6c 8&“c““4a“&+2o&c 
and2a‘&+5&“C' 

3* 3?»Hj)+2))i®7i®+6nr7i-, 7»)»?2)--10)»“}?"+6 ?m®?i“ 

-«r7?3, 2nr7i®-5ni7ip+3ni2«® and 

4. 12a®&"a! — 29&®£C“a + 37a:®fl®& + 45a®&“a;®, 2o&®£C“o 
-16fl*6®a:--18a®6-a;-5x®a®&. 32a®6®fl;®-28x®a®6+20fl®ft“a: 
~~2Sb^x~a and — 9a;®a®6— 14a®&®a;— 60a®&®a;®+32&®a;®a 

5. - 15fl*6^c*+7c*a®&®-24&^c®a®+27a^6®c® 19c^a®6^ 

— 15ff*&®c‘’+23a*&^c'*-8&V®fl^ 29&^c®Q^+lla^&^c*“9a*i>3c® 
»16c*o®65 and — ln^6®c=-10c4n®6®+3&^c®a®-18n"6^c^ 

6. 25a»&®-8&®c®-23c®a3+19a=r-c= 16c®a®-14a=&=c=- 
19a®y®-12y®c\ 27fl=&=cHl3fl®&®+17c®fl®-20&®c®, 29&®c®- 
6a®/>"c" -21a®&® — 13c®fl® and 10&®c® +3fl®y® +4c'’a^ ■~27a~b-c~ 

7. ■ia®-186®“r)0(®-25a&c 38c®-37fl®-7cJc+29&«. 

26a&c-17c®+ll&®+43a® 13&®-18nhr+4fl®+2lc® and -14fl® 
4-12f.®+21fl6t-34&® 
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8 . 'o+'j 7 +~> x’^’ir+'^ ™ -J+V+— • 

ZuOiOO 4 0 

a 3r,4?/,102; 2?/ 4s, cc , 8s ,6a: ,8?/ 

F+T+S’ r+ii+6 “^n+5+7- 

10 1®°!/ I Vs , o:®* 7!/=Z , 62 =® , 705=!/ , 

"’■ 17 ’ 13 ^ 17 + 15 

Qz^x , 4a;-v , 2trz 

It'+TF+TJ- 

la-h , 9&=c , llcff" , 16fi&= 86=c . 10c=fl 12a=/> 

19 17 21 35 ’ 17 21 19 

, 17k- ^ 22a&= , 18k2 , lOca'' . llar= 

18 . • + ~T '|^ca&^+- 4 fl&c-+:f:a“</ 

3 4 7 9 0 11 

~bca^- +^c^d+~cab- and + jb^d + 


as— 2?/ ,2?/— 3s , 3s-4a; 2a;--3?/ , 3?/--4s , s-2a: 

2 6 12 ’ 6 12 ■*■ 2 


T 3a!-4?/ , y-2z , 2s- 3a; 

„„d _^+A_+ 

2a!— 3?/ , 3?/— 5s , 52— 7a; 3aj— 5?/ , bii-7z , 2s-3a: 

14. g +“15 ’' 55 ’ 15 *^"^■*■'" 6 ^ 

j 5x— 7?/ , 27/-3 s , 3s— 5a! 

TS-+- 6 - + -16- 

2&-3c , 3c— 4a , 4a-26 2c-3fl . 3a— 4& . 46 -2c 


> ^ VV/ "IVV ^ ^1/ 

6c ca ab ’ 


ca ab be 


_ j 2a-36j^36— 4c , 4c-2a 

and —7 — I — r 

ab be ca 

bx—^ay , 2hy—Aaz , 3bz~ax ca;— 46?/ , Seit~~&bz 

^ 4cs— 6a? ax—2cu ^ 4a?/— Bes ^ oas— ca ; 

be ‘ ca ca ca 

17. cif—n'T ^ az-bii ^ bx-cz ^ ay—bx ^ 6s— C7/ ^ ca;— as 
eaxy^ abyz bezx abxy hciiz cazx 

and +«£zis. 

6ca:?/ mjz abzx 
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If a— 5, &='4, a;— 8, 2/=7, find the numerical value of 

18. (46fl*+38&'‘-87G&a;®-105?/^)+ (47a&a;® + 

— o 3&*}+(577/^ +75&^+23a'‘+63a&a:®)+('”33&*+8?/^ — 27a&aJ® 
— SOrt** ) + (26tt‘‘ - iby^ — 22&'‘ + bahx ^ ) 

19. Cdoxii^ + 207a&" - 98&a;' - Q2ya*‘ - B^ahxhi) + (68&a;" 

+102^a^ -Qjxy^ -Blab^ +53a&a;^y)+ (26a&aj“7/ —Ihab^—^oyaf^ 

+^%x* +bBxy*)+{28ya^—2dxy*-Qbabx^y + + 2Qbx^) 

+ ( - 89«i^ - dllj/fi'* + Q9abx^7f + Qxy* ~ 89bx*} 

20. (67a*bx + 2oh*xy - 143a;*7/a + Blij^ab — 2o8arb^x^) 
•^[G8x*7ia-92y*ab-Q8a*bx-i-76aH^x^ - ^b^X7j) + {8by*ab-i- 
182b*xy + 82a“6"fl:"+36j;^7/rt+96a*i&a:)+(-50a^6®a:*—78a'*&a; 
+27j/^a&-17x^7/o— 526‘*a:y)+ (61a;^7/« - 2Qb*xy + VLBa^b^x^ 
—7ii*ab-12a*bx) 

Add toffothei 

21. (a-+&®)(m+}?)+Ca“-&^)(27+g)+c®Z {a“—h^){m+n)+ 

(a^-\‘b-){p+{j)+cHu nc^ + l{a^+b^)+Jc[a^-‘b^} 

22. (fl5+7/)®fl+(2/+s)®&+(z+a;)®c, ix~yya+{y-zyb+ 
{z—xyc and 2(a;“ -7/*)a+2(y2 -2^)&-t*2(z“-a3®)c 

23. ab{o-b) &c(6-c), ca(c-a) and a^(c-b) + h^{a-~c) 
+c-{b-a) 

Supply the following omissions 

21. fl“+6“+c®— &c 

={ }■“{(&— c)®+(G—fl)^+{a—&)®[ 

25. (/;+c)a*“+{c+a)y“+(fl+Zi)z®={ }—{ax^+hy+cz^) 


n. Subtraction. 

75. In Alb 35, no have explained that to subtiact 
IS the same as to add- fl Thus, a!-a«a;+(“a) Similarly, 
to subtract an expression is to add it with its sign changed 
The oidinaiy rule for subtracting one compound expression 
from anoihei has already been explained m Art 38, and 
has so far been applied to simple cases only We shall now 
consider harder examples on ‘subtraction 
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Example 1. Subti act ao: + &?/ + c: 

fiom {h-\‘c)y¥{c+a)s+{a+b)x 

Arranging like terms m a;, y and z and applying the rule 
explained in Ait 38. the difference leqLiiired is obtained Thus. 

The minuend = (a + &)a;+ (& + c)y + (c + a)z 
The subtrahend = ax+ by+ cz 

The difference = &a;+ ci/+ az 

[In the lemainder, 

the co-efficient of a = 6 

Similaily, the co-efficients of y and r aie c and a 
respectively ] 

Example 2. Subtract (6— c)“?/s+(c— &)®a;y 

from {b+c)~yz+ (c+ a)hx+la-]r bYxy 

The minuend =[J}'\-cYyz+{c+a)hx+{a+byxy 
The subtrahend ={b--c)~7jz+{c-’a)~zx+{a—b)-xy 

, The remainder = •lbcyz+ 4ca;:aj+ iabxif 
[In the remainder, 

the co-efficient of yz={b+c)~—{b—cy 

= &=+2&c+c=-(&=-2&c+6") 

=~b-+2bc+c--b-+2bc-r 

=4&c 

Similarly, the co-efficients of zx and xy aie 4ca and 4a& 
lespectively ] 

Example 3. Supply the omission in the following 

(2a + 3&)a; (36 + 4c)i/ + (4c + 2a)2; 

-[a+b)x+{J)+c)ij+ic+a)z+{ } 

Evidently, the omission can be obtained by subtiacting- 
(a + 6)05 + (6 + c) j/ + (c + a)a f 1 om {2a -I- 36)a: + (36 + 4 c) 7/ + (4c + 2a)z^ 
Proceeding as in examples 1 and 2 above, the result of 
subtraction can be easily found to be (a+26)a;+(26+3c)w 
+{Sc+a)z 

Example 4. Subtract 2 5ao5— 3 7by—S 32c 

from 3jflfl:+2|6?/+6fr2:. 
The minuend =6jax+2^by+^z 
The subtrahend = 2 5ao5— 3 7by — 8 32c 

.. The remainder = |aa5+'^6^+-^®-s 
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[In the remainder 

the co-efficient of a;=3i -2 5= 

the co-efficient of 7/=2-t-(“37)-2.}+37=^+-^=4, 
The co-efficient of ;=6K-(-832)=6|^+832=W+^ 

— G 2T-J 4 _ L.1 V 2 „ G_S C T 
ou" “ UO 4? J 

Kote As in addition, fractional co-efftcienh m the remainder 
must be simplified by Rales of Arithmetic [See Ez d] 

When compound expressions with brackets are to be subtracted if /s 
more convenient to retain the brackets, as in Examples 1-3 

EXERCISE 36. 

Suhtnicl 

from 3a;® -bx*7i +2x^y^ 

2. ‘-im®??®— 10?i®a)ni-l-14a:®m??— 20w^?2®a3—27M^ic^m 

from ojn ® »a; — lln^xm+^Qx^mn — Vimhi^v—ldn^x^m 

3. 37a;®-28a;®y+48a;V"“’54aj®J7® +84a:^®-93?y“ 

from 48a;^ -31a;®?/-73'^j/® -39a;®?/® -dljc^j/^ +61a:?/® -53?/® 

4:. -2?/c&r® +4?/2®&c-2flr^ -dyhhc+3a^x^ 

from 3aa;^ -ofl^as® ■^Qyzhr-7y“zbc+8tjz^c 

5. 19x®s®y— 15a;®7/®2+27+lla;^2* —12x^yh^—ldxy^z^ 

fi om 25- 16a;®?/®2“ 17a:y ®2® + 21a;®2®y - 8x-i/z^ + 8a;y2^ 

6 . i8xhj*z--2^jX^ijH*A-2bxU/z^~mx^y^z^ + 2Qxhj^z* 
+35a:*?/2® fiom 29x*?/®2®-37a;®?/^2®+54a;®?/®2^-45a;®7/V 
-67x*?/®;:®+89x=y*2;®. 

7. -29x*7/®a'+75x®7j‘2®+13x®y V+53x®?jV -94a;®yV 

-8f5x^?/®5” from 41x®y^c®-87x®y®0^-28a;*7/5g®+63x*7/V' 
—55x® ?/“£■* +37 x®7/^2® 

8. What must he added to 3x®-5x?/+67/®-h77/s in ordei 
that the «;um ma> be -x®— 

9. What must be added to -5x®+13x®y=-fl®&x+5&xy® 
-p7x?/fl& in ordei that the sum mav he +ot^ji^^a~bx—2bxy^ 
—2xnob ^ 
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10# What must be added to bx* —Qxhj-¥7x-y~ —Sxy^ 
—19?/^ in oidei that the smn may be +bx-y - ? 

11. What must be added to —ox^—Bx'^y+Gx^ir+llx~y^^ 
+13rr;?/^-21?/® in oider that the sum may be —7a;®— 4a3^//" 
+13a5‘7/®+29//® ? 

12. What must be subti acted from '2a~+bab—Gb^ in 
order that the lemainder may be a“+2b~ ^ 

13. What must be subtiacted fiom bx^—Gxy+iy^—Sx 
— 10//+15 in ordei that the remainder may be x~+2xy+S7/^ 
-f4a;+5y+6 ^ 

14. What must be subtracted fiom 3a®— 4a^6+5«&“— 
in Older that the lemaindei may be a® -2rt&®+76® ^ 

15. What must be subtracted from— 8a;®?/ + 4a;"?/"— 11a;?/® 
+l'2a;® — 13?/ + 27 in oidei that the lemaindei mav be 
4^;®?/— 3a:®?/®— 11a;?/® + 20a;®— 30?/ +56 ’ 

16. From what expiession must 3a®-7a6— 86c+9&® be 
subtracted m oidei that the remainder may be 2a®+3a& 
+3&C+2&® 9 


17 . From what expression must - 3a;® + 5?/® — Ixy + 8a; — 
be subtracted in older that the remainder may be a;®— 8?/ 
+2a:y-lla;+7 ’ 

18. From what expression must — 7a®— 8&®c— 13a? ®+3&® 
be subtracted in order that the remaindei may be 4ft®— 3&®( 
+7ac®-8&® 9 


19. From what expression must 21a;®— 37a;?/® +42?/® 
— 18a:® + 19a;?/— 39 be subtiacted in order that the remaindei 
mav be — 25a;® + 15a;?/ ® — 87?/® + 7a;® — 43a;?/ + 24 ^ 

i 

1 

Subtiact 


20. T\a:+|^+-W-2 fiom -^x-^j^y+-^z 

21. — 35aa;+'^+ 17???2: from -^aa;+|?/+ Gmz 

22. 117a®(u;+231c®Z??/-6318c®£ 

fiom 3239c®6?/+237ft®ca;— 6273c®* 


1 3 


3 5 


23. Yfft®c®a;+4ift-&*?/+f§-Z?‘^c^®0+23?a;+35)???/+-v«" 


3 5 


fiom 33/a;+||a^&*?/-4«s— ^6®c’3^®s-25????/-|^a®c®'a; 


Cl 
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2^. SuppJj’ tbe omission in the following: 

(i) 82 x+58i/+542— ( )-2x-^By+Qz 

fii) 17a;+2B?/+^z=52a;-17^y+-^f°s-( ), 

till) 12a+1552?®H-16wi^+14j? 

=( )-(22fl+852/2+4mHl6p) 

Subtract * 

23* 6 cf 6 -c)+co(c— aj+< 7 &(fl~b) 

from bc( 6 +c)+cfl(c+a)+a 6 (a+&) 

26. o)+c^fa— b) 

from bc(b—c}-T ca(c— a)+abia~b) 

27. {b-c)”'^ic—aY+{a-bY 

from 2 (a®+b^+c®— flb— be— ca) 

28* (l+a+fl")a;+(l+b+b®)p+(l+c+c ^)2 

from (l+fl)®a;+(l+b)V+(l+c)^« 

29. A man earned (ax-i-by+cz) rupees per month for a 
jear and spent (lOaaj+lScs) rupees during the same year 
How many rupees will he be left mth at the end of the 
year ? 

30. If out of (5035+717/+ 182 ) sheep, (13x+12y) and 
(15y+8H be sold and {Bz+2Bx) die, find the number of 
';heep left 


CHAPTER IX 

HARDER MULTIPLICATION 

76. IVe have explained the folloinng rules for nmlti- 
phcation of Algebraic quantities m Chapter XU 

(1) oXb=bX£; [lArt 42] 

fibc-bca=cab ete [Art 43] 

ic tJiciahtcof apoducii^ihosame mwliafeva oidei fhe 
facfo)s may be ialcn 

This IS called the Commutative Law of multiplication 
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(2) (a&)xc=ax(6c)=6x(flr)=ax&xc [Art 43] 
i e , the factors of a product may he grouped in any way 

This principle is known as Associative Law of multiph- 
cation 

(3) a(6+c)=a6-*-oc [Art 47] 

This is knoivn as Distributive Law of multiplication 

(4) a” X a" = u here m and n are positive integei s 

This is known as Index Law of multiplication 

We now proceed to consider products of compound 
expiessions and haider examples on multiphcation 

77. To prove that (a+bKc+(i)=ac+ad+bc+bd. 

Putting X for c+ d, we have 

(a + &)(c + d) = (a + &)a: = £c(a + &) 

=xa+xb [Art 47] 

=ax-¥bx 
= fl(c+d)+6(c+d) 

=flc+ad+6c+&d 

Cor. Since a-6=a+(-&) and c-d=c+(-d), theiefoie, 
(a — &)(c — d) = {a+ ( “■ 6)}{c+ (” d)} = flc+ a(-" d) +( — &)c +(—&](— d) 
=ac--ad— 6c+&d 

78. To prove that(a+b+c+d+’")(m+n-i-p+q+"’) 
^a[m+n+p+g+"")+b(m+n+p+q+''*) 

■bc{m+n+p+g-¥*'*)+d{m+n+p+q+***)+&c. 

Putting X ioT m+n+p+q we have 
(a+6+c+d+'* Xw+n-fp+g+ ) 

=(a+&+c+d+ * }x 

=ax+ix+cx+dx-^ 

=a(m+n+p+g+ )+&(Mi+ft+p+g+ ) 

+c(m+«+p+^+ )+d(m+M+p+2+ )+&o 

Thus to multiply one multmominal expression by anothei 
we have to multiply evei-y teim of the one by every term of 
the other and talce the algebraic sum of these partial pioducts 

1 — 8 
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Example 1. Multiply 2a+3& by 4rt+5& 

(4a ■i-5&)(2a + 3&} = (4a)(2fl) + (4fl)(3&) + (5&)(2a) + (6Z>)(3&) 
=8aH12flH10a&+15&- 
=8a®+22a& + 25&^ 


Example 2. Multiply Bx-ltj by 2a;- 5^ 

(2a; - 5y)(3a; -77/) = (2a;X3T) + (2a;)( - 77/) + ( - 5?/)(3a:l + ( - 57/)( - 7y) 
= 6a;® - 14a:?/ - 15a;y + dby“ 

=6a;®-29a;?/+35y® 

EXERCISE 37. 

Multiply 

1. 2a+3& by a+b 2. 2m— Bn by in—n 

3. a+&+c by a+&+c 4. a—h+c by a— &+c 

6. a-b-c by a-b-c 6. fl-2&-3c by 2a-&-c 

7. 2x-By—izh'y x-y-z 

8. -5a;+2ft— 3& by — a;— a+& 

9 . x^+y‘+z~ hy x-y-z 

10 . a:;/+7/^ +zx by xy-yz-zx 

79. Arrangement of an e^cpression according 
to descending or ascending powers of someletter. 

When the different teims of an expression contain 
diffeiont poweis of any letter, if we arrange the terms in 
such a way that the term containing the highest power of that 
letter is put first on the left, the term containing the next 
highestpowcr is put next, and so on, and the tenn which either 
pnntains the lowest pon ei of that letter, or does not contain 
tliat letter at all is put last, then we are said to arrange the ex- 
pression according to descending powers oftheletkr consi- 
dered If the order of the terms be reversed the arrange- 
ment IS said to be according to ascending powers of the 
letter Thus the expression fl®a;®+3a^a;?/-5a®a:®y“+4a2a;*7/^~ 
2ax”y*+x^f/ as it stands may be considered as arranged 
cither according to dcsundiny powers of a, or according to 
ascending powers of y, hut if it is arranged as —ba^x'‘i/”+ 
x^y^ ia^x*y^+a^efi—2ax^y*+Ba^xy, it is arranged accord- 
ing to descenduig pow ers of x 
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80. When one expiession is to be multiplied by anothei 
ariange both the multiphcand and the multipliei accoiding 
to descending oi ascending powers of some lettei common to 
them, and proceed as exemplified below 

Example 1, ITultiply a“ — h-—abhyah—h-+a^ 
Multiphcand =a~~-ah — b~ 

Multipliei =a-+ab — b~ 

Product by fl" =a^~a^h— a'^b^ 

Product by +a6= +a^b— a&® 

Product by — 6-= — a"b“+fl&® + &* 

. Complete product^ +&* 

Note The process shown above may be described as follows 
The multiplier has been placed under the multiplicand after having 
arranged them both according to descending powers of a, nnd a line 
has been drawn below the multiplier The successive products of the 
multiplicand by the different terms of the multiplier beginning from 
the left have been placed in different hoiizontal rows m such a mannei 
that each set of like terms may be in the same vertical column A line 
having been now drawn below the lowest of the lows, the complete 
product has been found by wilting down the sum of each vertical 
column immediately below it 

Example 2. Multiply 2a"-3£c--5aa; by -3a;^+2a“+5rtsc 

Arranging the multiplicand and the multiplier according 
to ascending powers of a?, we have 

Multiplicand = 2^- — oax— Bx“ 

Multipliei ='2a“+5aa;— 3a;® 

* 

4a^ — 10a®a;— Qa-x~ 

+10a®a;— 2o(i®aj® — 15aa;® 

— 6a®a;®+15ffa:®+9a;^ 

Product =4a* -37a®a;® +9a;^ 

Example 3. Multiply 2a®6— 5a6®— a^+3ft®&® 

by2a"-3fl®&+4a&®-5a®&® 

Anangmg the multiplicand and the multiplier according 
to descending powers of x, we have 
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Multiplicand = — a^+2a^&+3fl®&^'-5a&'* 

^lullipliei = 2a*—2a^b—ba^h^+4.aP 
- 2a® +4a’ & + " 10a‘’i“ 

■¥ba^^ — — Iba"* b*+2ba^^ 

- 4a=&=+ 8a'Z>'+12a®^»®-20a®&® 

Product = -2fl®+7a''&+5a®Z;^— 33fl^c® + 8fl^ b^+B7aW^—20a'^ &® 


Note 7/1 f//i5 example the multiplicand and the multiplier aie each 
homogeneous and of the 4th degree, whilst the pioduct also is 
homogeneous and of the 8lh degree Similarly, it mag be seen that 
whcncuer the expressions to be multiplied together are homogeneous, 
the product also is homogeneous, and the degree of the product is 
equal to the sum of the degrees of the expressions This law is of 
great importance in testing the accuracy of a multiphcdtion when the 
multiplicand and the multiplier are both homogeneous, for in this case 
if the product obtained does not turn out to be homogeneous, we are 
sure there has been an ei ror somewhere 

Example 4. Multiply JHas®-t?a3-p by 
Multi plicand=> Mia:® — nx—p 

Multipliei =x“-¥px-‘l 


vix*~ iix^— px^ 

+ pmx^-pnx^-p^x 

— mx“+nx+p 

Pi oduct =■ mx* " (m —pm)x ^ — (p + pn +m)x^+(n—p^)x+p 

Example 5. Multiply ^i'ax^+^^b‘X^7f+^ ocary ® + 1 05y®y® 

by 2Za;® + 3 bmxy + 1 buy® 

[A" B To find the product of expressions in which both vulgar 
fractions and decimal fractions occur as co-efficients, it is convenient 
to reduce all the co-cfficicnts to fractions of the same kind (either all 
vulgar or all decimal) and apply the rule of multiplication ] 

In this example, as f-, when leduced to a decimal fraction, will 
involve a very large number of decimal places, we reduce all the co- 
efficients of the multiplicand as also of the multiplier to vulgar 
fractions 
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JXultiplicand^-V aa® ^cxy^ + tsrfif “2/® 
Multiplier -2lx~ + }mxy + ~^nj ® 


+ iiam x*y\- -}^b ^mx^y-+ -^f^mx-y ® + mxij^ 

+ffai?£C®?/®+|-Y^>“»a:“2/® + ^cnxi/+^gV 


Product = %^-a Ix^ + {{4& H+^am)x*y+ (7 cl+^b- m + fu-ai? )x ® y 
VcH^+ %b\)x'y^‘\-{'-^g^m + ^icn)xi/-]r^g~mj 


2 

5 


Example 6. Multiply together a®- a&+&®, ft^+a6+J® and 
a*-aH^+b^ 

[i) a®-a&+&* 
a®+a6+&® 
a^--a^b+a^h- 

+ a®&® — o&® + &^ 

(ii) a*+a^b^+b* 
a^—a^h^ + b^ 

a' + a®i®+a^&’‘ 

fl® +&® 

Thus the requiied pioduct=a® + a‘*6‘*+J*' 

Note TWien the number of factors m a piodact is more than two, 
the product is called the continued product of those factors 

The factors should be arranged in a suitable ordei so as to lessen 
the trouble of multiplication in such products 

81. Detached Co-e£ticients. Ii both the raultipliei 
and the multiplicand contain poweis of the same algebraic 
quantity or be homogeneous expressions of the same quan- 
tities, the laboui of multiphoabion may be lessened by detach- 
ing the co-efficients and placing them in proper relative 
positions If any powei be missing, zei o mnst be iiisei ted as tU 
co-efficient 
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The following examples w’lll illustiate the process 

Example 1 . Jfultiply aj®- 4 fl :+4 by x —2 

£C“— 4 a :+4 
X -2 

1-4 +4 
-2 + 8-8 

The pro(luct=a;“— 62:^+T2 jc -’8 
Example 2 . Multiply 8 a:'’- 2 a ;+ 4 by a : +5 

2 a ;+4 

aj+5 

S+ 0 —2 + 4 

+ 15 -0 -10 +20 

The pioduct= 3 a:‘* + 15 a;'*— 2 a:'— 6 a ;+20 


EXERCISE 38. 

^lultiply 

1. 2o&"+30r/6+9a" by 3ff— 5& 

2. 2ff-3&-i-4cby2a+S&-4c 

3. a:'— ac+2 bv fl;^+fl5+2 

4. 2fl&+&- by fr+2rt&+Z»^ 

5. +a;®+l bv cc^- a;- + l 

6. 2/®— a;-?y- + 3 ;® bj a;® +a;'7y- + 7/® 

7. by }i?®+n® 

8. p®3®+jj^+o' bj — 5"+ii' 

9. «®+Ja&=-6rt=&b3 5&=+fl®+6fl& 

10. — 3a:® + 3a:- 1 b> a;® + 3a;+ 1 

11. 2aa:®+fl^+3fra;®+a;*+2n®a; by a--\-x^—2ax 

12. a®+3fl®i+&®+3c(&® bj &®+3®-3fl®& 

13. a;®— ll+a:^ — lx+2a:® by 3+a;®-2a: 

14. l+2a:+a:^+2a;®+3a;® by 1+a;®— 2® 

15. Z>*+ff®&®+fl^ii+a^+o&® by a®&®— a®&+&^— a&®+n^. 

16. a:®— a:?/— a:r-^7/®-7/r+r® by a;+7/+r 
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17. + — by a+&+c 

18. oa®6+4&H2a3-3fl&2 by 2o&“-3a=&+fl3-5&3 

18. ax^+hx-chypx-q 20. mx^-‘7ix—’) hj nx—i 

21. ax^—hx+chyx^ — hx—c. 

22. ax^ -ix^+cx-dhy bx-~cx+d 

23. px^—{g_—i)x+shymx^—7ix—s 
21. ax^+^lixy-^hy^ by Ix+my+n 

25. l-x" ■\-m^xy+n^y^ ■\-2q-x+2py'^ hypx^-^gx-{-7 

26. |a;® +t^~y+^x}/ +^ 7 / by ^x-+ixy+iif 

27. + by laj^+ir?/" 

28. 15»®+2 3a;®+123a;H3 25a;2+5by 27rrj»+139a:+9 

29. 057fl®+102oa"6+2021a&®+28&® by 7fl“+2a&+96® 

30. 23a;®+315a;^?/+117a7^“+207y^ hylx^-\-mxy-^mj^ 

31. ^ax^-\-ihx^y+^cxy^+2dy^ hy ^ax“—^xy+^cy~ 

32. IbffH?®— 1 2hmhi+lBcmn^—lQd7i^ 

by 1 +1 2bm^n’\-lBcmn^ +1 Qdn^ 

Find the confanued pioduct of 

33. 2a+3& 2fl— 36 and 4a®+96® 

31. bax+Qby, oax—Qhy and 25a®a;”+366®?/“ 

35. x^-i-x^tj^+y^^x^+y-^x+y mdx-y 

36. x^+^xy+by^, x^—dxy+by“ and a:'*— +25?/^ 

37. a^^x^^+a^^x^y^ + h^^ij^^, a^x^-^-a^h^x^y^ + h^y*, 

ax+hy and ax— by 

Assuming a™ Xc"=a™'*'" to be tru'e foi all values of m and 
77, prove that 


38. 

i i 

fl“ xa^=fl 

[a2xa^ = a^’^^=fl' = fl] 

39. 

i 1 
x^ y.x^=‘X 


10. 

i JL i 
a® X a"* X = ft 

r 1 1 7 1 4 ,ij.i , T 

la^Xa-^xa^zraa + s-J-s^fli^aJ 

11. 

a^==tja 


[(a^ 

* i 1 i i 
Xa^ Xa^ xa^ => 
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4:2. 43. = 

14 8, 3 1- 

44. X X c® = c® 45. y.y^ 

46. ic““Xa;‘’=aj® [aj~°xaj®=a5“^'*'®=a;®] 

3 1 8 

47. z-'Az~^^z 48, 4^ 

rr „T\2 _3_ _3 18 3 n 

L(a =>a -'X a ^=a “ “=a”® , (1““^'= Vo““ J 

49. = 50. X ^xx~^^x~^ 

Write down the product of 


61. -3a;“and2a:“ 
53. 2x^y^ and dx^y^ 


^ 1 


52. by- and -pj- 
54. -bxy^ and -3a;V^ 
55. and 56. and -^(j^y~* 

1. 2 1 a i. 5- 

67. and —da^b^c* 

58. -bx^y^z^ and —^x^y'^z~^ 

59. — 6n“f»~^c~^ and b^b*c~^ 

60. — “ and 
Multiply 


62. a^-b^ \iY a^—b^ 


^ 61, a- + b^ by a-'hb'^ 

63. by 3a:^+4y® 64. ~ b^^ + b^' hy 

/ 65. »“ +£c®^/‘‘ +y^ by -y^ 

S *) 3 67 3 

66. a- — by + 

67, 2j;^ -5'C’'v“ -3//“ by 2a:“ +5'c“7/^ —Zy^ 

68. a- +a~b^+ a- b^+ab+ a- b''^ + b^ hy d- — b'^ 

3 t j 1 , It 

69. X- -xy^ -^x-y—y- by x^ +y- 

70, a* +a^b‘+a^b’\-b‘ by a* —b^ 

a 2 2 J V 4 i J ’ J .1 t 

71, x'^’\-y‘^ + z'^-~x^y'^-irz^—c^x^ bv j;® + 7/“ + 0‘* 
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72. by 

73. byfl-®-2fl-'&+&= 

74. x~^ + 3x~^?y “ + 2?/3 by x~^ 2?/^ 

75. 2fl“^+3a~^6~^— 5&”® by 2a“^+3a~^6 “+o&“'® 

Apply the method of detached co-efficients to find the 
product of * 

76. 2a;^+3aJ+9 and 3a;-b5 

77. 05“ -2a; -15 and ‘2a;— 3 

78. 3a:®-l-5a;+6 and x^+3x+2 

79. a;^-bj3a;+? by pa; +2 

80. ia;H^a;-+5by-®a;=+a;-f2 


CHAPTER X 
HARDER DIVISION 

82. The principal rules for division explained in Chaptei 
HI, may be stated as follows 

(i) a-&=flX-i; 

(ill a-J-c»a— &c; 

(lu) a-6xc=aXc-&, 

and (iv) a"*— a" saa"*”", where m and n aie positive 
integers and in > ii 

The rule (iv) is called the Index Rule foi division 

The Law of Signs and the lule foi division of a monomial 
or a multinomial expression by a monomial have been 
explained in Arts 50-32 We now propose to consider 
division of one multinomial expression by another 
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83. Division of one multinomial expression 
by another. 

Let us consider a particular example 

We have (2a®+3a6+46^)(a+3&) 

-2fl2(a+3&)+3o&(a+3&)+4&2fa+3&) 

=2a'‘+9a=&+13a&"+12&® 

Hence, (2fl=+nfl=6+13a6'=+12&3)-(a+3&) 

:=2fl2H-3B&+46® 

Now, let us leview tins result and see in what way, given 
the dividend and the divisor, we can discover the quotient 
The points noticed aie 

(i) The dividend and the divisor both stand arranged 
according to descending powers of a common letter, namely, a 

(ii) The 9 / term of the quotient, namely, 2a^=2a^—a, 
1 c =(the 1st teim of the dividend) - (the 1st term of the 
divisoi) 

(in) If we siibtiact 2c!®(a+3&) from the dividend, the 
lemaindei is 3a^6+13fl6^+i2&®, and the second term of the 
quotient, namely, 3a6=3ft-&-ft, le =(the 1st term of this 
icmaindei)-(the 1st term of the divisor) 

(iv) If ue subtract 3a&(a+3&) fiom the above lemainder, 
the new lemaindcr is4a6®+12&®, and the t/n) d term of the 
quotient namely, 46^=4a&^“«, ^c,=(the 1st term of this 
rcmaindei)-(the 1st term of the divisor) 

(v) If we subtract 4&^(a+3&) from the preceding remain- 
der, nothing remains and the division is complete 

The process noted above can be shown as follows 

a +3&\2a= + 9a=&+ 13fl&= +12^72^2 -^Sab+Ab^ 

}2a^+(ja-b \ 

,ia*b+liah^ + 12b^ 

W 

4«6“4-126® 

A(ib-+12b^ 

Hence \\e deduce the folloiving rule 

A))(ingc holh ibQ dwuXend chusoi acconling io the 

(Icscauhno poxios of some common Iciio and place them m a 
hnc as in ihcpiocess of Division in Aiillmeiic 
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Divide ihe fiist to m of the dividend hy the fiist to m of the 
divisoi and wi ite down the i csidt as the fiist tei m of the qiioiient 
Ilidtiphj the dwisoi by the giiantity thus found and subiiacf the 
pi oduot fi om the dividend 

Begai d the i emaindei as a new dividend and see if it is 
ai i anged accoi ding to the descending powo s of the common letto . 
Divide its fii st tei ni by the fii st to m of the dwisoi and wnte 
down the i esult as the next to m of the gmiicnt 2Ijiliiphi the 
dwisoi by this tom and siibtiact the piodiict fiom the new 
dividend 

Then go on smilai hj with the successive i cmaindo s until 
thei e IS no i emaindei 

Note That ihe rale stated above gives us a correct result is evident 
For, ihe different quantities, that are one by one siibtiacted from the 
dividend, being the partial products of the divisor by successive ieims of 
the quotient, their sum is equal to the product of the divisor by the 
whole quotient , and as this sum is clearly equal to the dividend, the 
dividend is equal to the pioduct of the divisor by the quotient, and this 
IS what it should be 

Example 1. Divide +12a;— 9 bj" x^—2x+S 

Both the dividend and the dmsoi, as they are, areaiian^- 
ed according to descending poweis of x Hence, ive inay^ 
proceed at once as follows 

a3^-2a;+3\a;^ -4a:H12a5-9/'£c®+2a;-3 

)x^-2x^-rBx’^ \ 

2x^ -7a;® + 12a; “9 
2a;^— 4a;®-h 6r 
— 3a;®+ f)a;~9 
-3a;® + 6a;-9 

Thus the lequired quotient=a;® +2a;-3 

Note In the dividend it must be noticed that the term containing 

IS wanting and hence the second term which contains t", has been 
put a little apai t from the first as if leaving unoccupied the place of 
the absent term. This point should be attended to, although not stiietly 
iequired,for the purpose of having like terms placed under 
one another; for instance, in the above example if the second teim 
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of the dividend, stood close to the first, -2v® would come under ■~4x^, 
and 5a.® under 12\, and this might confuse the beginner oi otherwise 
lessen the neatness of the process 

Example 2* Divide 16 j:^+ 363J®+81 by 43;®+6 j;+9 

4t=+6x+9\16i;* +36x 2 +8i/4a)2-6a:+9 

n6xH24x2+Hbx2 V 

-24x2 +81 

— 24j2 - 36t2 — ^4t 

dox“+54£ + 81 
36x2 4 o4x+ 81 

Thus, the lequued quotient=4x2-6x+9 
Example 3. Divide x®-4x^-2x2+3x2+8x-12by 

N B It IS not essential to ai range the dividend and the divisor 
according to descending poweis of some letter common to them , the 
arrangements may as well be according to ascending powers of that 
letter The only thing indispensable is that both the expressions 
should be arranged in the same order, be it descending or ascending 
For instance, let us worh out the present example by arranging the 
expressions in the ascending order of the powers of x 

-4+x2\-12+8x+3x2-2x2-4x*+x®/3-2x+x* 

/-12 +3r= V 

8x -*2x2~4x'‘+x® 

8x -2r3 

-4x^+x® 

— 4r^ 4y6 

Thus, the required quotient=3-2x+x* 

Example 4. Divide a^-'\r2abc‘~a^c~-h^c^hj db+ao-bc 

The dividend -when arranged according to descending 
poweis of a becomes, {b'-c^)a^+%bc”a-b~c^ 

The divisoi, when so arranged becomes (&+c)n-&c 

Thus, the dividend has become a tiinomial and the divisor 
a binomial 

{b+c)a-hc\b'-c^)a”+2bc^ a-h-c^{{b-^c)a+bc 
J -C‘)n- -{b^r—he^)a \ 
ibh+bc')a~b-c- 
{b'c+bc-)a-h-c‘ 

Thus, the required quotient=flb-ac+&c 
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Example 5. ]hvideo®+&®— c^+Sa&cby a+&-c 

The dividend and the divisoi, airanged according to 
descending poweis of g, become respectively 
a®+d6c c®) and a+(i>— c) 


Thus, the dividend has become a trinomial and the divisoi 
a binomial 



a® +3Jca+(&®-c®h a^-ib- c)a+{b^+bc-\-c^) 

a®+f&— cV® \ 


“(&~cj«®+dka+t 6 ®-c®) 
—{b—c)a^-ib-c)^ a 
( 6 H 6 c+o-Ja+(&®-c®) 
ib^ + hc+c-)a+lb^ — c^) 

Thus, the lecLUired quotient= a® + 6® + c® — a&+ ac+ be 


Example 6. Divide (&-c)a®+(C"a)6® + (a-&)c® 

by a~ — ab—ac-\-be 


Let us arrange the dividend and the divisor accoichng to 
descending powers of a 

The dividend = (&— c)a® — b®fl + c®fl + c - &c® 

=■ (6 — c)a® - (6® — c®)a+ bc(6® — c®) 

The divisoi =a^'-(b +c)a+ be 


Thus, the dividend has become atiinomial and the divisor 
also a tnnomial 

- (b+ c)a+ beV b — cV® — fb® - c®V + bc{b® — c^)/{b—c)a 

/lb— c)ft®— (b®— c®)G® + bc(b— c)g \ +(b®— r®) 

(b® -c®)a® — (b® + b®c— be®— c®)a+bc(b®— c®) 
(b®— c®)g®— ( 6®+ b®c— be®— c®)a-f bc(b® — c®) 

Thus, the leqmred quotient=ab— ac+b®-c® 

Note It must be noted that the expressions which aie enclosed 
with brackets as co-efficients of different powers of a are all arianged 
according to descending powers of b Such arrangements add to the 
neatness of the process and lessen the chance of confusion 


EXERCISE 39. 

Divide 

1. 03® —9a;— 14 by ac- 7 2. 3a;®— 17a;+10by 3a;— 2 

3. 12a;®-8a;-32by4a5-8 4. 55a;®-67oJ-14by lla;+2. 
5. 2a®— 7a6+6b® by a— 2b 
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6. hy x~-¥xy+y~ 

7. by 2£c+3a 8. a!®+a® by ic+fl 

9 . a^-a-b-7ah-+Bh^ by a-Bh 

10. -]cc®+f|35“+-V-a3+18 by 'laj'+l^c+G 

11. vOJ® -^X- + Ti-»”TT by 

12. ^a^i/-^ahrh-¥^ayP-j^h^ by 

by 

14. ix* -ic=«/= + fa;?/® by - 5 -®" +h/~ 

15. \y'^-^:xy* +:fta3‘?/® + rx^^V^-^y+TiX^ 

^j-kif-rocy+iix- 

16. |bH»®+^m“3r+^-TT«i®n+-i^i* by 

A “ 

17. 1^1/ 

by ira?/-i?/“+Tja“ 

18. If a:+7y+^= — 3fl, find the quotient when 
{2x-ii—z){2ii-z-x){2:-x-7i) is divided by a^ + a{x-\-y)'\'Xy 

Divide 

19. i[{x~iiY + {ii~zy+{z-xY] by (as-7/)(7/-;:) 

20. a;®— 2a®a;®+fl® by r®‘-2fla:+a- 

21. 2aj®?/® + 7 /® +05® by 2xij+x^-\-y' 

22. x^ -Via+h-V c)x^ + [db+ ac+T)c)x+ abc hy x+c 

23. a;®+(&-c-fl)a;“+(ca“fl&-&c)a;+fl&c 

by a;=+(&-fl)ic-a& 

24. fl® + fl®&+<i"c-nfcc-&“c-ic“ by a"— &c 

25. <i“(6+c)-'&"(c+fl)+c®(a+6)+a&c by a— 6+c 

26. a'(&+c)+&“(n"“c)+c^(a--&)+abc by a+b+c 

27. a3®-'2fla;"+((i“— ab--b“)a;+a’b+flb“ hy x—a—b 

28. fl® + b® + c®-3nbc by a+b+c 

29. ' 1 !® + ?/®— l+3a:7/by a;+7/-l 

30. a;® -21z^-lBxyz by £C-2?/-3r 

31. a;®-y®+c®+3a;7/rby a-y+r 
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32. 8a;^ - 277/3 — _ \^,yz by + 9?/ “ + 2 ^ + ^xij + - dyz 

33. a®(&— c)+&®(c— fl)+c"(ff— 6) by a—b 

34. (x^-~bx+cx)a-bc{x+a)+{x-b+c)x^ bv (x’i-a)(x-b) 

35. c[ab-x^)+(a—bXx-c)x+x(x~-ab) by (x-bXx-c) 

36. a;®(6— c)+6®(c— fl)+c®(a— &) by ab+bc-ac-b^ 

37. - c") +bHc- -a^)+c^(a‘-b=) 

by a^b—bc~ — ac~+a^c 

38. xij^ +2y^z-xij^z+xijz“ -xhj—2yz^ +x^z-xz^ 

hj y+z~x 

39. b{x^ + a^)-^ax{x~ — a-)-]ra^ix+a) by {a+b){x+a) 

40. (fl-&)=cH(a-&)c3-(c=-a=)&H(c-a)63 

by {a—b)c~ — {c—a)b- 

[Airange the given expiessions accoiding to descending 
powers of c ] 

41. {ax+byY + {ax-by)^-{ay-bxY+{ay+bx)^ 

by {a+bYx^~^ab{x--y-) 
[Calcutta University Entrance Paper. 1888 ] 
[Simplify the dmdend and the divisor and then ai range 
the two expressions accoiding to descending powers of a;] 

42. a:(l+7/)(l+22)+7j(l+£2)(l+a;2)+;s(l+a;2)(i+^y2)+4a.j,, 

hyl-\-xy+ijz+zx 

[Calcutta University Entrance Paper, 1878 ] 

[Arrange the expressions according to descending powers 
of re] 

43. (4a;®— 3fl^a;)®+(47/3-3rt"7/)2— a® hy x-+ij-—a- 

[Bombay University Matriculation Paper, 1884] 

Assuming the formula a’"— a’'=a’"~" to be true for all 
values of 9?i and 7?, show that 

44. a®=l [a®=a’'-”‘=a’"-fl’"=l] 

45. [a-"=a®-"=fl®-ft"=l-ft"] 

a 

k 3. 3 7 

46. x~—x^=x 47. X ^~x *=x 

Divide 

48. by ^ 49. a~^b^c- 
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60. iSscy^by -5a:"iy‘*2- 51. by 3a;^-+V 

52. fl+& by «'*+&'’ 

53. a®+a?&^+6® by + 

54. 4a;'‘-37aj'‘*?/^+9i7'‘^ by2a;'‘'+5a;*'7/''-37/‘ 

65. a-h^hya^'-h^ 

56. 4rr'‘’+12fl'‘'-V‘*+9ft-'«r®-25r8 

by 2a“^+3fl 

57. 9ar--25a;"^'?/~*+70a:^^// 

by 3ar*+5ar“7/"^— 7?/ 

68. a® — by a*^ — 

i .1 1 111 

59. x-\-7j+z—dx^y^z^ by x^+y^+z'^ 


84. Inexact Division. It jnay so happen tha.i the 
dividend is not c\act]y divisible by the divisior For instance, 
if in example 2, Art 83, the dividend weie ]6a:‘‘+36'i3®+6a! 
+80, the second remainder would be 36a:® + 60a: +86, and 
hence the final remainder 6a:+6 As 6a:+B cannot be divided 
by 4a:®+6a:+9, the division in this case would be incomplete 
and the result mip:ht be expressed as in Arithmetic, thus 


16a;*+B6a:®+6a;+86 

4a:®+6a:+9 


=4a:®-6a;+94 


fir+S 

4a;®+6a:+9’ 


The rijn:ht hand side is called the complete quotient The 
portion of the dividend which is thus left as a residue not 
divisible by the divisor is spoken of as the i emowde} in 
dixision, Hence, if J) denote the dividend, d the divisior, Q 
the quotient, and J? the lemaiiidei Me have the iollowinff 
invaiible i elation beUven these symbols 

Q+ jS 

83. Detached Co-efficients. If both the dividend 
,md the duisoi contain poweis of the same algebraic quantity 
or he homoqcneou^ e\pre*!Sioiis of same algebi aic quantities, 
the Idboui of long division can be much saved by detaching 
the co-efficients and placing them in propei relative positions 
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The process is lUustiated by the following examples , 
Example 1. Dmde 6ar^+13a:3+ 393,2 +3733+45 3flj2+ 2a;+9 

3+2+9\6+13+39+37+ 45/2+3 +5 

jQ’r 4+18 \ 

+ 9+21+37 
+ 9+ 6+27 

15+10+45 

15+10+45 

. the required quofaent is 2aj“+3a;+5 

By the ordinary method : 

3a;2+2a;+9\6a:^ +13a;3 +39a;2+37a;+45/2a;2 + 33,^5 
/6a'^+ 4r3 + ia'B 2 \ 

dx^+21x^+B7x 
9a;s+ 6yH27a; 

15a;2+l0a;+45 

15a;°+10a;+45 

The required quotient is 2a3^+3a3+5 
Example 2. Dmde a;® — 27 by + 3a; + 9 

N B If any powei of r either in the dividend or in the divisor be 
absent, the term involving that power is to be supplied with a zero co- 
efficient 

1+3+9V+0+0-27/1-3 
yi+3+9 V 
-3-9-27 
-3-9-27 

the required quotient is a;— 3 


EXERCISE 40. 

Apply the method of detached co-efficients to find the 
quotient of the following 

1. 2»i® - 9»i ® J1 + 13w 2«^ - by %n - 3?? 

2. a^-3fl3&+3a&3_j4i3y(j2_j2 

3. 2a;*— 3a:®2/-3a;^®-2?/^ by a;^+y^ 

4. 2a*— 36a®a;®— 16aa;® by 2fl®+8aa; 

5. 3+2a;+4a;^+5a;®— 4a;*+2jc® by l+2a;^ 

6. a:*— 4a;®+12a;-9 by a;^+2a;— 3 

1-9 
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7. 4(i^-9a=&H24a&3-16&^ hy2a^-Bah-{-ib^ 

8 . T'4a®a;® +1607* by +2fla5+4;c® 

9 . +4&^ by a® +2fl&+2&® 

10. 2j;=^-7a;*-2a:3+18a7= -3a?-8 by +1 

11, a;4-81bya:-3 12. fl°-32bya-2 

13. d-9x+2x^+5x^-“7x^+2x^ hyl-Bx+x^ 

14. 82x^ +40— 45a5® + 18a;^ — 67fl7 by 6a;® + 8 - 7£c 

15. 64-07° by2-a; 16. l+a;°-2aj® by a;®+l-2a7 

17. 13a&®+2a-®6®+6a-‘-a°&+46^ by 4a&+6®+3a® 

18. o®&-l5&*-8a®6®+a^+19fl6® by a®+3&®"2a?; 

19. o;®-a° bya;®-2aj®a+2o;<j®-ft® 

20. Sa^b^+db^+a^'-da^b^—2ad^—a^b by 2ab—Bb^+a^ 

21 . y^+x^-2x^y^ hy x^+y^-2xy 

Find the complete quotient of • 


22 . 


x'+llx+3o 


23. 


X*+-U7/^ 


x+b x-]^ 

24, Find the remainder when 07°+ ^ai^+j^ai+J is divided 
by x^’^rytx+q 

25. Divide 1+207+407® by 3— a;, retaimn/? foui terms in 
the quotient. 


86. A few important results. 

The student already knows that 
x^-a^=(x-a)ix+a) 

and fl7®-ff®=>(a7-fl)(o7®+a;ffl+a®) 

Hence, a7*-<i® [which =»a7°(o7-fl)+o(a73-a®)] 

=(a;-ct)|o7®+a(a;®+o;a+fl®)j 
-{X- a){x^ + 07®fl + 07fl® + fl®) 

Hence, x^-a'^ rwhich=a;*(a;-fl)+fl(a7'‘-<i*)] 

'=(07- a){a;* + a(a7® +fl7®fl +a7a® + a®)} 

^ix-djisc^+x^a-i-x-a^+xa^+a^) 

SlmIla^l^, it inaj bo shown that x-a is a factor of 
of a;®— flS of 07°— fl® and so on , hence ffenerall5\ is a 
factor of x'^-a” where 7i is any ivhole number 


We conclude therefore, that for ali positive intep;ial values 
of IS dwmbJc hvx-a 
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Again since, a;"+a"=(£c”-a’’)+2fl". of ^7hlch a;"- a” is 

divisible by x-a and 2ft” is not, aj"+a" is ?! of divisible 

bv x—a 
•' » 

Thus, when n is a positive integei, 

03- ft flhofti/s divides cb"— ft",) fj\ 

but ncvei divides a;"+ft" J ^ 

4 

Cor. 1. £c+ft divides os" -a” only when ?z is an even mtegei 

Eoi, whenuiseven, (-o)"=> a", t and . 03"— ft"=03"— (— ft)",) 

when?i IS odd (— ft)" = — ft", t a«d * os"— fl" = a3"+(-fl)" i 

also, a;+ft=a3— (— ft) 

N ow, f 1 om (A), we know that 03 — ( — ft) divides os" — ( — o)", 
but not a3"+(— ft)" Hence, 03 + n divides x"—a" when is 
even but not when n is odd*?e a; +« divides 03 "— ft" o}?/?/ 
when n is an even integer 

Cor. 2. 03+ ft divides 03 "+ ft" only when n is an odd mtegei 

For, when 71 is odd, (— 0 )"=— ft", and 03"+ft"==a3"— (— a)" ^ 
when 7! IS even (— fl)"= ft/', and a3"+ft"=a3"+('-ft)",3 

also, 03+0 = 03— (“ft) 

N ow, from (A), we know th at 03 — ( - o ) divides 03 " - ( — a)" 
but not 03"+ ( — ft)" Hence, 03+ ft divides a3"+ft'‘ when n is odd, 
but not when n is even i e , 03 + o divides 03 " + 0 " only when n 
is an odd mtegei 

Thus we have obtained the foUmving results t 

03— ft divides 03"— ft" always, 

03"+ ft" neve) 3 

03+ ft divides 03"— ft" only when n is even") 

03"+ ft" only when 7z is odd 3 

EXERCISE 

Verify actual division that the following expressions 
are divisible by 03 + ft 

It 03® + ft® 2* 03* — ft^ 3. 03®+ft® 

4t 03® -ft® 5* 03 '^ + 6. a;®— ft® 

t This follows from repeated application of the laws of signs 
m multiplication, thus , hence, (-ft)«=(-ft)x(-ft)* 

-(-ft)xft*=-a« , hence, {-a)*=[-a)x{-a)^—i-a){-a^)^a*, 
hence, (-ft)® =s(_a)(_c{)4 =:(_Q)xft*=-ft® , and so on That is, 
power of -ft IS positive or negative according as the index 
of that power is an even or an odd integer 

t These results have been formally proved m Chapter XXIII 
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A^’enfy hy actual division that the foUovan^^ expiessions 
are not divisible by ai-f a 

7, a;3-a* 8. ajHo^ 9. x^-a^. 

10. a°+fl“ 11» x'^—a'^ 12* a;®+a®. 


Wnte dov'n the quotient of 


13. 

a;*-l 

by 

cc-1 ’ 

14. 

X^-l/ 

by 


15. 


by 

jc-l 

16. 


by 

x-^-y 

17. 

a;c-l 

by 

aj-l 

18. 

x^—y^ 

by 

x-^y 

19. 

a;’-l 

by 

aj-1 

20. 


by 

aj+y 


CHAPTER XI 
FORMULA AND THEIR 
GRAPHICAL REPRESENTATION 

87. The ditfeient formula established m Chapter W aie 
stated below to facihtate any reference to them A complete 
knowledge of these special pioducts is essential for perform- 
ing many algebraical operations with neatness and accuracy 
It IS therefore desired that the student should commit them 
to memoiy so that the necessity even for occasional refer- 
ences may be altogether done away with 

(i) (fl + &)-=a“ + 2a&+&“ 

(ii) 

(ill) {a-i-ljia-hj-a--!)- 

(iv) (rt+&}® = a^+3a‘&+3n&“+&® = a® +&®+3a&(a+&) 

(v) (c— 5)^=“a®“3a"&+3a&“— — 3fl&(a— &) 

(vi) — (a + &)(fl ” “ ah + &■) = (a+ —Bab(a+b) 

(ni) fl3^&==(«-&)(ff=+fl&+&=)=(a-&)3+3aKfl-Z^) 

(vin) ('i;+fl)['JJ+b)=35"+(fl + &laj+flb 

(ix) lx-a){x+b)=‘x~+ib~a)x-ab 

(v) (a:- fljCT;- =a;" - (a + b)x + ab 
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88. Application of Formulae. 

Example 1. Find the pioduct of 999x999 and 9988x10012 
We have 999 x 999 = 999= 

=(1000-1)= 

= 1000=— 2x1000x1+1^ [Foiniula (ii)] 
=1000000- 2000+1 
=998001 

Also, 9983x10012=10012 x 9988 

= ( 10000 + 12 )( 10000 - 12 ) 

=10000=-12= [Fonnula(iii)] 

= 100000000-144 

=99999856 

Example 2. Find the value of 

2931= + 1069= + 12000 X 2931 x 1069 

Putting a for 2931 and h for 1069, the given expiession 
=a=+&=+12000n& 

=a=+&3+3fl6(<*+&) 

[since, fl + 6 = 2931 + 1069 = 4000 ] 
= (a+ &)= [Formula (iv) ] 

=(4000)3 

=4000 x 4000 x 4000 
= 64000000000 

Note The student is referred to the examples worked out in 
Chapter IV foi further illustrations 

89. Algebraic quantities expressed as the 
difference of two squares. 

We have a®+2a&+6= = (a+6)= 
and a=— 2a&+6==(a— &)= 

Subtracting, 4£i&=(a+&)=— (a-&)= 

or, a&=Ka+&)^-T(a-&)®=(^) "(^) * 

Hence, the product of any two factors 

= square of (iXsum of the factors) 

— squaie of (-^-Xthe diffeience of the factors) 
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Example 1. Express (a;+!/+2?)(a;+?/) as the differ ence of 
two squares 

{x+ij-¥2z)ix+v) 

_ f (a;+?/+‘2g)+(a;+?/) |" |( 3;+?/+2g)-(a;+^/) |“ 


= [x-\’y+z)-’-z^ 


)iz-x-iiY 


)• 


Example 2. Express (a;+l)(2a:+3)(5C+5) as the difference of 
two squares 

The exjiression 

={(a;+ lX2a;+ 3)Ka;+5) 

=»( 2 a;^+ 5 a;+ 3 Xa;+ 5 j 

_ | f2a;‘>5a;+3Hfa;+5) j = f (2a;^+5a;-t3)-(a;+6) |- 
=(a;= + 3 a;+ 4 )'^ -(fl;H 2 a;-l )2 


Example 3. Expiess (rc+fl)(a;+2fl)(a;+3flXic+4n) as 
cliffeience of two squares 

The given expression 


=> {(a;+ fl)(a;+ 4G)}{(aj + 2a)fa;+3a)} 

= (a;^ + 5oa; + 4a "X® " + 5fla; + 6fl 
^| (c"+ 5 ar+ 4 a~)+(a;~+ 5 tta!+ 6 a") I ^ 


( ®“ +5a®+6a-)-f®H5a®+4a- lj = 


=(®'+ 5 aa:+ 5 a=')— ( 0 -=)"- 


the 


Example 4. Express (®+2a)(®+4a}(a;+6flXi»+8a)+7a* as 
the difference of two squares 


The given expression 

= {(® + 2a){x + 8a)} { (t + 4a)(a3 + 6a)} + 7a^ 
=(®"+10a®+16a“)(a;'+10a®+21a“)+7a^ 
« j (®~ +lQfl®+lGa=)+(®’" +10aa;+24a=‘) j ^ 
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_ f (a;°+10aa;+24a~)— (a;^+10ay+16a^) \^ ^ ^^4 

='(a!^+10flaj+20n“)-— (4a“)"+7a^ 

= (as® + lOfl'K + 20a — 16a* + 7a^ 

=(a;=+10aT;+20a-)=-(3a2)= 

EXERCISE 4L2. 

{The following examples are to be worked out with the help of the 
formulae of Art 87) 

Find the squaies of the foUowing 

I. DX+Qy. 2t 16a-13& 3* as+lOO 4# y+500 

5. a+999 6. y+imi 7. 988 8. 1012 

9. 1005 10. 996 

Find the cubes of the following 

II. 2a;+5 12. 105 13. 995 14. 8006 

15. Show that (a+6)" + (a— 6)“=2(a^ + &“) 

Hence, find the value of + &“ when 

(i) a=o004, &=4996, (ii) a=1012 &=988 

16. Show that [a +h)- — {a—hY =iah 

Hence express the following as the difference of two 
squares 

(i) 4(ac+2?y)(2a;+2/) (ii) (6a;+10j/)(4a;+6?/) , 

(ill) (aj+98)(a;+102) , (iv) 505x495, 

(v) (2a;+100 4)(2a;+996) 

Find the following pi oducts ; 

17. (a+aj)(a— a;)(a®+a;“) 18. (2a+3)(2a— 3)(4a®+9) 

19. (a^ — a6 + & “)(a ® + a& + 6®)(a* - a ® &^ + &*) 

20. 98x102x10004 21. 96x104x10016 

22. (2a+a;)(4a“+4aaj+a;^) 

23. (a— 2)(a+2)(a^+4a+4)(a^-4a+4) 

24. (a;+4)(a;=-4a;+16) 25. ( 2 ?/- 3 )( 4 j/ 2 + 62 /+ 9 ) 

26. (a:+2)(a;H2a;+4)(a;-2)(a;2-2a;+4) 

27. (2a;+105X2a:+15) 28. (6a:-25)(6a;+43) 

29. (6K-25)(6a;-43) 
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Simplify the foUoinng 

30. (2a + 05 +?7)2 + 2 ( 2 a+ £C+ 7/){8a -«;-«/)+ (Sa -x-vf 

31. (17fl+20a;+19i/)'‘-2(19a:+18y+17a)(20a;+%+17a) 

+(19a;+18y+17a)" 

32. (16a+a;+«/)®+{4a-5i;-2/)^+3(16a+a3+?/)®(4a-£c— 2^) 

+ 3f 16fl + a? + y)[ia -x-yY 

33. (121a+a;+?/)»-(116fl+a:+2^)3 

— 15a (121a + a; + y){llQa ■¥x-\‘y) 

34. (Sa-Sa;)® +( 6 a + 8 a;''® +33a(5a-8a!){6a+8fl3) 

35. {2a;+ Qy - 16^)® + 3(3a; - 3*/ *!• 162 ) 2 ( 25 c+ 3 ?^“ 162 ;) 
+(3a:-3?/+162:)®+3{3a;'-3v+16?)(2ic+8^-16^)®--120a:® 

Resolve into factois 

36. aj®+5a;+6 37. 5y®+6oy+200 

38. o^+4&^ 39. (a!+?/)®+15(ic+y)+36 

40. (Do+8&+2)®-(4a+6)® 41. 8 a;® + 125y® 

42. (8a+13x)®-64 43. (15o+3&}®-4 

44. 5a;® -bx'^y— 30a;?/® 

"Find the value of ' 

45. a6a+2&)®-2(13a+26)(16a+2&)+(13a+2&)®, 

M hen a=5 and &=7891 

46. (91a;+5?/)®— 3(91a;+5?/)®(87a;+5y) 
+3(91a;+5?/)(87fl5+5?/)®“-(87a;+5?/)®, when ac =2 and ?/=83 

47. (589963)®-2 x 589963 x 589863+(589863)® 

48. 90*002 x89‘998 49. 9238® -9233® 

50. 49856 X 49856x49856-3 x 49^6 x 498^ 

-49835 X49855 X 49^5 

51. Factoiire {a;+ 2 X 2 a;+l)( 6 a;+ 2 )— 3a;^ by expressing it 
as the diffeience of two squares 

52. Show that {ax+b){bx+a)[ahx^ — (a® + b“)x+ ab] can be 
expressed as the difference of two squaies 
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53. Express (oa:+l)(2a;+5X3®+5)(4a;+3) as the diffeience 
of txro stiuares 

54. Express (7a;+3(iX7'®+Sfl)(7a;+9fl)(7a;+lla)+61a^ as 
the sum of two squares 

90. Graphical Representation oi Algebraic 
Formula. Some of the formul® are illustiated below by 
then geometncal representations on squared paper 

(1) To demonstrate graphically, the identity 
{a’i‘b-\-C’{‘d+e)k=ak+bk+ck-^dk+ek, 

Let OX and OT be the co-ordinate axes, 0 being the 
origin 



Let A, B, G, D, B be the points on OX. such that OA=a 
AB^ 6, BC ^c,Gb=>d and I)E= e Also, let P be a point on 
07, such that OP=/c Complete the rectangle OBTJE 
Through A, B, G,D E draw AQ, BR. CS, DT, EU parallels 
to OP so as to meet PU in Q R S,T,TI lespectively, so that 
the figures OPQA AQRB, BRSC, GSTD BTUE are each a 
rectangle 

Now, lect PE=rect PA+rect QP+iect PO+reot SD 
■frect TE (1) 

Buhrect PE-0E0P=(0A+AB+BC+CI)+I)JS) OP 
=(a+&+c+d+e) h 
andrect PA=OA OP 
=ak ; 

rect QB~AB AQ = AB OP 

= 6A:, 
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rect RG=>BGBR^BCOP 
= clc , 

rect SB^GBCS^GDOR 

lect TE=^BJSBT==BEOP 
^elc , 

from (1), 

(a+ Z»+ c+ £Z+ e)/c=aft+ bk-^ck+ dk+ ek 

(2) To demonstrate graphically, the identity 
{a+b)'-a^+2ab+b\ 

Let OX and OY be the co-ordinate axes, and 0 be the 
oiigin 
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Let A and B be two points talcen on OX, such that OA=a 
and AB—b , also, let L and P be two points on OY such that 
OJD=a and LF^b Then, OjB=OP=a+& Complete the 
S(iuare OPRB Let J.Q be drawn through A parallel to OY 
to meet PR in Q , also let LMN be diawn thiough L parallel 
to OK to meet jlQ in M and BR in 

Then, fig OP=fig OilT+hg LQ+fig iliP (1) 

Now, fig 0P=050P 

= OPOB [ OP=OB] 

= 0B“ = (a+&)“ , 

fig OM=OA 0L=0A OA 
=a® , 

fig A]Y=AMAB—OLAB 

=ah , 

fig LQ=LMLP 
=PqLP=ah, 
fig MR^MNUq=^qRLF 

Prom (1) 

=a®+2fl&+&2 

(3) To demonstrate graphically, the identity 

(a-6)2=a2-2a6+62 

Let OK and OY be the co-ordinate axes, and 0, the origin 

Take two points XandP on OJ such that OA=a and 
OB=b Complete the s(iuaie OPqA, on OA Through B, 
drawPPpaialleltoOrto meetPQ in R, cut off a length 
PL from PO, equal to b Through L, draw LIIN parallel to 
OX to meet BR and dQ in M and N respectively Produce 
Pq to T, making qT=>PB (=&) Complete the square qPSN, 
on QT 
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ss8bsssbsssb:bs::s;s:ss8ssbssss:8 

888S888888S88BB8SBSBB88B8SSSBSB88 
BBBBBBBBBBBBBBBBBBBBBBBBSBBBSSBg 
888S8S88S888SB888888888S888S8BBS8 
BBBBBSBBBBBBBBBBBBBBBBBBBBSSBSBBB 

■■■■■■■■■■■■■BBHBBfliaBBBBIBBnBaigllg 

BBBSSBSBBgSBBBBBSBBBBBBSBKBBBBBB 

BBBBBBBBBB BBBBBBBBB BBBBBBBB BBBBBB 

BBBBSBBBBBBBBBBBBBBBBBBBB88SB8SBB 

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■I 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■IB 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■Bill 
■■■■■■^■■■■■■■■E]&a^^^^^^^^^^^^^^|| 
■■□■■■■■■{^■■■■■■■■■■■■■□■■■■■■iia 


i\Jso, since, OP^OA-a 
and PL-h 
.*, OL^a-b 
.. AB^OL 

JSfow, fig BN-hg OQ+hg NT~^g OB-^g RS (1) 
But. fig BR=-BABU=-BAOL 
^BABA=BA^~ 

fig OQ = OAOP=OAOA 
= OA^=‘a" 
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fig NT— sq, on QT 
=sq onPJR 
=&% 

fig OR=OPOB=OAOB 
=‘ah , 

fig jRfif-fig UN +fig qs 

=»fig E27+fig Pill 

=fig PN[ fig QS= fig Pilf, each 

=PQ PL being equal to &" ] 

=a& 


Erom (1), 

(a— &)“a=a“+b®— a&— a&, ^c,=a”+6^— 2a& 

(4) To demonstrate graphically, the identity 
-b^={a-b){a+b). 

Let OX and OT be the co-ordinate axes, and 0 the 
origin 
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Take two points and Bon OX such that 01= a and 
OjB =6 , also, take two points, P and L, on OY such that 
OF-tt and OL = l) 

Complete the squaies OPQA and OLMB Pioduoe 
'hV to meot PQ in P and Lill to meet IQ in N , also produce 
IIN to T, makincf PT=P1(=&) and complete the lectangle 
NTSQ 

Thus, lect BN =iect QT 

also, PJj = 0P— 0I/=a— b 

and lP = 01-0B=a'-b 

FL^AB 

Now fig PI -fig BL 

-fig PA^+fig BN 
-fig PxV+fig QT 

=fig ft (1) 

But fig Pl-sq on 01 

fig PX/=sq on OB 

fig PP-P5PL 

=(PQ+QS)Pi 
=(PQ+N!r)PP 
=(n + bXa-b) 

Piom (1), 

fl®— b" = (a-6)(a+b) 

(5) To demonstrate graphically, the identity 

(a+b)(c+d)-ac+bc+ad+bd. 

Lot OX and OT he the co-ordmate axes, and 0 the 
origin 

On OX talve tuo points, A and P, making OA-a and 
liJsab, also, on OX take two points, P and L, making 0L~c 
and LF=d 
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Complete the iectanfi:les OPSB and OLNB 

Through A dia\r AMQ parallel to OT to meet LN in M 
and PR in Q 

fig OJB^fig Oilf+fig ^A^+fig JjQ + fig MR (1) 

But, fig 0R=0B0P 

= {0A+AB){0L-^LP] 

= (a+&)(c+d) 

fig 0ilf=04 0L=ac 

fig, AN^^ABAM 

=AB0L=l)c , 

fig lq=pqpl 

= 0A PL=ad 

fig MR^QR QM 

=ABPL=hd 

Piom (1), 

(a+ &)(g+ d) = flc+ &C+ ad+ bd 
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(6) To demonstrate graphically, the identity 
{a^b^cY-=^a^’¥b^^c^'¥2ab-^2bc^2ac, 

LetOZ and OY be two perpendiculai straight hnes, 
tluough 0 

Take three point'! ^4, Band Con OX such that 0/4 

ilB*&,BC-c 



Complete the square OCRL on OC, so that 

0L=0C»0/4+iB+BC=»a+&+c 

Let Z) and E be points on OL such that 

OD—a and DE=h, whence EL^c 

Through A and B, draw AP and BQ parallels to OY 
to meet BB m P and Q respectively , also through D and 
E draw ETSH and E2WF parallels to OX to meet AP, 
BQ. GB m points T, S, H and M N, F respectively 

Then, fig 0B=fig OP+fig TB+fig NR 

+fig BiljT+fig /45+fig PB+fig NH 
+fig EP+fig BH . (1) 


XI] GRAPHICAL REPRESENTATION OF FORMULJl 145 


DM=DT DE=‘OA AB—ah 
and fig AS=ATAB=ODAB=al? 

Similarly, fig AT=fig NS=bc 
and fig JEP=hg BH=ac 

Also, fig OiJ=sc[ on 0(7=0C“ 

={OA+AB+BC}-={a+b+c)^ 

fig OT-^OAOn=OAOA^OA-=a- 
fig TN=TMTS=^AB DB=AB-=-b^ 
fig NR=mNF^BLBG=BC^-^a^ 

From (1), 

(a+&+c)“=a^+6"+c“+a&+a&+&c+&c+ac+ac 
te, =ft“+&“+c^+2a&+2&c+2flc 

EXERCISE 43. 

Find, graphically, the value of . 

1. (i) (5+6) xll (ii) 72 (m) (4-4)2 

2. Venfy graphically 

( 1 ) 92 - 7^=32 ( 11 ) (7+3)2=100 

(m) (3+5jx2=3x2+5x2 

(iv) (a:+ a){x +b)=x^+{a+ b)x+ ab 

(v) {x—a){x—b)=x^—{a+b)x+ab 

(vi) {x—a)(x+b)=x^—ax+bx—ab 

3. Calculate graphically, the area of a square described 
on a straight line whose length is equal to twelve feet 

4. Find, graphically, the area of a 100 m, 5 ft long and 
3 ft broad 

5. A rectangular garden of length 9 yards and breadth 3 
yards has got a path of unifoim breadth surrounding it If 
the breadth of the path be one yard, find, graphic^y, the 
total area of the gaiden and the path together 

1—10 
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6* In a square plot of land of side 10 yai ds, a square 
pond of length foui yards is dug !Find graphically, the 
area of the remaining portion of the land 

Is Find, graphically, the aiea of a rectangular plot of 
land whose length is 50 yards, and is five times its breadth 

8. A rectangular courtryard of length 10 yards and 
breadth 5 yards is to be paved with square stones If the 
side of the stone be one yard find, graphically, the number 
of stones necessary for the purpose 

9. A square garden of side 20 yards has within it a walk 
of unifoim bieaclth equal to one yard lunmng round it 
Find, graphically the area of the path 

10. A rectangular court of length 20 yards and breadth 
10 yards has two paths, each of breadth one yard joining the 
middle points of the opposite sides, and symmebically 
situated about the lines joining those mid^e points , fin^ 
graplncaBy, the aiea of that portion of the court which is 
not coveied by the path 


CHAPTER Xn 
SIMPLE FACTORS 

91. Definitions. When an expiession is ihe product 
of two 01 more others, each of these latter is called a factor 
of the former 

An expression IS said to be lesolved into factots when 
those expressions of which it is the pioduot are found 

[A few simple cases of resolution into factors have already 
been incidentally tiealed in the Chapter on Fo) mnla and then 
Applkaiwn These cases, however, will not 'be altogether 
passed over in the following ai tides as the present chapter is 
intended f oi a more systemahe treatment of the subject ] 
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Note In this chapter we shall confine our attention to rational 
and integral expressions only (i e expressions free from radical signs 
and in which no letter occuis in the denominator of any term), and 
by the factois of an expression will be meant the rational and integral 
expressions of which it is the piodiict 

92. Simple Cases. Any expression, all the iei ms of 
which have got a common factoi rnsLij, on inspection, be at 
once lesolved into two iactois, one ot which is simple and 
the othei compound , thus 

(1) a-x+ax^=ax{a+x), 

( 2 ) 2an^-2a^^ = a^^[2a-Bb) 

(3) 24a;*fl® +56j:®a® =8a5^a®(3sc^ -oa:a+7a^) 

EXERCISE 4:4:. 

Resolve into factois 

1. a&+ac. 2* 

3. x^y^~2xhj^. 4:. 2xhjz+^xii~z-Bxyz- 

5. 4:aH—Qa^h^—8aH^ 6. axhj—^a^x^y^+Bax^ 

7. Bx^y^z^ —12x^7/^ z^-^21x^y^z* 

8 . 28 a® 65 _ 42 a 568 ^ 9 ^ 

10 . 39a5&7c’-65&5c’a^-91c5a’ft‘ 

93. Expressions oi the form 

The method of lesolvms into factois an expression of this 
form has already been treated in Art 56, Note A few 
more examples are added here for the exercise of the student 

EXERCISE 4:5. 


Resolve into factors 


/ l . 9a2-i6&2 

4a®— 25 «kc^ 


36a:^-l 


16a:®— 9x 

/ 

8 . a;2 —81a:® 
r 

^ 11 . 121- m® 

6 . 

16x®— 81a: 

s' 7 . l-16fl^ 


BB-x^a^ 

10 . 64a^-49a;« 

'^121 

49a:®fl'®-81 


^ 13. a-b^-2bcH^'' 14. 81a;"2-64ft^°ri5. 
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^16. 

144a;’ -2oa;®ft^ 

17. 192a®-243ft5a;^ 

18. 

9Sfl®a;®""128aa; 

s/a9. 324a;i’a®-484a;5ft® 

20. 

245m® ® — 605})!^ ^ 12 ’ 

21. (ft+3&)®-25c® 

22. 

ft®-{3&'-5c)® 

f 23. (a;+?/)®-('c-7/)“ 

24. 

(3a + 2r)® — (2ft + a;)® 

25. 4(ft-&)®-9(c-d)® 

^26. 

49a;®-(o7/-30)® 

27. (Sa;+5)®-(2a;-7)® 


28. (a+&-c)“-(a-&+c)“ 

'f^29. (2a”3&+4c)“-(a+4&-5c? 

30. 64(a+33c-42/)®-9(2a“a;+32/)^ 

31. (4a;=-5a=)=-(5a;“-4(i2)‘" 

32. (5a— 3fl+7)"“-(5«=-3a-7)=' 

94. Expressions ■which by mere inspection 
can be put into the form a® -6^. The followmsr 
examples aie intended for illnstiation 

Example 1. Resolve into factoi sfl'‘+a®&® + &^ 

+-.M = (a^ +2a®&® + 

= (fl® + &®)2 -(«&) = 

*= ® + & ® ) + fl &}{(« ^ + &^) - 
= (ft® + 0&+ 6®Xft® — a&+ 6®) 

Example 2. Resolve into factory, 3;^+ 4 

+4= (a:^+4aj® +4)“4a;® 
=(»®+ 2 )®-( 2 «)® 

={(fl;®+2)+2a?){(»® +2)-2a;} 

= (a;® + 2a; + 2)(a;® — 2a; + 2) 

Example 3. Resolve into factors a;*— 6a;® + 1 
“6a:®+l“(a;^— 2'i;®+l)—4a;® 
=(x®-l)®-(2a;)® 

*= {(a;® - 1) + 2a*}{(a:® - 1) - 2a:} 
=(a;®+2a;-l)(a;®-2a;-l) 

Example 4. Resoh e into factoi s n® — 6®+2&c— c® 
fl=-&®+2&c-c®=a=-(&=-2&c+c®) 

= fl®“(&--c)® 

= {ft + (6-- c)}{ft- (&- c)} 

=(ft+7;-cXft'-&+c) 
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Example 5. Resolve into fayois cd)-a^-h^ + o^^r 

The given e^^piess on=(c^ + 2cff+iZ^)-(a®-2ct&+62j 

= (c+p_(^_j)2 

={^c+^Z)+fa■-&)}f(c+^Z)-(a-&)} 

= {c+d+a-b}{c+d~a+i) 


EXERCISE 4:6. 

y 

Resolve into factods 

/ 

1. X^-\-X^-\rl 2. 03® + # + !. 3. # + #a;2 + 3j4 

4:. a® + fl^#+'i3®.'/ [C U EntianceJPapei, 1837.] 

5. #+64 p 6. 4# +81 I "'l, 9# +36 
8. #+2a2+8l *9. #-7x2 + 9 10. 4x4+8x^5’+9 
4x^ -16x2+9 \ 12. 4x*+3x2 + 9, 

-fl3. 4#-37fl2+9 ] >14. 4# + 625./’ 

*■15. 9x*+2Sx2 + l6.| yl6. 9a^ -25^2 + 16 

17. 9x^— 33x2 + 16/ I +18. 9# — (i2+i6 v/ 

19. 16x^+4x2a2+25ft^ '20,- 9a* -19^2x2 + 25x* 

21. x*+8x2 + 144 / ,22. a*-35a262+2o6* 

23. 36a*-16a2i2 + &4j '24. 49m * + 16»* -60^2, ^2 

25. 64a*+81x* ‘ 26. 4x* + (7a)* 

' 27. x^ -y^-\-‘lyz-z^ 28. 4fl2 -J2_ 9^2 + 0 

29. 9x2 -4?/2 + 12^5 -9^2 3(j^ a® -462 -25c2+20&c 

31. 30x2+161/2-9x2-2552 

32. a2+462-9c2-4d2-.4a6+12ciZ 

33. (x2 - 2x1/) - (52 - 2?/5) 

34. 4x2 - 1 + 9a2 - 2562 + 12xa - 106 

35. 9E2-4^/-4q22_30:c+23?/2+25 

36. 16a2-lbc2-962-21a+246c+9 

37. 49i/2+2D5+x2 -14r?/-2522 -4 

38. 16x2 + 426 V - 9?/2 + 40xfl - 496® + 25a2 

39. 49x2 - 1 + I6^j2 - 04s2 + _ 533 .^ 

40. a2-62-c2+f?2_2(fl62-&c) 
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95. Expressions of the form or ez® -* 6®. 

The lesolution of such expressions into factors has already 
been considered, in Articles 59 and 60, Notes A few cases, 
however, of a little moie complicated character may. with 
advantage, he added here 

Example 1. Eesolve into factors a?® 

Since a® + &® = (a+&)(a2 

we have a®+a;® = (a®)® + (a:®)® 

= (fl® + £c®){(a ®)2 “ (fl®)(a 3 ®)+ 

= (a® + fl;®)(a® - fl®a;® +a;®} 

=i{a+x)[a^ -a^x^+x^) 

Example 2« Resolve into factors a® -x^ 

Since -b^ = {a-h){a^ + ab+h^) 
we have a® -£C®«{a®)® -(as®)® 

= (o® -a;®]{(a®)® +(a®)(a;®)+ (a;®)®} 

= (fl® - jc®)(a® + o®a;® +a:®) 

= (a - x)ia^ + na;+ a:® }(a® + a®aJ® + a;®) 

Example 3. Resolve into factors 64a;'^ - era® 

64a;’ - aa ® =* a:(64a;® - « ®) 

-a;{f8a3®j®-ffl3)2) 

=^a{Sx^ + a®)( 8 a;® - a®) 

-a;{{2j;)3 + <i3}{(2a;)®-a®} 

=sa:{( 2 a;+ a){Ax^ - 2 a;a+ a3}}{(2a; - a){4x^+2xa+a^)} 
=a;{ 2 aff+ a){ 2 a 5 - a)(4aj3 — 2 a;ft+ a3)(4aj3 + 2 a;fl+ a®) 

Othe) imse 

64a;’ - a;a® = a;(64a;® - a®) 

=a:{{4a:2)®-(a2)3} 

=a;(4a:2 - a® )(16a;* + + a^) 

=x(2a;+ o)(2x - a){Cl6x^ + 8 a; 2 n 2 + ^4) _ 43 , 2 ^ 2 } 

= a:(2a;+ rt)(2a; - o){f4a;2 + a^)2 - [2xaf] 

- a:( 2 a;+ fl)( 2 j; - fl)(4^2+a^+ 2 a:fl)( 4 j :2 + a® -2xa) 
— a:(2a;+ a)( 2 a; - fl)(4a:® + 2xa+ fl2)(4a;® -2a:a+ a®) 
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Note Although the resolution can be effected in either of the two 
wags shown above, it is generally found convenient to adopt the first 
method 


EXERCISE 47. 

Resolve into factors 

1. 2. a^-27ax^ 3. 512a;9+l 

4. a®- 5126®. 5* 27a® + l*25aj® 6. 

7. 34:3a;® +ol2i(® [0 U Entrance Paper, 1882 ] 

8. 64 a;i 2 -i 9. a«-64iKi2 lo. I25x®-2l6a®. 

11. 64ai®&+343fl&i® 12. 72dx^°y^ 

13. (a2 + &2)3+8a®6® 14. {2x^ 

15. (2a®-&®)®-&« 

98. Expressions of the form -^px-vq resolved 
into factors by inspection. 

Erom the relation x^ + {a+h)x+ab~{x+a)ix+h\ it is 
clear that to resolve an expiession of the form x^+px+qmto 
two factors we have to find two quantities a and b such that 
a+b~p and o6=g This can be done by inspection whenever 
a and b are rational and integral The student can very well 
refer himself to the examples worked out after Art 60, for a 
clearer compiehension of such cases 

Example 1, Resolve into factors a;2+i7a;+ 30 

We have to find two numbers whose sum=17, and pio- 
duct-30 

Pairs of numbers whose products is 30 are (i) 1 and 30, 
(ii) 2 and 15, (iii) S and 10, (iv) 5 and 6 Out of these four 
pan s we must pick out that, of which the sum is 17 , the 
second pair, therefore, is the one sought 

Thus 2 and 15 are the numbers required 

Hence a;® + 17a;+30= (a;+2)(a;+ 15) 

Example 2. Resolve into factors a;® -11a; +24 

We must find two numbers whose product=+24, and 
Sum =*-11 Clearly then the two numbers must be both 
negative 

The pairs of negative numbers whose product is 24 
are (i) -land -24, (u) -2 and -12 (ni) -d and -8, 
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(iv) '4 and -6 Out of these four pairs we must pick out 
that of which the sum is -11, the thud pair therefore is 
the one souijht 

Thus, the required numbeis aie -3 and -8 

Hence, £c^— lla;+24=(a;— 3)(fl7— 8) 

Example 3. Resolve into factors a:^+6a;-40 

We must find two numbers whose product = -40, and 
sum== + 6 

The pairs of numbers whose pioduct is —40 are : (i) 1 and 
-40, (ii) -1 and 40, (ill) 2 and -2D, (iv) -2 and 20, (v) 4 
and -10, (vi) -4 and 10, (vii) 5 and -8, (vin) -5 and 8 
Out of these 8 pairs we must pick out that of which the sum 
is + 6 , the sixth pair therefore is the one sought 

Thus, the required numbers are - 4 and 10 

Hence a;2 + 6a:-40=(a:-4)(a;+10) 

Note From the fact that the sum of the two numbers is positive 
it IS clear that the posilwe number must be numericallg greater than 
the negative Hence, we might at once reject the fust, third, fifth and 
seventh of the above pairs 

Example 4. Resolve into factois -5 jc -36 

We have to find two numbers whose product = -36, and 
sum= -5 Clearly then the numbers must have different 
signs and the negative number must be numerically greater 
than the positive one 

Hence, the only admissible pairs of numbers whose pro- 
duct is -36 are (i) 1 and -36, (n) 2 and -18, (in) Band 
-12, (iv) 4 and -9 Out of these 4 pans we must pick out 
that of which the sum is -5, the last pair therefore is the 
one sought 

Thus, the required numbers are 4 and -9 

Hence, x~-6x-%==^{x+i)[x-9i) 

Example 5. Resolve into factois a^+7ah+12b^ 

Tlie factors will evidently be a+ph and a+ gb where p and 
q are such Ihatjp+g^T, andj)g[=12 

Arguing as before it is easy to see that 3 and 4 are the 
numbers whose sum is 7, and product 12. 

Hence, fl=+7fl6+12&2=(a+3&)(a+4&) 



XII] 


SIMPLE FACTORS 


153 


Example 6, Resolve into factors 

We have to find two numbers wdiose sum=-12, and 
product=20 

Aigmngin the usual w'ay we find that -10 and -2 are 
the required numbeis 

Hence, - 12mn + 20ji ^ = {m - 10?i)(wi - 2ii) 

Example 7. Resolve into factors - 12 

Putting X for the given expression becomes x^-x- 12, 
and It IS easy to see thata:^-a;-l2=(aJ-4Ha;+3) 

Hence, -a^ -12=(a^ -4)(a®+3) = (a+2)(a-2)(a^ + 3) 

Example 8. Resolve into factors (a;^ + 2x)^ - ^{x^ + 2a:) - 18 

Putting a for cc2+2a’, the given expression becomes 
-3a “18, and it is easy to see that 

- 3fl - 18= (a - 6)(fl + 3) 

Hence, the given expression={(a:^ + 2a;}-6}{(ic®+2a:)+3} 

= {x^ + 2a; - 6 )(a: 2 + 2a:+ 3) 

Example 9« Resolve into factors 

(5a+ 6)2 + (5a+ 6)(a + 26) - 20(a+ 26)2 

Putting X for 5a+ 6 and y for a+26, the given expression 
becomes x^+xy- 20^2 

Now it can be easily seen that 

x^+xy- 20y^ = {x+by){x - 4^) 

Hence, the given expression 

= {(5a + 6) + 5(a + 26)}{(5a + 6) - 4(a + 26)} 
=(10a+116)(a-76) 

Example 10. Resolve into factors 8a;2+ 2a: -3 

First Method : Pmd the product of the co-efficient of x^ 
and the tei m independent of x 

In the present case, thejo? od«ci=8x (-3)= -24 

Now, resolve -24 into two factois whose siM}?=the co- 
efficient of a;, i e 2 

By trial, the factors are 6 and -4 
Thus the given exp = 8sc2 + 6a: - 4a; - 3 

= 2a: (4a; + 3) - (4a; + 3) = (4a: + 3) (2a: - 1) 
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Second Method : The given expression=8a32 + 2a; -S 
= U8x8jc2+2x8a;-3x8) 

= {(ft2 + 2a - 24) [Putting a for 8a; ] 

Now it can be easily seen that a2 + 2a-24=(a+6)(a-4) 

Hence the given expiession 
= J(a+6)(a-4) 

-^(8a;+6)r8a;-4) 

-M2(4a;+3)x4(2a:-l}} 

= (4a;+3)[2a;''l) 

Example 11. Resolve into factors + 7a; - 10 

First Method : Find the product of the co^efficmit of 

the ie) m independent of X , lesolve the piodnd into two 
factois whose algebraic sum is equal to the co-eificient of x 

In the present case the pi odnct-12 x ( - 10) = - 120 

By tnal, the factors of (-120), whose algebraic sum = the 
co-elficient of a:, ? c , +7, are +15 and -8 

Thus the given expression 

- 12a;2 + lox - 8a; - 10 
= 8x(4a;+ 5) - 2(4x+ 5) = (4»+ 5)(37; - 2) 

Second Method ; The given expression 
«12a:2+7£C-10 

= -^12 X 12a;2 + 7 X 12x - 10 X 12) 

= + 7a - 120) [putting a for 12a; ] 

Now it can be easily seen that a^+7a-l20=(a+15)(a-8) 

Hence the given expiession 

=TV(12a;+15)(12a;-8) 

~ tt{ d(4a; + 5) x 4(3a; - 2)} == (4a; + 5)(3a; - 2) 

Example 12# Resolve into factois 13a:^ -20aa;+7a^ 

First Method : ITind the pioduct of the co-efficient of x^ 
and the ieim independent of x In the present case, the 
pioduct^ldx 7 fl 2 :s 9 ia 2 resolve 91a^ into two factois 

whose algebi aic sm = co-efhcient of g, i e - 20fl 

JBv trial, the factors are -7fl and -13 g 
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Thus, the given expression 

= 13a;^ - 13aa; - 7cta;+ 7(1^ 

= 13a:(a; - a) - 7a(aj - a) 

= (x-a)il3x~7a) 

Second Method : The given expiession 

=13a;^ -20aaj+7a^ 

*=fj(13 X 13a;2 -20a x 13a!+ 13 x 7a2) 

= tV(z/ ^ “ 20a?/ + 91a ^ ) [putting y for 13a; J 

=:^(2/^-lBa?/-7fli/+91a2) 

= My " 13a) - 7a(7/ - 13a)} 

=My-i3fl)(y-7fl), 

the exp “xyi3a;'-13a}(13a;-7a) 

= XT ^ 13(2C - a j(13a; - 7a) 

= (£C”a)(.13a;~7a) 


EXERCISE 4:8. 


Resolve into factors 




1, 

x^+8x+2 

2. 

x^+5x+6 

3. 

a2+4a+3 

4:. 

x^-dx+i 

5. 

x^+7x+10 

6. 

-7a;+12 

7. 

x^+Sx+lo 

8. 

a;2_2£C-15 

9, 

x^ -13a; +36 

10* 

a:2-5a;-36 

11. 

a:® -14a; +24 

12. 

a;^ -22a;+40 

13. 

a;^+7a;-30 

14. 

£c^+2'K~48 

15. 

+ 16a; - 36 

16. 

a;2+9a;-36 

17. 

a;2 + lla;-42 

18. 

x^ + Ux-72 

19. 

x^ -3x-40 

20. 

a;2 -llaj-80 

21. 

x^ -29a; -96. 

22. 

a;2-10a;-56 

23. 

x^ -a;-42 

24. 

x^ -x-72 

25. 

a:2+22a;+120 26. 

a;2 + 16a;-80 

27. 

x^ -21a; -72 

28. 

a:2+5a;-84 

29. 

a;2-20a;+96 

30. 

a;^+23a;-78 

31. 

a^~6x-~72 

32. 

a;2-25a;+84 

33. 

— 26a;+88 

34:. 

x^+7x~l20 35. 

a;^-2a;-80. 

36. 

a;^+8a;— 84 

37. 

a^ - a - 56 

38. 

-9ni-90 

39. 

+ 17tt-60. 

40. 

a^- 15a +54 

41. 

-2^-48 

42. 

771^ + 771-72 

43. 

711^ + 2771^-9044. 

a2-29a+l20 

45. 

a;^+7a;-78 

46. 

a2-49a-102 47. 

a2-19a+60 

48. 

a;2+12a;-64 
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49 fl2-96fl-120 " 50. af’2+8a:'-105 

53. m2 + h2«-30h2 54:. a^-^ab IJ) 

55. 56. 

57. £c2+3a;v--10y^ 2>^"l%+48g' 

69. «^+2p2-80g^ a:®+20a7y-96y 

61. a^+4fl2-5 a3^+2a;2-15 

63. a;^+3x^-28 04:. a;®+2aj®“3 

65. 66. 03 ®+ 26a:® -27 

67. <i®+7a®-8 68. a;®-20a;H64 

69. a®-ll«^-80 70. 

ni. (fl®+2a)2-(fl® + 2a)-2 

•‘72. U® + .'}c)®+3fa:®+Ba:)+2 
73. (x2-2a:)2-2^x2-2a;)-3 
71. in®-3a'2-3ra2-Bfl)-4 

75. (x®- l73)®-4(x2-4x)-5 

76. {x=-xi®-8{x®-«}+l2 

77. fx®-'}ri® + 10(x2-5x)+24 
‘78. ia® + 7fl)2-8(a2+7fl)-180 

79. ffl®4-6«^2-32(a2+6o)-B20 

80. (x® - 8x)2 - 29[x2 - 8x)+ 180 

81. 2x2+x-15 82. 6fl2-a-15 

83. 8«j®-6»2-9 81. 6x®+7x2/-24v® 

85. 10H2-41flH2lft2 88. 12m2-«in-20?i2 

87. Ur=-^2bxf/-o?/2 88. 20fl® + a&-30&2 

89. 18r®-5lxv+357/2 90. 12x2+ 23xy-24y® 

97. Quantities of the form x^-i-px+q resolved 
into factors by expressing them as the differ- 
ence of two squares. 

The method will be best illustrated by the solution of a 
feu txpiCid cases 

Example 1. Resolve into factois x® -7x+12 

X® -7x+ 12=x® - 7x+ (1)2 - {^)2 + 12 

[adding and subtiacting (j)® ] 
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={a;2-7a;+(|)2}-(ir^-12) 

-(£c-3)(a;-4] 

Note It mn&t he noticed that we have added to \^—7x the square 
of half of 7 (le, the squaie of the half the co-efficient of a) to get a 
perfect square Generally speaking x^+2a\ {pr\^—2a\) becomes a 
complete square when is added to it 

Example 2. Resolve into factors + 2xy - 8?/^ - 4c- + l2yz 

The given expression 

^{x^ + 2xy+y^)-(Qi/ +4z^ -12yz) 
^{x+y)^-{^y-'2z)^ 

= {(a;+ y) + (3?/ - 2s)}{(a;+ - (3?/ - 2c)} 

= {x+4y - 2c)(a; -2y+2z) 

Example 3. Resolve into factors 3a3^ + 11a; -4 

3®^ + 11a; - 4 = 3(a;2 + ^x - 4) 

=3{a;2+Va;+(V)2-(\’)2-.4} 

=3{fa:+V-)^-(J^+^)} 

=3{(a;+W-^V} 

=3{(a;+-V-)+ V)-¥}, fVi.® = ] 

= 3(a;+ 4)(a; - 4) = (a;+ 4)(3a; - 1) 

Example 4. Resolve into factois 8a;^-10a3+3 

8a;2-10a;+3=8{a;2-V-a;+4} 

=8{a;2-|a:+(f)2-(|4-|)} 

=8{(a;-|)2-^} 

=S{x-^Hmx-^)-^} 

^S{x-^)[x-l) 

= {2(a:-4)}{4(a;-e-(2a;-l)(4a;-3) 

Example 5, Resolve into factors 2a^ + 5fl& - 126^ 

2a2 + 5fl& - 12&2 = 2(a2 + ^ab - 6&2) 

=2{(a+f&)2-^62j 
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=2{a+ib){a~- 76 J = (a + 46j(2(i - Bb) 


Example 6. Resolve into factors ax^ + (g^ + l)a;+ g 

aj;2-i-(a2+i)a;+fl 


-1 

a ' 

aj+lj 




a;+( — 

+ 1\2 
2g / " 

/^a^+2G^+l 1 
1 4a2 ■*■ 

1 


\2 

-2a2+ 

11 



I — 

4a^ 




1 f 

lWa;+ 

a2 + l\ G^-xl 

“O' 


2g 


CM 

1 

CM 

-G| 

(^x+a'^(x-i- 

“) 
a l 




)} 


= (G;+G)(aG;+l) 


Similarlj” it may be shoivn that 

ax^ -ia^ + l)x+a={x-a}{ax~l), 
ax^-^{a^ - l)a7-G = (a;+G)(G:c-l), 
ax^-{a^-l)x~a=ix-a)iax+l) 


Eote It js useful to remember these results as we are thus enabled 
to wiilc down at once the factors of any expression which agrees in 
form With any of those considered above For instance, we can at 
once sag that 

3z* - 10x+ 3= (a;-3){3a: - 1), 

4x* - 15x - 4 = (x - 4)l4x -f 1), 
5x-+24x-5=(x+5X5x-1) , and so on 

Example 7, Resolve into factors 

4(a;2 2i:+ 5j2 -f- 17(a;2 + 2a; + 5)(a;2 + 6a:)+ 4(a:2 + 6a;)2 

PuttinfT a for a;^*^2a;+5 and b for x^+Qx^ the given 
evpre‘!sion becomes 4a- + 17G/;+4&2 and it is easy to see that 
4G2+17G6”4&“ = (o+46X4fl+ 

Hence the given expression 

= {^x^ + 2a; + 5) + 4(a;^ + 6a;)}{4(a;^ + 2a;-r 5) + (a;2 + 6a;)} 
= (oa;" + 26a;+ b)[ox^ + 14a;+ 20) 

= fa;-h 5)(5a:+ l)[5a;2 + 14a;+ 20) 



xn] 


SIMPLE FACTORS 


159 


EXERCISE 49. 

Resolve the following expressions into factois applying 
the method of this aiticle 

1. 2. a:" + 6a;+5 3. a;^+8a;+15 

4. a;2-10a;+21 5. a;^-2j;-48 6. a;^-4rc-45 

7. a3^-12a;+32 8. a’- -6® -55 9. a^+2fl&-c^+26c 

10. x^ + 2 x-y^ + 2 }j 

11 . x^ + Qx-7j^+iy+b 

12. a2+4a6-56^-c^+6&o 

13. -Qxy+by^ -z^+4yz 
114'. £c2 - iQxy + 16?/2 - 422 + 12^; 
xlSC a2-r2a&-13&2-9c2+426c 

16. a:2 + 12a;j/-922 + 36j/z 

17 . a;2 - 14:Xy - 15^^ - 25j :“ + SOyz 
19. 3a;2-5a:-2 

22 . 6a:^+a;-2 

23. 8a;2+2r-15 26. 4a;2+4a;-35. 27. 6a;2-a;-12. 
28. 3x2 -16a; -12 29. 2x2-9x-35. 30. 2x2 + 5x-42 


18. 2x^-5x-3 
20. 3x2 + 14x+8 21. 4x2+7x-2 
23. 6x2-5x-4 24. 6x2+7x-3 


31. 

3x^+13x-30 

32. 

12x®+x-6 

33. 

2a2+7a&-15&2 

34. 

Qx^-lSxy+by^ 

35. 

6jh^ - lljn« - 10??2 

36. 

^2+5_pg-l22- 

37. 

8a2-l4a&-1562 

38. 

lOin^ + ll«27j - 6n* 

39. 

12x2 + 13x?/- 4^2^ 

140*. 

15^2- Haft - 12&2 

41. 

2a2-5a&+262 

42. 

3a2-8a&-3&2. 

43. 

Sx^ + 8xy-3y^. 

44. 

4a2+15a-4 

45. 

4n2-17a&+46^ 

46. 

5x2-24x-5 

47. 

5x2 -26x?/+5?/^ 

48. 

6x^ + 37x+6 

4^ 

\51. 

6a2+35a&-6&2 

50. 

6a2-35a&-6&2 

7a^-50a6+7&2 

52. 

7a2+48tt&-7&2 

53. 

7a^-48ab-7b^ 

54. 

Sx^+QBxy-Qy^ 

55. 

9x®-82x2/+9?/^ 

56. 

IQx^+QQxy-lOii- 


2(a+&)2+3(fl+&)-2 



58. 

2(x2 + ^2)2 _ ^xy{x^ + 7j^) 

-2x^y 

2 


59. 2{(t^ + h^f+bah{a^ + h^)+2an^ 

60. 4(x2 -4x2/+2/^)2 + 15xi/(x2 -4x?/+y2) - 4 ^ 27/2 
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61» 2x^”5x^'"12 62* 8 q ^ " 14 .( 1 ^ 

63. 9fl^+2tt^62“32&^ 64. 8a;®-65afH8 

65. V“17a'*&^+4&* 


CHAPTER SHI 
EASY IDENTITIES 

98. We have explained ihe significance of Identity in 
Art 62 In fact, an identity IS a stalement ihat two expres- 
sions are equal for all values of the letters involved Each 
of the tuo expressions constituting an identity is called a 
side 01 a memhe) of the identity 

Thus, bx=2x+Sx is an identity, since the expressions 5x 
and 2x-h3x are equal for all values of x The sides of this 
identity are ox and 2a:+3a?, ox being the left-hand side and 
2x4- 3x, the nght-hand side 

Similarly {a-¥h)'^~a^+2ah-trb^ is an identity, since the 
equalitj’ of both sides holds for all values of a and b Asa 
matter of fact, every formula established in Chapter IV is an 
identity 

99. An identity is proved when its two sides are shown 
to be equal 

To establish the equahty of the two sides of an identity, 
reduce each side to its simplest form Identity is proved if 
these forms are found to be equal A better method, how- 
e\er. is to reduce one oi the sides of the identity to the form 
of the other bj simplification and transformation with the aid 
of the formulae enumerated m Chapter XI 

Sometimes the sides of an identity may be conveniently 
expressed in simpler forms by substituting letters for groups 
of terms in the identity Such substitutions must be effected 
•wherever necessary 
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The following examples will lUustiate the process 


Example 1. Prove that (a+ 3&)2 + (a - SbY + 18&2 

The left side=(a® + 6a6+96^)+(a2 “6a&+9&^) 

[Arts 54 and 55 ] 


=2a2+18&2 


Example 2. Prove that 

a^ + h^ + (i^-db-l}c--ca= '|t(& - c)^ + (c - a)2 + (a - 6)2] 

The left-hand side 

=- 2 [ 2 a 2 + 262 + 2 c 2 -2a6“26c-2cfl] 

= i[(a2 + &2) + (^,2 + c2) + (c2 + a2) - 2ab - 26c - 2co] 

=4[(62 -26c+c^)+(c2 -'2ca+a2) + (a^ -2fi6+62)] 

= r[(&-c)2 + (c-a)^ + (a-6)2] [Art 55] 

Example 3. Prove that 

('B + 5?/ - Ss:)® + (a: - 5?/ + 82 ) 2 + 6a:(a3 +bij~ ^z){x -by+ 3s) = Sa;® 

Substituting a for x+by-Sz and 6 for as - 5 ?/+ 3 s, we have 
the left-hand side —a^ + b^+Qxab 

~a^ + b^ + Bab(a+b) 

[since, a+b-{x+by-Sz) 

+ ix-by+Sz)~2x] 
= (a+o)'* [Alt 57] 

= ( 2 a :)2 

= 8 a ;2 

Example 4. Prove that 

( 6 + c )(6 - c)+ (c+ a)(c - ft) + (a+ 6 )[ft - 6) =0 
The left-hand side = (62 - c2) + (c2 - ft 2)+ (^2 _ jf ,2 j 50 ] 

= 62 - c2 + c2 - ^2 + ft2 - 62 
=0 

Examples. If s=ft+ 6 +c, piove that 
(as+ 6 c)( 65 +cfl)(cs+fl 6 )=(ft+ 6 ) 2 ( 6 +c) 2 (c+fl )2 [C U 1902] 
as+bc=a{a+b+c)+bc 

= ft 2 + a( 6 + c) + 6 c= ft 2 + ft 6 + ftc+ 6 c 
= ft(fl+ 6 )+c(ft+ 6 )=(a+ 6 )(ft+c) 

[Art 61] 


1-11 
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Similarly, bs+ ca~b{a'i-b"i- c) +ca=&®+J(a+c)+ac 
=&®+o5+Jc+ac=(&+c)(6+a) . 

and «+a&==c(ff+Z>+c) +oJ“C“+c(fl+6)+o& 
=c-+ca+cb+ab~{c+ a){c+b) 


The left-hand side 

= (a+ Z>Xcf + c)ib+ c)(&+a)(c+ a){c+ b) 

~{o+ c)^(c+ a)“ 

P.vnm p1ft 6. Piove that Aa^b^ - (fl“ + 

-j(j-2/?X^-2&)(5-2c) wheie s-a+b-rc 

The left-hand side = (2fl6)® - (g“ + 

={2fl6+ (a2 + 62 _ c2)||2a6 - (a2 + 62 - c^)) 
={(g2 + 2G6-^ 62) - cW - (fl^ + -2ff6}} 

= {(fl + 6)2 - c2}{c2 ~ (o - 6)2} 

=(a+6+c)(a+6-c)(c+^6Xc-a;-6) 

«= (ff + 6 + c)(g + 6 - c)(c + ~ 6)(c - ff -I- 6) 

- (a + 6 + c)(a + 6 -h c - 2c)(c+ a + 6 - 26) 

x(6+c+o-2g) 

—s{s - 2c)(s - 2b)(s - 2a) 

- s{s -2a){s- 2b){s - 2c) 

Example 7. If 2s = a + 6 -f c prove that 

(s ~ a)2 + (s — 6)® + 3(s — n)(s - 6)c= c® 

We have, c=2s-(»+6)=(s-g)+(s--6) 

Hence {s-a)2 + (s'6)2+3(s-fl)(5-6)c 

= (s - a)2 + (s - 6)2 + 3(s - a)(s - 6){(s - a) + (s - 6)} 
={f^-G)+(s-6))2=c2 


Example 8. Prove that (a - 2/)2 + (?/ - 2)2 + (r - a;)^ 

= 2{a; - 7j)[x - ^) + 2(2/ - z)iy - a;) + 2[z - x){z - y) 


Putting 


a ioix-ij '' 

bloxy-z 

cioTz-X 


we have a-f*6+c=0 


Hence, {ix~y)^-i-{y-z)^-^{z-x)^} 

- {2(a; - y){x - r) + 2{y - z]{y - a;} + 2[z - a;)(0 - y)} 
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= (a2 + &2+c2)-{2a(-c) + 26(-fl)+2c(-Z;)} 

= a2 + &2 + c2 + 2ac + 2db + 2bc 
=(a+&+c)2=0 , 

(a; - 7 /) 2 + {y - zY +{z- xf 

= 2 (a; - y){x -z)+ 2{y - z)[y - ») + 2 {s - x)[z - ?/) 

Example 9. If 25 = a + &+ c, show that 

2(5 - a){s - &)+2(s - b)[s - c)+2(5 - c)(5 - a)=2$^ -a^-b^-c^ 
Since, 2 a; + 2 ^ + 22 = (a; + ?/) + (?/ + 2) + (z + x), 

we must have, 2(5 - a)(5 - &) + 2(5 -b){s-c)+ 2(5 - c)(5 - a) 

={(5 - fl)(s - &)+ (5 - b){s ~ c)}+ {(5 - b){s - c)+ (5 - c)(s - a)} 

+ {(5 - c}(5 -a)+(s~ aXs ~ &)} 

N ow, (5 - a)(5 -b) + (s- bXs -c)={s- 6){(s - a) + (5 - c)} 

={s- b){2s -a-G}—{s-b)b 

Similaily, (5 - bXs - c) + (5 - c )(5 - a) = (5 - c)c 

and (5-c)(5-a)+(5-a)(5-&)=(5-a)a 

Hence, the given expression =(s-b)b+{s-c)c+{s-a)a 

=s(b+c+a)-b^ -c^ -a^ 

=2s^ - - b^ - 

Example 10 . If a+&+c= 0 , prove that a^+&® + c^= 3 fl&c 
Since, a+i!>+c= 0 , c=-{a+b) 

The left-hand side =a® + 6^ + {-(a+ b)Y 

=a® + &® '-{a'^ + b^+Sab{a+b)} 

[Art 57 ] 

= -3a&(a+6) 

=Bab{-{a+b)}=Babc 

Note Evidently the identity is true only if 

a+&+c=0 Such identities which are true only for some paiiicular 
values of the symbols involved is called Conditional Identities, 

Example 11. If a+&+c=0, prove that 

a^ + fl&+&2 = 62 + + [Allahabad, 1923] 
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[CHAP 


Since + &+ c==Oj we have by transposition 
a— -(6+c) 
b= -(c+a^ 
c= 

a^ + ah+b^=^{’-{b+c)}^+{-ib+c)}h+b^, 

[since a= -(b+c)] 

-(b-i- c)^ ~{b+ c)b+b^ 

=&2+2&c+c2-&2-&c+&2 

— b^+bc+c^ 

Also a^ + ab+b^==a^ + a{'-{c-^a)}+{-{c+a)]^, 

[since &=-(c+a)l 

=a^-a(c+a)+(c+ay 

= fl2 -.c«-n2 + c2 + 2cfl+a2 

=c2+cfl+a2 

Hence ^ ^ ^2 = g 2 ^ ^ ^^2 

Alternative Method : a^+ab+b^=a{a+b)+b^ 

= {-(&+ C)}( - C) + &2 - (J + g)g+ 2,2 

*= &C+ c2 + &2 = J2 4- 2,c4- g2 

Also 62 + /;c+c2 = &(& + c}+c2 

~{-(c+a)}{-a)+c^ 

- (c+ a)fl+ c2 ^ ca+ 

= c2 + ca+a2 

Hence + a6+ b^ — b^ + bc+ + ca+ 

Example IB. Jlx=h--c+a,y=c-a+b,z-a~b+c 

prove that (& - a)x+ (c - J)?/ + (a - 0 

We have 

(6 - a)a;= (& - a)(& - c+ a) = (& - rt){(&+ a) - c} 

-(&'-cr)f&+fl)-(&-a)c=&2 -cp2 _2>c+ac , [Art 56 J 
( c - J)?/ =(c - b)(c -a+b)~ic- Zi)((c+ &) - a} 

= (c - &}(c+ &) - (c - b)a=‘C^ - - cfl+ «& , 

(a - c)z = (« - c)[a - &+ c )= (g - c){g+ c - &} 

=(a-c)(a+c)-(G-c)&s=G2'-c2 ~ab-\’bc 
f 6 - fl}a;+ (c - %+ (a - c)z 

s=&2 -a^+C® "62j.^2_g2_^g4.Qg_g^4.^2)"G&+&C=0. 
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Example 13. If x-h+c, y=c+a, z—a+b, piove tliat 
x^ + y^+z^ -yz-zx-xy=a^ + b^ + c^ -bc-ca-ab 
The left side = ^[2x^ + 2?/ ^ + 2z'^ - 2yz - 2zx - 2xy] 

=i[(a:^ -2acy +?/“)+ ( t/^ -2ijz+z^)+{z^—2zx+x^)] 

[le-ananging terms ] 
=i[(ac -#+(«/ - 2 )® + (s-»)^] [Art 55] 

-^[{ib + c) - (c+ a)}^ + {(c+ a) - {a+ &)P + {fa;+ &)-(&+ c)}^] 

[substituting for Xfy,z] 

=m-a}^Ho-b)^ + {a-cn 

-2&a+a^)+(c2 -2c&+62)+(a^-2flc+c2)] 

[Art 55] 

= •j[(2a2 + 2&2 + 2c^ - 2&C - 2m - 2ab)] [collecting teims ] 
= 0 ^ + b^ + - be-' ca- ab 

Example 14. If 2s=a+b+c, prove that 

(s - a)^ + (5 - &)^ + U - c)^ + [Allahabad, 1926 ] 

The left-hand side 

—{s^ -2fls+fl^)+(s^ -26s+&^)+(s^ -2cs+c^)+s^ 

=4s^ -2s(a+&+c)+a^ + &^ + c^ 

=4s2 -2sx25+a^ + &2 + c2 

=4s^ -45^ + a^ + J^ + c^=fl^ + 6^ + c^ 

EXERCISE 50. 

Show that 

1 . {a^ + ax-x^){a^ -ax+x^)-a^ -a^x^'^2ax^ -x^ 

2 . (a^ - ax-^ x^){ax- + x^)=x^ - a^x^ +2a^x- 

3. (a+ &+ c)(a - &-c'i+(&+c~ a){a - & + c) = 26(a -b-c) 

-4. 2(a:® -a;)+3a;{a;+l)=aj(a:+l)(2a;+l) 

5. x^ + £c+ a;(£C+ l){2aj+ 1) - 2a:fa?+ 1) = x^x-^- 1)^ 

6. (a2 + 62)(c2 + tZ2) = (ac - bd)^ + (ad+ bc)^ 

7. (a+&)2_(c+(i)2 + (a+c)2-(6+c?j2 

=2(a+ b'\"C'\’d){(i—d) 

^ 8 . (a+6+c-d)(^-a-6+c)=c^-(a+&-d)2 

9. The product of (&+c)^-a® and ~b^ -c^+2be is 
2aH^ +2a2c2 + 2b^c^ -a^-h^-e^ 

10 . (a-l- &+ c)^-(a+b- cp •+- (fl+ c- &)- - (&+ c - a)® =8ac 
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[CHAP. XIII. 


Prove that . 

11, (o2 + c2)2 _ (J2 + c2 , q2)2 ^ _ J2 + ^2)2 

+ (a ^ + &^ - 

12» (J— "*&+c}+fc -'(?+(?+&}(&+ c+<i'"ffl) 

=* 4 (fld!+Jc). 

13 . {b+C’i-a~-d)lb+c~a+d)‘= 2 [ad +bc)-{a^-b^'-c^+ d^). 

14 . 4 ( 0 ^ 7 + &c )2 - (a 2 - 52 - c2 + (72 j2 

==(a-^dr-^b- cXa-rd - &+ c}f&+ c + a - ( 7 )(&+ C'-a+d). 

15 . (a;*- 2 ^'i- 5 ) 2 +(^-; 2 +a;} 2 +( 2 -a;+y }2 

-r 2 (£c - 1/ -f sX?/ ^ 2: + as] + 2 (i/ - 2:+ icXg - x+ 2/) 

-r 2(5 - a; + ^)(it! - y + 2:) = (a;+ 

16 f (fl2 + £2 +g2^^2;2 4 . yt 4-^3^ _ (^'5+ 4- (12;)2 

- (a?( - 6a:)2 + (ca; - 0^)2 + (6^ - cy)2. 

17 . (fl + c )3 - f&+ c )3 - S{fl+ c}(J+ c)[a - &) = (fl - &)3 

18 . ix~aif+ bz) ® + (a;+ - bzY + 6a;(a; - + hz){x+ av - fe) 

=8a;2. 

19 . 1{q -rb+cY- [a-rb)^ (&+ c )2 + (c+ <1)2 

+ 2{fl -r &)(& + c) + 2 {b + c j(c+ fl) + 2(c + fl j(a + b). 

20. 8 (o~&+c)^=(fl+ 7 >)^'r(&+ 2 c-^a )2 

+ 6(fl + 6)(6 + 2c + a)(a + & + c). 

21 . * 27 fa + b-^ c ;2 = (fl+ 3 &+ 2 c )3 + ( 2 »+ c}^ 

T 9 (fl + 3 i + 2 c)( 2 £i + 6)(a + ^) + c). 

22 . If i=: 0+6+ c, show that 

(s - 3 fl )2 + ( 5 - 36)2 (5 - 3 c) 2 = 3 {fa -bf-r(b-e)^ + [c~ a)^}. 

23 . If o6+6c+co=0, prove that 

(i) 024. J 24 .p 2 _^jjj 4 . j4.gj2 ^ 

(11) a2 ^ j2g2 4, g2jj2 _ - 2 fl 6 cfo+ 6+ c) 

24 . If2s=a;+^+£, prove that 

4y 2 -2 - {y2 4. ^2 „ ^2 j 2 ^ 265{ s-x){s-i/)[^s-z) 

25 . Prove that 

(k+ 2!/ -*• 19 r) 2 — (ic - 2y - lOs}® Ba^ac + 2 v + 19 -?j(a; - 2y - I 9 z} 
- idx-^ Gy -r)2 -{z-Gy- dxp + 6a;(oic+ Gy-z}{z^Gy - 3 a;)- 

26 . Prove that 

(fl-r 26 + 3 c} 2 +(fl- 6 - 3 c) 2 + 2 (a+ 26 + 3 cXff- 6 -B 6 ) 

“ (3fl 2 / ■*■ 2 ;)^ "h (0 y + r - 6)2 — 2(3fl + ^ + rj(o + 2 ^-^ ^ 6 J. 
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27. Show that 

{x-y)^ + {ij-z)^ + {z-xY-S{x- v) {if -z)[z- x) 

28. Prove that {x - ?/)^ “ (l/ - ^{z " x) 

={y-zY-(z-x)(x-ij) 

={z~xY-{x-y){y-z) 

= - {(a; - y)[y - c ) + [y -z}{z-x)+iz- x)ix - y)] 

29. Prove that (a - bY - (& ~ c)^ - (c - aY=2{h - c)(c - a) 

[h-cY -(c-aY -{a-bY=2ic-a){a-b) 
{c-aY -io>-bY ~i^~oY=2{a-b){b-c) 

30. Prove that {a — bY + (ff “ b){b - c) + (6 — c)^ 

=^{b~cY + {b~c){c-a)+iG~-aY 
= (c - aY + (c - a){a - 6) + {a - bY 

Miscellaneous Exercises, m 

I 

1. Arrange the folloAving expression (i) according to 
descending powers of y and (ii) according to ascending 
powers of z 

x^z+ xy^-xhj- xiYz - xz^ + xyz“ - 2ifz^ - 2y^z 

2. Find the value of 

(l,-x)-35 to-|(7a!-4y)}], 

when aj= and y=2 

3. If £C - —=p prove that + Bp 

cc 

4. Wiite down the quotient of x° -y^ hy x-y 

5. Simplify (a+b+ cY ~(a-b+ cY + («+ & - c)^ - (&+ c - dY, 
and find its numerical v^ue when a— b=c= ~4 

6 . Find the sum of x^ - {x ~y+z){x+y-z\ 

y^ -{y~X'\-z){y+x-z) and z- -{z-x+y)iz+x-y) 

7. Induce (a'-&+c+dXfl+&+c-d) to the form A^-B^ 

8 . Resolve into factors + 12xy +BiY - 8a; - 12y 
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n 

1. Find an expression which exceeds afl5® + 6a;-^+3ca3^‘^ 

+ b}’ as much as it falls short of four times 

2aaj3 + - b)xhj+jiBa - c)xy^ + ody^ 

2. Resolve the sum of the foUounng expiessions into 
simple faotois 

{h - l)wi^ + am^ + (c - &)hi^ - hm - 2, am^ - (c - + [a+ b)m + 1 

and (a - & + l)jn * -{2a- b)m ^ + (a + b)m^ -{a- 2b)m + 1 

3. Multiply a"* + 2a;^+3a;^+2ii;® + 1 by a;^-2£c^+l 
4:. Prove that 

{{ac+bd)x+ {ad - bc}?j}^ + {{ac+bd)y - (ad - bc)xy 

= (ft^ + b^)[c^ + d^)[x^ +2/^) 

5* Find the continued product of x-a,x-b and x-i 
Hence show that (a; - 3)® = ai® - Qx^ + 27a; - 27 
^ 6> Divide a;® -px^ + qx^ - qx^ +px - 1 by a; - 1 

7 . Fuid the quotient when the product of a® + ® 

+ + and a^-ab+b^ is divided by -a^b^-^b^ and 

show that its defect from + jg 
8t Resolve into factors 

(i) ab-ac-b^ + bc (ii) -12flc-4a^-9c^ 

m 

1. Find the sum of 

{s/b-sjc+»j a)x^ +{^Jbc- Jca+ tjab)x^ + ( Va&c - 2i» + ii)a; + 3» , 
( h}c- ^Ja^¥ ,Jb)x^+{ sjca- »jTb-^ sjbc)x^ + {J^-2n-^-m)x 
+ 2{v “ n) and (p - 2 Jb)x^ + (g - 2 ^bc)x^ + (mi + w - 1 - 2 Jabc)x 
•^{s-n-2v) 

2 * Subtract the sum of 3fl® 3J®+2fl&‘^ 

bab^ — 4a^ —Ba^b and 2fl® — 6fl&®+4&® fiom a{a^ + b^) 

3* If ff+&=8 and ah~b, find the value of a^ + b^ 

4. Find the value of 49c^ + 9(a + b)^ - 42(o + b)c, 

uhen a-89, b= -69 c=8 

5. Dmde x^{y-z)-¥y^{z-x)+z^{x-y)hj7/ -xz~z^+xy 
6 # Resolve into factors 4a — 3+16a^4-64a^ after reducing 

it to the form of iA-B}-^(A^-B^)+{A^-B^), 
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7. Show that (l+a+Jc^P -(l-a;+a2^2=:4a;(i+a;2] 

8. Ifai + (i 2 + Q 3 + +fln- show that 

{s - ai )2 + (s - OzY + (s - ag)^ + + (s - a „)2 

= ^■On“ 

IV 


1. Simplify the expression 

Qh -3im«+2m^Jp3+3(?m) + m-n -2hi“) p^g 
+3(2>?i^? “/??} — mw^)p 2 ^ + (3j???j? 
wherep= - and 2 = f 

2 , What must he subtiacted fioin ^a^x^+blaHx"^ 
-3 257a6^!K®+'§&®£C+9 so as to malce the diffeience equal 
to the sum of 4.1aHx^ - Q07ah^x^+2^h^x-bla^x^ + &, 

5kh^x-^-aHx^ + a^x^- Obah^x^+U and 2a^x^ 

-Q2ah^x^-lQ\})^x-2Q^ 


3. Multiply 


J i 


-2a2&'j'+4fl3jj -Qah+lbaH^ -d2¥ by a^+2b^ 


4:i Arrange the following expiessions according to de^!* 
cending powers of a 

(i) a^ + h'^ + c^ - bale, 

(ii) a^{b-c)+h^{c-a)-\-c^{a-b) ^ 

(ill) a^{b-c)+b^{c-a)+c^{a-h) 

6 . Find the product of x+ a, x+ h and x+ c 
Hence, deduce the co-efficients of x^ and x in 
(a;-7)(cc+8)(£c-12) 

8 » Prove that {ab+cd-\’ac+bd){ab-{-cd~ac~bd) 


=a^h^ + c^d^-a^c^-b^d^ 

7. If a=2+?-fS; 6=j+s— p, c==p+2+7, 

prove that a^ + b^ + c^- 2ab - 2 flc+ 2 &c= ? ^ 

8 . Divide a 3 + 863 + 27 c 3 - 18 o 6 c 

by +452 + 9 c 2 _ - 2ab 


V 

1« Find the value of 

49a^ + 126 c! 6 + 816^, when a = 46 6 = ~ 37 
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2* ITind the expression which falls short of - dxhf^ 
- fy^ by as much as it exceeds ax^ - cx^y^ + exy^ 

3. If 2s = a + & + c, sho w that 

(s — a)^ + (.9 — &)^ + (s - c)^ + s® = 

4* Simplify (5a -- 7c) ® + (8c — 3a) ® + 3(2ct + c)(5a - 7c)(8c - 3a ). 
5* Eeduce the following to its simplest foim 
(2a;^ — cc^+3a;'*4)(2;c®+fl;^+3a3+41 

+ (2a:^ +x^- 3a;+ 4)(2a;® + + 3a! - 4). 

6 . Show that 

x^% ^ = (a; - Va;+ l)(a:2 -x+ l)(a!^ - + 1) 

i J 

7. Divide fl “ & by fl* - 

8 . Resolve into tactois 

(i) Ga^x^ + a^x - Ga^x^ -a^x^ 

(u) xuil+S“)+zix^+y^) 

VI 

1. Find the value ol 

8765913 X 8765943 - 8765938 x 8765938 

2. Find the value of 

27fl® + 108a^l>+144fl&“ + 646'’, when a=29, 6= -23 

3. Divide + &^ + c® - 3a&c bya+&+c, and hence show 

that fl® + 6® + c®-3a6c= ](<!+&+ c)((a-i!>)® + (& -c)® + (c- a)®} 

4. I^ndtbe quotient when (aa;+&)^ + (ca;+<?)^ + (&aJ-a)^ 
+ (d'c-c)® IS divided by a^ + b^ + c^+d^ 

5. Express (a;-l)(a:"3)(a3-4)(a:-6)+34 as the sum of 
two squaies , hence show that it is always a positive quantity 
and that its value is equal to 25 when x^ -7a:+9=0 

6 . Resolve ( a® - - c® + d®)“ - A{ad - &c)® into f oui iactors. 

Resolve into factois 

(i) a--2ab+b^ + 2a-2b, (ii) Ga^ ~ab-b- + Ga-Gby 
J (ill) 15a- - ixy - 4y 2 + 10a ; + Ay 

8 . Divide {2x-vya^ ~-(x+y)^{i^x^+2{x+y)ax^ -x'^ 

.by {2x-y)a^ -{x+y)ax+x\ 
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WJ 


1. H £C+^+ 2=8 and as^+7/^+r^=50, find the value ol 
xy-hyz+zx 

2* Prove that {2a - 3&)^ + (3& - bcY + (5c - 
= 2{2a - 3&)(2a - 5c) + 2(3& - 5c)(3& - 2a ) + 2(5c - 26t)(5c - Hft > 


I 1 


1 1 


3. Find the product of 

x+y+z-a^y^-y^z- -z^x^ and x^+y^+z^ 

4. Dmde a“(ic^ - a-) - o&(£c+ a)^ + h{x^ + a^) 

by a^{x ~ ft) + bx{x - 2a) 

5* Show that 

(IGajS -20a;3 +5a;)2 + (1 -a:^){16(l -x^-)^ -20(1 -a;2)+5|2 ^ i 


6. Find the continued product of 

ac+y+s, ic-y+s, x+y-z and^-ac+y 

Resolve into factois 

(i) 6a:-+a;-15, (n) 35(ft;-y)" -41(a;“y)+12, 

(ill) lla:^ - 54a:y- + 63y^ 

8 . If a:+ y + s= 0, show that 

(x +y){y+z){z+x)= - xyz and aj3+y®+s ®= dxyz 


vm 


1 . Multiply togethei the expiessions 

and 1+ as far as the term involving x^ 

2* If fl;+y+2=15 and a;y+y3+5a;=85, find the value of 
X^ + iJ^+Z^ 


3. If ft2 + = 1 = C“ + d', show that 

(ftd - bc){ad+ be) = (ft - c)(ft+ c) 

4 . Divide (aa:+ by)^ + {ax - &y)® + {bx -ay)^ + {bx + ay)® 

by {a+b)^x^ -Bab{x^ “2/^)- 


5 . Evaluate x^+-\, ac® + *4 and a:’^ + 4, when a: + ~ = a 

CC® tC 

6 . If bx—ay, prove that (cc^ + if“){a^ + &®)== (a»+ &y)^ 

CB V 1910] 
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7. Show that (a:2+«/^Xa;®+2^)+2a;(a;*+?/^)(?/+i:)+4a;®2/2 

^[so^+xy^xz-^yzf 

8. Kesolre into factors [B U 1897] 


IX 

1. Multiply «®+oa;+£C'^ by a^-^craj+a;^ 

2. Show that {a^ + 2a&+ - c2)(a2 -2a&+ + <,2) 

= (a2-&2)2 + f4fl&_c2)c2 

^3. If ff 2 j- &2 = 1 = c2 + ^2 ^how that 

(ac-&£?)2+(a<f+ 6c)2=i 

( 2 \ ^ 
a;+-— j 

5* Show that (a2 -}- a& h^)[a^ - a& <^+ 6^ j= ^4 + 

6. Divide a^ib^- e^)+ b^(c^ c^(a^ - b^) by ab+ bc-h ca 

7, Show that(a;“a}2(&-c)+(a;“&)2(c-a) + (a;-c)2(ff-&) 

8. Solve the equation ('7+a;)f8-a;) - ^ =17ic+l -a’^ 

X 


1 . Ifaix ~ =2(fl+?n). x-~~'2b t/+ — =2(c+«j and 

•ju 3j y 

1 1 
y —2d, find the value of xij-^ — 

2, s..p,.i. (f-^r-2|-s)^(i-^r 


3. 

4 :. 

5. 

6 . 


Show that 

(1+ a)2(l+ c2) -(1+ c)2(l+ a2)=2{a - c)(l - acj 

Shou that (b^-c^){J)-i-c-2a)^+ic^-(i^){c+a-2bf 

+ (a2 -&2^(a+&~2c)2^=o, ifa+&+c=0 

2 1 ,1 t i t 1 1 ill 

Multiply a^b* + c^ -b''c * by a-' + r*^ 
Resolve lox^ -41a:+14 into simple factors 


7, Find the value of x forw hich 

ffi-l 2'a;+11 . o^x-ni) . x+X 
4 ” 9 *^12 


8. ^4. and D have the same income A lays by a fifth of 
his income but B, by spending annually £29 more than A, at 
the end of 4 years finds himself £229 in debt What 'was their 
income^ 



CHAPTER XIY 

HIGHEST COMMON FACTORS 

{By facto) isation) 

100. Definitions. A common factoi of two or moie 
iilgebraical expressions is an expression which, divides each 
of them without a lemaindei 

N B By expressions we shall mean rational and integral 
expressions only 

[See Note, Art 91] 

An elemental y common factor is one which cannot itself 
be resolved into factors 

The product of all the clemenia) if common factors of two or 
more expressions is called then Highest Common Factor \ 
or, in other words, the Highest Common Factor of two or more 
expressions is that common factor which is formed by the 
product of the q) eatest number of elementary common factors. 

Thus, since 6a®&(a;--l)=2x3xaxaX&>i(aJ+l)x(ic-l), 
and 15c[&2(a;2-3a;+2)=3x5xax&x&x(as~l)x(a;-2), the 
elementary common factors of the two expi essions on the 
left are 3 a, b, and as- 1 , hence, their HOF =3a&(a:-l) 

Note 1 Othei common factors of the given expressions are 
3a, b{x-l), ab, 3ab, &c, but none of them is elementary 

Note 2 When the expressions considered have no numerical 
common factor, it is easy to comprehend that the Highest Common 
Factoris an expiession of the higliei degree than any other common 
factor Hence, when two or more expressions have no numerical factoi 
common, their Highest Common Factor may be defined to be the 
expression of the highest degree by which each of them is divisible 
without a remaindei 

Note 3 If any expression A divides any othei expression B 
Without a remaindei, then A is evidently the H C.F of A and B 

Note 4 If H be the H C F of any number of quantities A, B, C, 
&c , then the quotients of A, B, C, &c, by H have no common factor 



174 


AL&EBEA MADE EASY 


[OHAP 


Note 5 If an elementary factoi occurs more than once in each of 
fivo or more given expiessions then the highest power of this factor 
common to the given expiessions, and no higher powei, must occur 
as a factor in the HCF of these expressions 

Note 6 If A=pxg, and B=p' Xq', such that q and q' have no 
common factor, then the HCF of A and B, if any, will be the same 
as the HCF of p and p' 

Note 7 If A~m x n, and B=m' X n', where m and m' respectively 
include all the monomial factors of A and B then the H CF of ,A and 
j!?= (the HCF of m and m') x [the HCF of n and n) 

Note 8 The HCF of A and B is the same as the HCF of A and 
mB, if m IS not a factor of A 

101. Highest Common Factors of simple e2c- 
preSsiODS. Such expressions can be at once resolved into 
their elementary factois, and so theie is no difficulty in find- 
ing the H G F of any numbei of them 

Example 1. Find the H C F of and 

The elementaiy common factors are a, b and c , and the 
highest powers of them cowimtm to the given expiessions aie 
respectively, and c* 

Hence, the HOF required 

Example 2. Find the HCF of 2iab^x^y*, and 

2AGb‘^x°y^z 

We have Mah^xhj*^ =5x2^ xab^x^y^, 

36a®x*2^ =22 X 32 X a^xh^, 

2i0b^x^yh=dx 5 x 2^ x b^x^yh 

Evidently then the elementarj’’ common factois are 3, 2 
and X , and the highest powers of them common to the given 
expressions are respectively 3, 2® and x® 

TTenee, the HOF required=3x22xa;3— ^ 2 ^ 5,3 

Note After exhibiting each expression as a product of powers of 
different elementary factors, the elementary factors common to the 
given expressions are at once obtained by writing down in succession 
'iUch of the elementary factors of the first expression as are also found 
in every one of the remaining expressions Thus in the above 
example the elementary factors of the first expression are 3, 2, a, b, x 
and y, of which 3, 2 and x only are to be found in each of the others. 
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EXERCISE 51. 

Find the HOF of 

1 * and 2 . 12ct®& and 20a2c® 

3. Qxy^z^ and 24xhj^ 4. 20a^xhj^ and loa^ij^ 

5 . and 45?w®?i® 6 . 40fl^^®a; and 28a:^a 

7. 24?H®«i?®, and 84wi®jp® 

8. ^x^y^z^, Ihx^y'^z^ and 

9. 54a®'c^a3'^ and 90a^&®c® 

10 . 12a^hH\ and 120c»d%5 

11 . 48a®a;‘^?/®2®, QOx^y^z^h^ llij^z^Pa^ and Siz'^b^a^x^ 

12 * and 135?n®?i®p^g® 

13. 54a^&^c®d^, 72a®&^c^d®, 108a®&^c®d^ and X2.Qa^b^G^d^ 

14. 18a^£c^j/°. 42a^^^£:^, 60a;®?/^2^ and ISa^x^z"^ 

15. S2a^^xh/^z^ 40a^xhj*^z^ bGPxhj'^z^, 12x^ahj^z^ 

and GGh^a^x^y^ 

102. Highest Common Factors of compound 
expressions whose elementary factors can be 
easily found. 

The method illustrated in the last article will also evi- 
dently apply in such cases 

Example 1. Find the H C F of a^h^+2d^b^ and 
a3 J2 +2a^&3 = aH\a+2b) , 

and a“&-4fl®&®=a^&(di2 -4ib^)=a^ia+2b)ia-2b) 

Hence, the reqd HOF =a2&(<i+2&) 

Example 2. Find the H OF of 

x^y^+xy^ and x*'y+2x^y^+x^y^ 

x^y~+xy^=xy^{x^+y^)=xy^{x+y)ix^ -xy+y^) 
and 4- 2a;® y^+x^y^- x^y{x^ + 2xy +y^)= xhj{x +y)“ 

Hence, the req.d H 0 'S^,==xyix+y) 
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Example 3. l^nd tbe H C P of 

24(a;^ -2ax^ -Sa^x-) and 54(a;^ -aa;^ -Qa^x^) 

Tbe jfirst expiession~Bx8^x-[x- •~2ax~‘Sa^) 

= 3 X 2^ X xHx-^ 2a)(a; - 4n) 

The second expiession=6x9xaj^fa;- -ar-Ga-) 

= 2 X 3® X a;®(a;+ 2fl)(a; - 3a). 

Hence the required H CF ==3x2xaJ®(a:+2a) 

=6a;“('c+2a) 

Example 4. Find the H C F of 

“ 16x* and a® + a^x - lOfla:® 4-8a;® 

The hist expiession-Co' + lr^lfa® -4a;-) 

= + 4T;-)(fl + 2a;)(a - 2x) 

The second expiession=(a-2a;)(a^ + 3fl‘i;-4a;-) 

= (fl - 2a;)(a - a;)[aT4a;) 

Hence the i eqini ed H C F = a - 2v 

Note It may be observed in this example that although the factors 
of the second expression are not so obvious as those of the first, still 
there is no great difficulty in discovering them as it may be presumed 
that the given expressions have at least one cammon factor Hence 
after the resolution of the first expression into factors, by a little 
trial it may be seen that of these a -~2x is also a factor of the second 
expression , thus the factorisation of the expression is much 
facilitated 

EXERCISE 52. 

Find the HCF of 

1. a® - nb“ and a^ +2a®h+ a®&- 

2. a;®y® and 

3. 6(a;- - 9) and 15(a;® + 27) 

4. T2(a®-a2&2c=) and 20(a^&=c® + a-/i®c®} 

< 5 ) wj®}?® + and 

6. la'^'C - 9a- a;® and Aa-x- + 6aa;® 

7. tSa^J'’ '32a-&® and 18a^&2+24a®&® 

8. - 3Ca;®y® and 'lAx^if- -48a'®?y® 

9. 6a®&- “24a&'* and 4a®6+32a®6'‘ 

10. W-a^{xA-aY{x^a^-~xa^) 

and QA{x''a^-x'^a^){x^atx~a“). 



XV] 


LOWEST COmON MULTIPLE 


177 


■^11. 24(a;® - a^) and 40(a;^ + + a^) 

12. 56(£c®fl^-a:^fl®) and 72(a;^a^+3fl“rc®+2a''aj) 

.13. 30(a2+4a&+3&2) and 42(^2 + a&- 662) 

14. 28(a;2 - 3a;2 - lOx) and 52{a;^ - Sa:^ + lojc^) 

■-'IS. xHj+^xhj^ ~ 18x^71^ Slid, xhj^ -rlOxhj^ + 24xy^ 

16. a^x^ - Aa^x^ - 12a^x° and a^x^ + 8a^x^ + 12a2a;^ 

17. 4a;2+12a;2+9a; and 4a;2 -'2aj-12 

18. ^2 _2fe2 ^3 _ ft2& -4flJ2 

' 19. a;2 + 3aj''10 and a;2 -a;2 -i4a;+24 

20. 51(a;2 +8a2) and 90(a;2+7aa;2+l6a2a;+l2a3) 

21. {a^ ~-h^){a+hY, a^-6* and 3a^+2a36-6a262 

22. (2aj - 3)2(032 +03-2), 4032 - 03 - 18 and 2032 - 23a; - 54 

23. 8[21an+a^^), 12(6a*62 and 

40(3a2b2+i3a2b3+4a64) 

24. 03^ — 13£c 2 + 36, 3a;2 + 13os2 + 8a; — 12 and 

4a;2+17a;2+9a;-18 


CHAPTER XV 

LOWEST COMMON MULTIPLE 

{hy factoj isation) 

103. Definitions. One expression is said to be a 
multiple of another when the former is exactly divisible by 
the latter 

One expression is said to be a common multiple of two or 
more others when it is exactly divisible by each of these latter 

Of the different common multiples of two or more expres- 
sions that which consists of the least number of elementary 
factors IS called the Lowest Common Multiple of those 

1-12 



178 


ALGEBKA MADE EASY 


[CHAP 


expressions In other words, a common multiple of two or 
more expiessions is said to be their Lowest Common Multiple 
when it IS the product oijiist as many elementary factors as 
it must necessai ily have and no more 

Thus the common multiples of a and h are ah, ^ah, aH, 
ab^, &c , but of these ab consists of the least number 
of elementary factors, and hence, it is called the lowest 
common multiple of the quantities a and b 

Cor. Hence every common multiple of two or more expres- 
sions IS divisible by their Lowest Common Multiple 

Note The letters L.C.M are usually written for "Lowest Common 
Multiple" 

104:. L.CM. of simple eixpressions or such 
compound expressions as can be easily resolved 
into their elementary factors. 

In such cases the L C M can be wntten down by inspec- 
tion The following examples will illustrate the process 

Example 1, Find the L.C M of 4a^&c and Qab^d 

The 1st expression = 2^ x x 6 x c 

The 2ndexpression=2x3xax&2xd 

Hence, 2^ x 3 x x 6^ x cx d must necessai ily be a factor 
of cvei y common multiple of them 

Hence, the L C M required 

=22x3xa2x 

=>12a^b^cd 

Example 2. Find the L.C M of ’Mx^yz, XQxy^z^ and 

The 1st expression = 2® xSxfc^xyx^: 

The 2nd expression == 2 x 3^ x jc x x 2 ^ 

The 3rd expression =3® x x x z^. 

Hence, 2® x 3® x x ?/3 x z^ must necessai ily be a factor of 
evei y common multiple of them 

Hence, the L C M required 

=2® X 3® X IC^ X i/® X 22 

=2i6x^?/®2®. 
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Example 3. Find the L 0 M of 

4*2^0;+ a)2. 6fl2a;(a32-a2) and9a;®(a;®-a^) 

The lstespiession==22xa;^x(a5+a)2 
The 2nd expression=2x3x«2 xajx (sc+a)(a~a) 

The 3rd expression=3- x cc® x (cc - a){x'^ + ax+ 

Hence, 2® x 3® x x cc® x {x+ ay[x - a)(x'^ + ax+ a^) must 
necessm ily he a factoi of evei y common miiltiple of them 

Hence, the Tequired L C 34 

= 2^ X 32 X X a;® X (a;+ fl)2(a: - a)ix^ + ax+ a^) 
-3Qa^x^x+aY{x^ -a^) 

Example 4. Find the L C M of 

£c® - 3aJ+ 2, a® + 2a^ - 3a and + a® - Ga^ 

The Ist expression^ (a - l)(a - 2) 

The 2nd expression = a(a® + 2a - 3) = a(a - l)(a + 3) 

The 3id expression =a^(a2 + a-61=a^ (a -2)(a +3} 

Hence, a^(a-I)(a-2)(a+3) «ecessa?z?i/ be a factor 
of evet y common multiple of the given expressions 

Hence, the L CM requiied=a2(a-lXa'-2)(a+3) 

Examples. Find the L C M of a^-Sa^+Sa-l, 
a^-a^-a+l a^-2a®+2a-l and a^ -2a®+2a2-2a+l 
a** - 3a^ + 3a - 1= (a - 1)3 
aj3 _a;2 _a+i=a;2(a-l)-(a-l) 

= (a - l)(a2 - 1) = (a - l)^(a+ 1) 

a^ -2a3+2a-l=(a^ -l)-2a(a2 -1) 

= (a2-l){(a2+l)-2a} 

=(a2-l)(a-l)2 

=(a-l)3(a+l) 

a* -2a3+2a2 -2a+l=a3(a3 -2a+l) + (a3 -2a+l) 

= (a^ - 2a+ l)(a2 + 1) 
=(a-l)3(a3 + l) 

Hence, (a-l)3(a+l)(a3+l) viust necessanly be a factor of 
evei y common multiple of the given expressions 
' Hence, the L C M required =fa-'l)3(a+l)(a34-l) 
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EXERCISE 53. 

1. a^ and ah^ 2. and aHc 

3. Qx~if^ and lOxy^, 4. and lim^n^jp 

5. Bxry'^z and 6. AaHc and 14a&c^. 

7 . S^i^b^c 12ah^c^ and20a^&c® 

8. Gx-y, ^xhj-z 12a^XJj^ and loaxz^ 

9. and 

10. Ifac-?/)^ 6(ic2 -7/2) and8f£C+?/)2 

11 . X'-^x-rSanix^-ox-rG 

12 . a^-r2a^x-Sax^ and a^ + a^x-Ga^x^ 

13. a-(o- ~-4t) and a^-r2a^' -8a^ 

14. 4a^x^ 2x[x^ - a^) and Ga^x{x‘^ + a^) 

15. 12(a;2-^3a:-10jandl6(a:2+43c-12) 

16. a:2-2a:-15 a:2 + ga;-!-20 and a:2+4a:-2l 

17. 12a"-27a262 2a^ ah -Gb^ and 2a^- ah -GP 

18. SP^27b\8a^--27P^ andlGP + GGa^^-i-Slb^ 

19. Sx"^ -bOx^y^ 12x'*^-^24x^y-VDxy^ and 

IGx^ - 48357/+ 20j/2. 

20. 4jr;2 - 12flx- 9ci2 63 c 2 - 7ax - Ga^ and Gx^ - llfla;+ 3a* 

21. 2a:2-6a;-r9 4a;®-12^*+18a!and4a:^+81 

22. 9«2 - Gaa: + x-. 6n* + lOasc - ix^ and 9fl2 _ 21fla;+ 6a5* 

23. 83:'’-12a5*“6a:-l 8a:*~-4a:*-2a;+l and2a;*+5a:-3 

24. X- - 6x7/+ 8?/*, X* - 7xy-^ 12?/*, x* + 2xy - Iby^ and 

x*+xy— 20?/*. 

25. 6x*-x-l 3x*+7x+2 and 2x2j-3x-2 

[C U Entrance Paper, 1869] 

26. 1— 4x-*-4x--16x^ andl+2x-8x^-16x^ 

[C U Entrance Paper, 1871 ] 

27 . 9x^ - 23x* - 3 27x^ - I2x* + 1 27x^ + 6x* - 1 and 

x^-6x*+9 
[C U Entrance Paper, 1886] 
[Tne factors of the last expres’sion suggest a factor of 
the fij =t ] 



CHAPTER XYI 
EASY FRACTIONS 

105. Definition. The algebraical fraction , where 

a and b may have any nuiiiencal values, is defined to be a 
quantity which, when multiplied by b, becomes equal to ff In 

other words, is defined to be eqmvalent to a— b In , 

a IS called the numerator and b the denominator. 

Note Thus an algebraical fraction is no other than the quotient 
of one expression by another, expressed by placing the dividend 
over the divisor with a horizontal line between them ; end the 
dividend and the dwisor so placed are respectioely called the numerator 
and the denominator of the fraction 

106. The value of a fraction is not altered if 
both its numerator and denominator are multi- 
plied or divided by any the same quantity. 

li a, h and m stand for any quantities whatevei, to prove 
that 

a am 
b”bwi’ 

Let x=j, 

then a:xb=-^xb=a [by definition] ; 

, a;xbx??i=aX7?j, 

01, x^hn-am 
Hence, x ~ am —hm, 
a am 

ie T-~i — 

b hn 


Conversely we have 


«e, 


am ^ am—m 
bm bm—m* 


Thus the proposition is estabhshed 
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Cor. — tI“ — 7' Thus the value of a fi action is 

b &x(-l) -b 

not altered if the signs of both the numeratoi and the deno- 
minator be changed 

107. Reduction of a fraction to its lowest terms. 

A fraction is said to be in its lowest terms, when its 
numerator and denominator have no common factor 

Hence to i educe a fraction to its lowest terms, or more 
biiefly to it, IS no other than to find an equivalent 

fraction whose numeratoi and denominatoi have no common 
factor, and this is evidently done by dividing the numerator 
and the denominator of the fraction by then highest common 
factor 


Note In all cases where the numerator and the denominator can be 
factorised by inspection the reduction is at once effected by simply 
removing the common factois 


Example 1. Reduce 


lOab^c^ 


to its lowest terms 


4a^6^c^ _ 2x2xfl2x&3xc^ 2a 
10ab^c^~ 2x5xflX6^xc^ '~bb* 

Example 2. Simplrfy 

aH^(a^-b^) __ a^^ia+b)(a-b) 

dab^{a^ + b^) Bab^{a+ b){a^ - ab+ b^) 

qia-}}) 

~Bb{a^ -ab+b‘^y 

Example 3, Reduce to its lowest terms 


The numerator =(a;+8)(a;-5) 
The denominator =(a:+8)(a:-4) 


Hence, the a.ven f.act.en=g±«j=|^5. 

Example 4. S.mpl.ty 

The numei ator =2a{a-b)+ 3a;(a - b) 
~{a~b){2a+Bx) 

The denominator = - &) - 2£c(o - b) 

= {a~b){Ba-2x) 
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tt ji (fi-&)(2a+3a;] 2a+3a; 

Hence, the given expression=^^_ 


EXERCISE Bi. 

Reduce to lowebt terms 
2aH^ 


1 . 

4. 

7. 

10 . 

13. 

'^15. 

y 

"17. 

19. 

21 . 

23. 

'4b. 

} 

Jsn. 


iaH* 

16x^t/^s^ 

2dx^?/^z^' 

lObc^dW^' 
-Sx 
9a: “ Jc® * 


2 . 

5. 

8. 

11 . 


Sxi/ * 

ISa^bc^d^ 

21a^b^c^d*' 

Qb^hnhi^q^ 

4a;2 - 9a^ 

- ■ — > — — — « 

4£c2+6a£c 


3. 

6 . 

9. 

12 . 


IQax^y^ * 

40a®2^x®?/* 

x^—a^ 

x^+ax' 

Ba^ -'12ab 
4862 -3a2’ 


I 


31. 


35 . 


3aT:-*l2a2 

14. 

2x^ - 4a2x2 

x^ “ lba2 * 

x*-4a2a[;2 + 4fl'i* 

4x2 +8a: 

16. 

x2+2x-8 

x^ + 5x+ 6 

x2 + x-12* 

x2 + 2x-l5 
x2 + 9x+20 

18. 

a2-3a6-462^ 
a2 -4a6-562 

-aH+aH^ 

20. 

l-7x+12x2^ 

a^ + b^ 

l-8x+15x2* 

X? -Bxy-^-by^ 


l-9a2+l4fl4 

x2+2xy-35y2* 

l-4a2-21a^* 

x^ -8x2 -65. 

81. 

3a 2x + 9a2a;2 + 27ax2 

x*+x2-20 ’ 

a2-27x3 

2x2 -x-6 

/ 

>j26. 

3x2 -6ax+2a2^ 

3x2 -2x- 8* 

3x2 + ax-2fl2 * 

3x2+16ax+5a2 

^ OQ 

6x2-7x-20 

3x2+22«x+7a2’ 

fig* 

9x2+6x-8 

2x2+3fl!X-20a2 ^ 


10-17ax+3a2a;2 

3x2+5a!X-28fl2 

oil. 

5-2bax+5a2£i;2 

x2 - (a - 6]x ~ ab , 

32. 

6ac+ 106c+9ax+ 156x 

x2 + 6x2 + ax+a6 

6c2+9cx-2c-3x 

86x+ 12a6+ 6x1/+ 9a?y 

126x + 8o6 + 9x1 / + Baij 

2a2 + a6-62 

a^+a^b-a~b 

a2-62_26c-c2 
a2+2a6+62— c2’ 
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108. Reduction of two or more fractions to a 
common denominator. 


Let 


a 

T’ 


d 


■“> &o , stand for any numbei of fi actions 


Let L denote tlie L 0 M of the denominatois, ? e , of &, d, 
/; &c Then, since the value of a fraction is not alteied when 
its numerator and denominatoi aie both multiphed by the 
same quantity, we must have 

a __ax{L—b)_ax{L—h), 

b~bx[L-br L ’ 

c _cx(L-d)_cx(L-d). 

d dxiL~dr L ’ 

e_ex{L-f)_ex{L-f). 

f'fxiL-f) L ’ 

and so on 


Thus the fi actions in the thud column aie lespectively 
equivalent to the given fi actions and they have all got the 
same denominatoi, namely, L 

Hence, we have the following lule foi reducing fiactions 
to a common denominator Fmd the L C M of the denomtna- 
to}s and mulUphj the numeiatois and dmomimto) s of each 
fi action by the gjnoticnt of the L C M, thus found, by the deno- 
mwaioi of that f) action 


2 3 

Example 1. Reduce ~r- -- A and ,, f to a 

a+b a[a~h) b[a^-b^) 

common denominator 


The LOM of the denominators = a&(a“ , and the 
quotients obtained by dividing it by the denominatois aio 
respectively ah{a-b), b{a+b) and a 


Hence, we have 


x _ 'vxabia-b) 7:ab{a - b) 

a+b {a+b)xab{a-‘b)^ab{a^ — b^y 


^ b) _ 'V~b(a+ b ) . 

a{a’-b)xb{a+b)~ab{a^-b^y 

__ x^xa _ x^a 
- b-) " ■'b^)xa '^ab{a^ - b^) * 
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Example 2i Reduce 
to a common denominator 


a; -2 
- 4a;+ 3 



a;-3 

-3a;+2 


The denommators are respectively 

(£C - 2)(£c - 3), {x - l)(a; - 3) and (aj - l)(a3 - 2) 

Hence, then L C M = (aj - l)(a! - 2)(a; - 3) , and the quotients 
obtained by dividing it by the denominators aie respectively, 
a; - 1, a; - 2 and a; - 3 Hence, we have 

a;-l _ fflS-lKa;-!’) _ x^ -2a;+l . 

x^ -5a:+6~'(a;^ -oa;+6)(a!— 1) a;® — 6a;^ + lla;-6’ 

ai-2 _ (a;-2)(a;-2) _ a;^-4a;+4 

X- -4a;+3 (a;^ -4a;+3)(a5“2)*”a;’ -6a:^+lla:-6’ 

as— 3 _ (a; — 3)fa;— 3) _ x^ ^63C+9 

a;^-8a;+2 (a;^ -3a;+2)(a;-3) a;® -6a;^ + llaj-6* 


EXERCISE 55. 


Reduce to a common denommatoi 


1 . 



(jt 3c j c 

2&* 4d®”^7* 


ah he ca 
4x1/^’ Qxhy lOaj® 


/ 

/ 

4:. 


X^ 7/^ ^ 

26c’ 3ca’ 4a6 

a b c 
a-b’ a+b’ a(a+6)* 


5. 


X^ 7/^ 

a2+2a6’ a-26 


6 . 


2a a-c 
a~b' ab-a^ 


m _2^ 35 4c 

a-b’ h-a' a+h' 

S B?/ 4s 

a^(a+a;)’ b^{a-xy c^{a^'-x^) 

o 5S Qg 

2a;y-37/2’ 2x^+‘dxy’ 4:xhj-2xy^‘ 

10 . 

a;^+a;+l’ as^-as+l* 

3 4 

a;2-a;-2* aj^+jc-Q* 


11 
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-rt a-2& he 

a(a2-2a&+462)» 

■fO ® ^ ^ . 

fl2+3fl&+9i2' a3_27&3 

Id ^ ^ 

^ fl{a'-&+c)’ a^+b^~-c^-2ab' 

1 R c-g &~a h-c 

^a-c)(&-c)’ (c-a}(a-&)’ 


109. Addition oi Fractions. 


From Cor 3, Art 47, we know that 

a(&+c+{?+c)=rt6+ac+fli?+ae, where a,b,c,d,e are any 
quantities whatever Hence, conversely 


fl6+qf+ac?+ac 

a 


= &+c+f?+e= 


ab.ac, ad , ae 

• — 1 1 — + “' 

a a a a 


Hence, putting i?, ff, J ^ respectively for ab, ac, ad, ae, 
we have 


p+q +1 + ?_ p , g . ? , 9 1 / n 

— a a'^a '^'a ‘^'a’ g(?, ^ and a are 

any quantities whatever 

Thus the sum of any number of fractions which have a 
common denominatoi is a fi action whose denominator is the 
same and whose numerator is the sum of the numerators of 
the given fractions 

Hence, to obtain the sum of any number of fractions 
V hich have not the same denominator we must first reduce 
them to equivalent fractions having a common denominator 
and then proceed as above 

Example 1. Hind the value of . 

„ h hxi-1) -b 

a-b^ 
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Example 2, Und the value of -1 ^ 


x+a x-a 

Since the L 0 H of the denominators 

, X x(x-a) j a afjc+a) 

we have —7— = -5 r and = -5 a* 

x+a x^-a^ x-a x^-a^ 


Hence, the required value = __ + ».8 _ ,2 


x(x-a) ■ fl(a;+u) 
x^ - a^'^x^ - a^ 
x(x-a)+a(x+a) 


x^-a^ 

_ x^ + a^ ^ 

Example 3. Find the value of ^ “ ^2^* 

In the present example it is not convenient to reduce aU 
the fractions to a common denominator at once We can 
proceed best as follows 

rrr i. 1,1 fa-&)+& tt 

W 6 Il&VB I L. * 2 T»2 " ^^2 t. 2 "" ^ 2 f o'* 

a+b a^-b^ a^-b^ a^-b^ 


Hence, the required value = 


a 


a 


a^-b^ a^ + h^ 

a{a^ + b^)-aia^ -b^) 
’’ a^-b^ 

2ab^ 


a^-b^ 


Example 4.- SmpWy ^2~ST2"52T4+5^6‘ 


We have 


_1 1_ . (x + 2)-(x-2) ^ 4 . 

a;-2 03+2 03^-4 x^-4:' 

4 4 4fa32+4)-4(a:2-4)_ B2 

a;2_4”a;2+4 a:^-16 03^-16' 


^ 32 , 32 ^32(a3^+16H32Ca:^-16) 

h-astiy, 3,4 _ 10+234 4.10= 2:8 -253 


6403^ 


03® --256 


which IS the reqd result 
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Examples. 


The given expiession 


4_L__l_l_J'_i L-l 

[fl+i a+ 2 bj \£ 1 + 3 & a+ 4 &j’ 


Hoiv, we have 


1 ^ __1 (a+ 2 b)-(a-hb) 

fl+& a-i-2b~' (a+b)(a+2b) 


'ia+b)[a+2b)' 


and 


Lastly, 


1 1 _(a+4&)-(fl+3&)_ 


a+3b a+4b {a+3b]ia+4b) (a+Bb){a+4b) 

b b 


" (a+&)(a+2&)(a+36Xa+4&) ’ 
of which the numeiatoi = Z)(fl2+7fl&+1262)"5(a^ + 3a5+2&2) 

-&(4a&+10i&2)=262(2a+5&) 

2&2(2ft+5&) 


Hence, the reqd result = 


(a+&)(o+ 2 &Xa+ 3 &Xa+ 4 &)* 


EXERCISE 56. 


Pind the value of 

a+h , a -b 
b 

CD 


a 


y 


3 . 

« 

5. 

7 . 


a 


+ 


tt~x x-'a 

a b 


/ 2 . ^/+Vzi+£z®. 

ay ys jkc 

A 

a-b a4-b 

!n 4a:® + 9?/^ 2a; -By 
4a:®-9y2"2a;+3y 

Q a^ + ab+b^ , -db-Vb^ 

0» , ^ T**" 7 • 

tt +6 a-o 


(fl “ b){a - c) (a - c)(& - c) a;2-3a+2^a2-5a;+6* 
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4 , 

yl3. 

Jl5- 

18. 

Ad. 

20 . 

21 . 

22 . 

^23. 

24. 

25. 

26. 
^27. 

28. 

29. 

30. 

31. 

Jd2, 


£c^+7£C+10 £c^ + 13ic+40 
a+b a-b , 2ab 


12 . 


1 (2a;-3?/)2 


a -6 a+6 b^-a^ 


2a;+3?/ 8x3+27?/^ 

14 — 3L, .__L . __2a_ 

^ • a+26'^a-2&'^4&2-a^* 


x+v ,x-V 2(a:“ a”2:i; 0 + 


aj-y ■ ac+7/ x^+y^ 

Sjj+I a: -3 5a;^+21a ; 
£C-3 3aj+9 2a;^-18’ 
4o-& 4a+& 4&(l-8a^) ^ 

l-4a6 l+4a& 

2a;2 


"ix , 8aa; 

«+ 2 a 5 a-2x d^+4x^ 


X 


X 


x~2a x+2a x^+^a" 

, 2a& . 4a2& 


+ 


a-b a+b a^ + h^ a^ + b^ 
X . X Qx^ 

3x “ 1 / 3cc+ 1 / ’** 9j[;2 + 1/2 * 

1 1 x-^a 


x-3a 2x+6fl 2x2 + 

(a2 + b2)2 ^ a & _ 9 

ab{a-b)^ b a 

1 1^1 1 
+ 


x-1 x+1 x~2 x+2 


x—a 2x+a x+a 2x-a'i 


+ 


a-x x+8a a+x x~8a 

_2 X 1 

X-'l’”x2 + l X+1~1-X2’ 

ft"C b-c 

(a -b)ix-a)^(b- a){x ~ b) ' 
1 , 1 , 2 
x2-3x+2'*‘x2-5x+6'*'x2_8a;+i5’ 

1 . 1.2 


x2 + 5flx+4a2 a;2 + ilax+28a2 a:2 +20ax+ 91a2*^ 
1 , 2x ■ 1 

x2 + 3x+2^x2+4a;+3 x2+5a;+6* 

1 1 2x 


1-X + X2 1+X+X2 l + 
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l+x+x^~l-x+x^'^l-x^+x^ 

Q/L ^ a?-2 Gag 

a:-2"a;2+2a;+4 a;3+8’ 


L 11 11 _ , ^ 33aa; 

I 6 ( 2 a) 2 - 6 aa;+ 9 fl 2 ) ^ 32a;2+96fla;+144a2 ■^4(4®* -81a*)' 

110. Multiplication of Fractions. 

fit c 

Let -y and be any two fi actions , to find the value of 


a c 

T*T 


Let ®=T ^ T 
0 a 


Then we have OJX&xd^-f-x-T-x&xd 

0 d 

--^xbx.A'xd 
0 d 




= OXC , 

or, ajx&d“flc, 
a;=^ 

• “ bd ’ 

, „ a „ c _ ac 
' b d bd 

Hence, |x|x-^=»-^x-i=»|; 

f ; and so on 

Thus, //jc i?? odwci o/* a???/ numbei of fi actions is a ft action 
whose mmc) aiot is the pt odiict of the mime} atois of the given 
fractions and whose denoininato) is the pioduct of then 
denonimaiot s 

Cor. Since c=y> we have Y“y' 
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2 2 

Example 1, Multiply togethei ~ and 

yz zx 


xij 


The required product = = i 
^ ^ yz'x.zxy^xy y^y.z^y.x^ 

Example 2. by 

mu j 1 i_ fl:ffl-£c)xfl(a+a!) 

The reqmred pioduot - -&*+*») 

_ aa:(fl-a;)(fl+a ;) 

’”(.a+ic)^(a-a3)2 


acc 


QiC 


(a+£ij)(a-cc) a 2 -a ;2 

Example 3. Multiply together 

X 


1-x^ l-y^ j ^ , u, 

TW’ 


Since 1+ 


X 


l~x+x 


1-x 1-x 1-a; 

the required product=^^^t|fc£) x x — 


X 


_ (1 + a;)(l — flg)fl +• ?/)(! - v) _ 1 - V . 
(l+7j)x{l+x)[l~x) X 


EXERCISE 57. 


Multiply together . 


- 2a2 9&2 , 8 c2 

3a6’ 16ac %c 


8. ®-. ^ and^^- 


yz zx 


xij 


K V2imhi^ j dioxhjz 
Ixy^z 

Simplify the following 


6 . 


x+1 x^+x-2 ^ 
x-1 £c^ + aj 


*• wo “ diiici 

12icp 21a 


a2~9&2 3a2 

a^+Sab a^-Sah* 


7. 
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53 V . Q a^H-8a;^ a^-4aa;+4a:^ 

* a^+ab a'^ + ab+b^ * a^~2a^£C a'^-2aaj+4a:2* 

a;2+4a;+S „a;2-3ic+2 

11 -lx+10 -^x-1 8 ^ 

x^"2x~lo a:'^-8a;+l2* 

1o a: ^-4a;+3 a;^-7aj+10 a^-b^ ,, fl-& 

a:--0a:+5 x^-^bx+Q * a^—2ab+b^ a^ + ab* 

1 /I ^^jzPX +2 „ 3k2 X 

3.r''-5a;-2 4i«;-2 ' 


a;^ -6a:-16 x^~llX'i-28 ^ 
x‘^-4x-21 x^-12x+B2' 


16. 


~;jcJ a^-b^ 
0^ b ax+ ^ 



a-xj 



20 y Bg^+lla;- 4 2a ;^+a;-15 

lt' + 7a:-4 3a:'*+8a;-3 '~23:2-lla;+15 * 


21 . 

22 . 


b^-y~ 

c- 

t- -a^ 


- a'^-r2a c b^ + c^-'O^ "2bc 
-b^'rlac o^~b^ + c^—2ac 

-~b ^+2ab a^-b^ + c- -2ac 
-a“ + 2flc + -2fl&* 


111. Division of Fractions. 

(i c 

Let and be any two fractions , to find the value 


Let a=-f-4. 

b d 

'llienueha\e5cy \=-t ~4 x 4- 
d b (1 d 
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m~n^n= m, whatever 
m and n may be ] 


d c b c 


or. 


X 


^±^ 1 . r 4x-^=i 1 

b c L a c J 


d 


Thus, to divide one fraction by anothei we have to multiply 
the foi mer by the i ecipi ocal of the lattei 


Cor. 


a 


a 

b 


1 


Avl-± 
b e be 


Example 1. Simplify 
The rectuired result 


a^ + b^ a^-ab+b^ 
a^~b^ a~b 

a^ + b^ a-b 

a^-b^ a^-ab+b^ 


_ ia^ + b^){a-b) 

{a^ -b^}{a^ -ab+b^) 

_ {a+b){a^-ab+b^)ia-b) 
{a+b){a-b){a^ -ab+b^) 

^1 


Example 2. Simphfy 

x^+x-2 £c^-3a;-10 a;^-4a;“-5 . 

a2+7a;+12 x^+x-l2 

The required result 

_ x^ + x~2 a;^+a;-12 x^~4x~b 

a:2+7a;+12 x^-Bx-lO^ x^~Ax+S 

_ (a;-lX!g+2) (a;+4)(a;-3) (-K-Slfai+l) 
{£C+3Xa:+4) (a;-5Xa;+2) (ai-dXic-l) 

_ (ag-iyaf+2Xa;+4Xa;-BXa;-5Xa?+l) 

(£13+ dXa;+ 4 X£ic - 5X£C+ 2j(£c - 3)(a3 - 1) 

_ £I3+1 

03+3 


1-13 
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Example 3. Simplify 

a a a+h ^ a~h 

a-b~ a+b a-b 
h b a+b _a-b a^ + b^' 

a-b a+b a-b a+b 

[Calcutta University Entrance Paper, 1876 ] 

a a a{a+b)-a{a-b) 

, a-b a+b_ a^-b^ 

J b_ b[a+b)-h[a-h) 

a-b a+b a^-b^ 

_ 2ab 2&2 
a^-b^ a^-b^ 

_ 2ab a^-b^ 



a+b , a-b { a+b)^+{a-b)^ 
a-b^a+b _ a^-b^ 

a+b a-b ~' {a+b]^-^a-b)^ 
a-b a+b a^-b^ 

_ 2(a^ + b^) . 4g& 
a^-b^ a^-b^ 

_2(a2+62) a2_j2 

a2-&2 iab 

_a^ + b^ 

2ab 


tit 


(3) 


Hence, fiom (1) and (2), tlie given expiession 

_ a a^ + b^ 0® 

2a& fl2+&2 

„ a „ 2ab a® 
b a^ + b^ a^ + b^ 

2a^ 

"(a2 + &2)2 • 
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EXERCISE 58. 

Simplify 

^ Bah^c ^ o + ah 

Ibxy^z 2bxhjz * a~h 


q a;^-49 a;+7 - + 

x^-lb cc+o* * G2+2a&+&2 


w -2mn-3n^ 

+ 5 hmi+ Gji^ 


0 m^-n^ . +mn+n^ _ 

171+ n m^~n^ 



8 - xt)- 

\a+h a~bJ \a~b a+bJ 

vy9, (3C+V ^x-v\ /x+ii x-v\ 

\x~y x+yj \x~y x+y) 

Vft x^-i a5®-5a;-14 
x^ + dx-lS a; 2-36 ' 


ia a^ + b^+daUa+b) {a-hY+4^ab 

(a+6)2-4a& -b^ -Bab[a-by 

x^+7y {x+yy~Bxy xy 
{x-yy +Bxy x^-y^ x^-y^ 

-- a(a-&P+4fl^6 . a^-b^ b{a+by -Aab^ 

ab+b^ ab a^-ab 

If, x^-x-BO as^+Sas-lO . a:+4 

£c 2-36 x^+ 2 x -8 2x^ + i2x' 


ifi a;^+3a;-108 a;^+6a;-72 a;^-16x+63 
05-^ -64 cc^ + a:-56 £C^-14ii;+48* 


17. 

fx'^+y^ x^~V^\ (x+y 

a:-?/\ 

\x^-y^ x^+y^l \x-y 

x+y) 

18. 

ia+h a^ + b^] . [(i-& 
\a-b a'^-b^} ta+& 

a^~b^\ 
a® + &3) * 


[0 U 1868] 
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19. 

a^-6* 


(ft+ — 3aft(fl+ b] 

{a+b)^-Sab {a+bp-2ab 

20 . 

(a-hl{(fl+&)^ “fl&l 

(a’-h]^ + ^ab (n+jA^-2ab 

{ft-&)® + 2n6 

(a+ 6){{a - 6)2 + 06 } ((i+ 6)2 - 3a6 


<73 &3 


21 . 


, b a 

la b\( a , b 

-iVl+i+i 

1 


[Calcutta University Entrance Paper, 1874] 


CHAPTER XYJl 

SIMPLE EQUATIONS AND PROBLEMS 
1. Simple Equations. 

112 . In Chaptei V, we have explained the process o£ 
solving easy simple equations We propose to considei the 
sub 3 ect more fully here 

We have stated that the process of solving any equation 
IS piimarily based upon certain axioms [Art 63] from which 
it has been noticed that an equation is not altered, 

(i) if any teim be transposed from one side of the equa* 
tion to the other , and (ii) if both the sides be multiplied or 
divided by any the same quantity 

Hence, the general lule foi solving a simple equation 
involving one unlniown quantity may be put as follows 

(1) Simplify the two sides scpaiatehf hj dealing of /iflc- 
itons and biaclets if any, and by peifoimtng opeiations indi- 
cated by the symbols 
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(2) T) anspose all the tei ms involving the unknown guantity 
to the left-hand side of the equation and the i emaimng tei ms to 
the 7 ight-hand side 

(3) Next, simplify the two sides again 

(4) Finally divide both the sides by ike co-efficient of the 
unknown quantity 

The value of the unknown quantity, thus obtained, is the 
required solution 

Note The student should verify for his own satisfaction that this 
value does really satisfy the given equation 

Example 1. (6a;+9)2+(aB-7)2=(10a;+3)2-71 

[C U Entrance Paper, 1882 ] 

The left side = (36x2+ 108a; + 81] +{64aj2 -112a; +49) 

= 100x2 -4x+ 130 ^ 

and the nght side = (100x2 + 60x+ 9) - 71 
= 100x2 + 60x- 62 
Hence, the equation stands thus 

100x2 -4x+130=100x2+60x-62 
Removing 100x2 from both sides, we have 
-4x+130= 60x-62 
Hencej by transposition, 

— 4x— 60x= -130 “62 
or, -64x= -192 

and therefore, dividing both sides, by -64, we have 

x=3 

Thus, the required loot is 3 

Example 2. Given ^ ^ ^ ~ q — + 1= ^ ® 

Multiplying both sides by 8x9x5 or 360, which is the 
L G M of the denominators, we have 

360(x - 6) 360(2x - 15] . 360x 360(x - 12) 

8 9 6 

or, 45(x-6) -40(2x-15)+360= 24x-60(x-12) 
or, 45x - 270 - 80x + 600 + 360 = 24x - 60x + 720 

or, -3ox+690=-36x+720 
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Hence, by transposition, '-35a;+36aj=720 - 690 

or, jc=30 

Example 3. Solve +x)- f (a - x)} = ■H3a(l -x)- ^{a+ a;)}. 

The left side = ^(1 + a;) - j(fl - a)} = + "I- )iK 


7a , 16fl+9 


and the right side 

7a 9a+16 
"“ 12 “ 12 ^ 


Hence, the equation stands thus 

7a,16a+9_ 7a 9a+16 

E+-Ta-®““i2'~i5~® 

Multiplying both sides by 12, 

7a+(16a+9)fl;= -7a-(9a+16)aj 

Hence, by transposition, 

{(16fl+9)+(9fl+16)}a;== -14a 
or, 25(a + l)a; = - 14fl 

. dividing both sides by 25(a+ 1}, we have 

which is the required root 


Example 4. G.«n find® 

Multiphying both sides by a^ - b^, which is the L C M of 
the denominators, we have 

{a - b)x+ (fl^ - h^) =* (fl + &)a;+ {a - &)^ 
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Hence, by transposition, 

{a~h)x—{a+b)x=={a~h)^~{a^-l)^) 
or, {(a-&)-(fl+&)}aj= -2a&+2&2 
or -2&a;= -2ib(a-&) 

Therefore, dividing both sides by -26, we have 

x=a-h 

EXERCISE 59. 

j^d the value of x, when 
1. 3(a;-4)2+5(sc-3)2=(2a;-5X4a;-l)+24 
^ (12a;+9)2 + (5a:+3)2=(13a;+9)2+33 
5(a;+l)2+7(a;+3)2=12(a;+2)2 
- 14)2 + (4aj - 19)2 _ (52. - 23)2 =* 22 
^ (5aJ-8)2 + (12a;-7)2 = (13a!-10)2+37 

6. (a;-l)2 + (a;+l)2=2£c(a;2 -i)+4 

7. (a;-2)2+2a;2+(a;+2)2=4a;2(£c+2) 

8. (oj + 2)(ic+ 3)(cc + 4) + 96 = a:2(fl!!+ 9) + 3(3a; + 13) 

9. 3(a;2-14)=(a;+l)2 + (a;-2)2 + (a;-5)2 

10. a{x-a]=l{x-d) 11. 3(a;-ft)+5(2a:-3a)=8a 

Solve the following equations 

12. (a;+a)(a3+6)-(a+&)2 = (a;-a)(£c-6) 

13. a^[x-a)+'b^{x-b)=dbx 

14. m^{x-m)+n^{x+n)+mnx=0 

15. b(jc— 2a) +a(jc- 26)= (a -6)2 

16. a(4a;-a)+6(4ac-6)-2a6=0 

17. cc(a;-a)+a;(a3-6)-2(a;-a)(£c-6)=0 

18. {x + 3a)(aj — 36) + 3(a; — 3fl)(cc + 36) = 4(aj — 3a)(jc — 36) 

19. (26+2c-a;)2+(26-2c+a;)^ 

= (26+2d-a;)2 + (26-2d+a)2 
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20 . {(C - a)3 + (a: - &)3 + (a! - c)’ = S[x - a){x - h){x - c) 

21. (a;+ a)3 + {x+bY + (a;+ c)® =3(a;+ a}(a3+ &)(»+ c) 


22. f-+a=4+& 

a V 


23. ^-- = a‘-h‘ 

OX ax 


21. -i(ic+l)+7(a;+2)+Ka5+B)=16 

rtr a;-6 , a;-4 o a;-2 x , 2a;-13 o 4a;-35 


fl;+7 , JC+IS , cc+17 a;+27 
2’- -r + -5-+^7 4- 


28. 65-^= 


a;-7_4a!-2 
3 " 5 ' 


[0 U Entx Paper, 1861 ] 


29. 

30. 31. 


7a;+9 


-(.-^)=r 


QQ a;+7 e, 2a:+5.10“5a; 

33. _-5r=— + — ’ 

34. a:-(3x-^^)=-|-(2x-57)--|' [0 U 1889] 

35. 

[OU 1866] 


37, [0 U 1866] 

38. l{x-2)-^x-i)^-ij{2x-B)~2^ [0 U 1869] 

39, [OUEntr Paper, 1870] 

40. „9 fQ u ;i,876] 


2x-3,3x-8 4x+15 , 1 


41. ^+ 


11 33 


+1-. [0 U Enti Paper 1877] 
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-o 4a;+B , 18 tj 8aj+l9 

~+i08“T8-‘ 


[C U Enk Paper, 1878] 


yio - a;^-2^ £t:-3-2-_2x® -3 ic-5^- 
'~~r~ 5 8 3 ’ 

[0 U Entr Paper, 1883] 


44:. ^ Paper, 1886] 


45. 

46. 

47. 

48. 


a;+2-| a;+3^ _ a;+4^ . 


15 


2o 


55 


[C U Entr Paper, 1888 J 


lla;-13,19a;+3 5a;-25^ ooi 173*+4 

-®- + -Y r^'=28f--gj— 

a ;-l|y 2-6a ;_ 5a;-T(lQ~^a;) ^ 


2 


13 


39 


Saj-Kl+a;) . l-4a; _ 2|+ jg-(a;~l ] 


5i 


21 


49. - a) - U^x - 3b) - i{a -x)= 10a+ 11& 

E/» 2x+a x-b_3ax-^{a-b)^ _ 

vUi I '*“ L * 

0 a ab 


2a;+l 402-3a: ^ 471-6a: 

29 " 12 2 ■ 

52. [0 U Entr Paper, 1874] 


113. Equations involving Decimals. 

The decimals, if necessary, may be converted into vulgar 
fractions 

Example 1. Solve ^^-^=66 

Since, 0D=^=jg!ma 

1 , a;-2 a:-4 

we have -i i— =56^ 

TV TV 

or, 18(a;-2)-16(£C-4)=56, 
or, 2a;+28= 56 , 

, 2a: -28, 


or, a; =14 
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, „ . 585a;- 975 _ 156 39a;- 78 

Example 2. Solve 6 oa ;-1 g ~~2 9 — ' 


„ 585a:- 975 5 85a:-975_195a:-325 

Since Q = 6 " 2 ’ 

156_156_„q 
2 " 2 

, 39a;- 78 39a;-78_13a;-26 

and 9-=— 9 

the equation stands thus 

65a;+ ^ ^ 78- ^ 

Hence, multiplying both sides by 6 , we have 

3 9a; + (5 85a; - 9 76) = 46 8 - (2 6 a; - 6 2) 

By transposition, 

(39 + 5 85+ 26)a;=46 8 + 52+ 975 
or, 12 35a; =61 75 

6175 - 
®“l2d5“® 


EXERCISE 60. 

Solve the following equations 

1. 5a;-2a;= 3a;-15 2. B75a:+ 5= 225a;+8 

^ 12 a;- 4 a ;+8 9 ^ 

®- -I - -^+4-0^=° ^ 

6. 7. 7a; + 4= 67a; + 5 

o ^ . 135a; - 225 *36 09a; - 18 

«. ija;+ g =-^ 

9. 5a;+ ^^^-^2^95 

10 . 011 a; + _ 145 

[C XJ Entr Paper, 1886] 
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114. Solution of equations facilitated by suita- 
ble transposition and combination of terms. 


Example 1. 


Solve 


23a; -29 19a;+13_97a;+72j 7a; -8^ 
12 7 ■■ d5 4 ■ 


By transpositioii, we have 

23a;-29 7a;-8i„97ar+72^ 19a;+13. 

12 4 35 7 ’ 

(23a; - 29) - {21a; - 25) _ (97a; + 72^) - (95a;+ 65) 
12 35 ’ 


or, 


a;-2_2as+7^ 
6 35 


Hence, mnltlplying both sides hy 6 x 35, 
35 x-70=12t;+45 

Hence, 23a;=115, or, a;=5 

Example 2. Solve +£Z^)=3 

The equation may be wntten as 


a;-a(6+c) ^ a;-5(c+fl) ^ a;-r(fl+&) _j^ 1 1 1 1 
he ca ah 

By transposition, we have 

ra;-g(6+c) J j rr-&(c+g) J f a:-c(a+&) 

I &c J I ca V 1 H ’ 

x-a(b+c)~bc , x-i(c-f-a)-ca , sc-c(a+h)-ah ^ 

U ^ m oS 

x-{ah+ac+bc) , a;-(ctt+c6+a6) , a;-(ca+c&+a&)_A 
6c m ^ ^6 

or |x-(eJ+!.o+ce)}{i+l+A}=0; 

* a;-(a6+6c+ca)=0 

Hence, a;=fl6+6c+cc 

EXERCISE 61. 

Solve the following equations 

^ bx+Q . 64®'-35^20a;+23 . 13a;-7 
“+15 re +“3~‘ 

o 17a;-13 , 108a;+75_ 27a;+19 , 50 t^-89. 

9 32 - 8 27 
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„ 29aj-l8 , 189r-9S__86^4a;-54 , 27r':13 
"~8 49 “ " 24 7 ‘ 

^ 1637-17 2Ba;-15 1424.37-158 92a;-65 

~ i6 81 “ 64 ‘ 


5. 


18X-19 . 185r+62-^ 2705+14 . 106Aa7-114. 

— “ - “■ " " *1“ ‘ r. n ™ - r- r - ' < ■ ■ . ~ ■ ■ r- 


b5 


16 


42 


^ 33-1937 41+27a7.164+107fla: 16414-95a7 . 

u 

n 18-415(7 17-16® , 944-1007 14-S2®__pk 
^*~9”8'^5“7 

o , r-c^ P 

fe* + 6’^'*'c2 + a^ + 

9 6x-hc ,^x-ca ,6x-‘ah .i, 

• -j- — + -— — + — j-7-=a+b+c 

b+c c+a a+b 

10 , 

c-b a-c b-a 

11 . a; -(^ .n » - (cH . « !) -(!li+p ^a+ i+c 

- 6bc b^ - dca - dab 

i g p^ x+jP + m^) , i ^®+fn^ + Z^ ) 

F - Im + nP - mn +n^ n^-'ln+F 


= 2(?+m+w) 


IL Problems. 

115. We have already explained in Ohap YI how simple 
al/yebraical problems can be expressed symbolically and solved 
We proceed now to consider examples of a harder type 

As pointed out before, the chief difficulty in the solution 
of a problem lies in constructing its symbolical expression 
The student should, therefoie, become proficient in it by 
constant and vaiied practice 

Ko general rule for solution can be stated The following 
advice can, nowe^er, be ofleied 

Read the problems several times and consider its meaning 
carefully 

See what quantity is required to be found out in the 
problem Repiesent it by x 

Kext express the conditions of the problem in terms of 
the symbol x and obtain a simple equation in x 

Rinally, solving this equation, find the value of x 
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The piocess is explained by the following example'? Por 
fnrthei dlustiations, the student is referred to Chapter VI 

Example 1, How old is a man now, who, 20 yeais ago, 
was five times as old as his son who will be 41 yeais old 
16 years after ^ 

The present age of the man is to be found out Let it be 
X yeais 

20 yeais ago, the man’s age = (a; -20) years 
16 years after the son’s age will be 41 years , 
the son’s present age =41 -16=25 years 

Hence, 20 years ago, the son’s age=25-20=5 years 
* !From the condition of the problem, 
a:-20=5x5, 

or, 01=20+ 5 x 5= 20+ 25= 45 

Thus the man’s present age =45 years 

Example 2, The sum of five consecutive numbers is 1185. 
What are the numbers ? 


Let a;=the smallest of the consecutive numbers Since 
consecutive numbers differ from each other by 1, the num- 
bers after a; are a+l, a;+2, a;+3, £C+4, etc In the present 
problem, the consecutive numbers are therefore, x, a;+l, 
a;+2, rc+S, a;+4 


By the condition of the problem, their sum =1185 , 
or, 05 + (a? + 1) + (cc + 2) + (as + 3) + (a; + 4) = 1185, 
or, 5cc+10=1185 
or, 5a:= 1185 -10= 1175 
1175 


05 = 


=235 


Thus, the smallest of the consecutive numbers is 235 

Hence, the 5 consecutive numbers required are 235, 236, 
287,238,239 


Example 3. Two persons started at the same time from A 
One rode on horse back at the late of 7-^ miles an hour and 
arrived at B 30 minutes latter than the other who travelled 
the same distance by tram at the late of 30 miles an hour 
Bind the distance between A and B [G U Entr Paper, 1873 ] 
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Let X be the distance in miles between A and B Then 
the time taken by the first man to travel the distance 

hours hours and the time taken by the other=v 57 v 

/i 10 oU 

hours 

But the time taken by the former is half an hour moie 
than that taken bj" the latter 

TT 2x_x .1 

Hence, 15 "SO "^2’ 

01 4a;=a;+15, 

32C=15 a;=5 

Thus, the distance between A and B=b miles 

Example 4. A person being asked his age, repbed, “Ten 
years ago I was 5 times as old as my son, but SO years hence 
I shall be only twice as old as he ” What is his age ’ 

Let the present age of the person be x years 

Then 10 years ago his age was (a; -10) years and *. that 
of his son was J(a:-10) years 

Hence, the present age of his son {K«-10)+10} years, 
and the son's age 20 years hence will be {^(ai-lOH 30} 
years , and the age of the peison 20 years hence will evident- 
ly be (a:+20J years 

Hence, by the second condition of the problem, we must 

Jiave a;+20=2{KiC'-10)+30} 

-|(a;-10)+60, 

. 52;+100=2a;-20 + 300, 

3a;=180, •. x=Q0 

Note Fractions might have been avoided bg assuming the piesent 

age of the person to be ox gears The student can easily proceed on 
this assumption 

Ex&mplG ^ ^^id B have the same annual income, A lays 

by ^ bis, but Bj by spending annually £80 more than 

A at the end of 4 years finds himself £220 m debt What 
■was their income ’ 

Let £a; be the income of each. 

Then A spends annually Hence, B spends annu- 
ally £(-^3?+ 80) 
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But spending at this rate B contracts a debt of £220 in 4 
years or a debt of £55 per yeai His annual income therefore 
falls short of his annual expenses by £55 

Hence \re must have a:= (^7;+ 80) - 55 

ia;=25. , a;=125 

Thus A and B had each an income of £125 

Example 6. A market woman bought a cei tain number of 
eggs at 2 a penny, and as many at 3 a penny, and sold them 
at the rate of 5 for two pence, losing 4rf by her bargain 
What number of eggs did she buy ^ 

Let a:=the number of eggs bought 

Then since one half of them were bought at 2 a penny, 
and the other half at 3 a penny, the whole cost in buying 
the eggs 

f x , x\ 

' •■?+¥• Fj 5““= ( 4 +-8 j 

By selhng the eggs at 5 for two pence, the amount reahsed 
=a;x-| pence 

Hence, by the question, ^ ~ ("f > 

or 24a;=15a:+10a;-240, . 33—240 

Thus, altogether 240 eggs were bought 

Example 7, There is a number consistmg of two digits, the 
digit in the unit’s place is twice that in the ten’s place, and if 
2 be subtiacted from the sum of the digits, the difference is 
equal to |th of the number Find the number 

Let aj=the digit in the ten s place 
Then 2x~ , i i « umt’s ,j 

Clearly therefore the number =10a3+2a3 

[See Example 4 worked out in Art 65 ] 
Hence, by the second condition of the problem, 

whence, 18as - 12 = 12a; , 

01 , 6x*=12, \ a;=2 

Hence, the required number =24 
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EXERCISE 62. 

1* The length o£ a field is tAvice its breadth , another 
field which IS 50 yds longer and 10 yds. broader, contains 6800 
si^uare yds more than the former , find the size of each 

2. The length of a loom exceeds its breadth by 3 feet , 
if the length had been increased by 3 feet, and the bieadm 
diminished by 2 feet, the area would not have been altered , 
find the dimensions 

3. A and JS began to play with equal sums, and when B 
has lost -j^th of what he had to begin with; A has gained £6 
more than half of what B has been left with , what had they 
at first ^ 

4. The ages of a father and his son together aie 80 
years , and if the age of the son be doubled, it will exceed 
the father’s age by 10 years Find the age of each 

5. A person distributed £5 among 36 persons, old men 
and women, giving 3^ to each man and 2s 6d to each 
woman How many were there of each ^ 

6. There aie two places 154 miles distant from each 
other, from which two persons A and B set out at the same 
instant with a design to meet on the road, A travelling at the 
rate of 3 miles m 2 hours and B at the rate of 5 miles m 4 
hours How long and how far did each travel before they met^ 

7. A labouier was engaged foi 36 days, upon the condi- 
tion that he should receive 2s Qd for every day he worked, 
but should pay Is 6d for every day he was idle. At the end 
of the time he received 58s How many days did he work ^ 

8. A peison bought a picture at a ceitain price and paid 
the same pncefor the frame , if the frame had cost £l less and 
the pictuie 15s more, the price of the frame would have been 
only half that of the picture Find the cost of the picture 

[C U Entr Papei,1860] 
" 9. A post has a fourth of its length in the mud, a third 
of its length m the water and 10 feet above the water, what 
is its length’ [C U Entr Papei, 1863 J 

10 . A labourer is engaged foi 30 days on condition that 
he receives 2s 6d foi each day he works, and loses 1^ for 
each day he is idle he receives £2 7s in all How many 
days does he work, and how many days is he idle ? 

11 . A can do a piece of work, in 9 days, B in twice that 

time , 0 can only do as much as A, in a day , how long would 
A. B and C, working together, require to do the same piece 
of work? [C U Entr Paper, 1876] 
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A'dL2. Two sums of money are together equal to £54 12s 
and there are as many pounds in the one as shillings in the 
other What are the sums ^ [C U Entr Paper; 1885 ] 

13. A certain sum is to be divided among A, B and C A 
is to have £30 less than the half, B is to have £10 less than 
the third part, and C is to have ^ more than the fourth part 
What does each receive ^ 

14. A fanner wishing to purchase a number of sheep, 
found that if they cost him £2 2s a head, he would not have 
money enough by £l 8s , but if they cost him £2 a head, he 
would then have £2 moie than he required Pind the number 
of sheep, and the money which he had ^ 

15. Two coaches start at the same time from York and 
London, a distance of 200 miles, travelling, one at 9^- miles an 
hour, the other at 9^ Where will they meet and in what 
time from starting ^ 

16. I bought a certain number of apples at three a 
penny, and five-sixths of that number at four a penny , by 
selling them at sixteen foi six pence I gained 3^^ , how many 
apples did I buy ? 

-^7. A number consists of two digits , the sum of the 
digits IS 5, and if the left digit be increased by 1 it will be 
equal to ^th of the number Find the number 

18. A number consists of two digits, the digit in the 
ten’s place exceeds that in the unit’s place by 5, and if 5 
times the sum of the digits be subtracted from the numbei, 
the digits will be inverted Find the number 

19. There is a number, the sum of whose digits is 5, and 
if 10 times the digit in the place of tens be added to 4 times 
the digit in the place of units, the number mil be inverted 
What IS the number ^ 

20. Divide the numbei 39 into foui parts, such that if 
the first be increased by 1, the second dimimshed by 2, the 
third multiphed by 3, and the fourth divided by 4, the results 
mil all be equal 

21. Divide 60 into 4 parts, such that if the first be dimi- 
nished by 3, the second increased by 11, the third multiplied 
by 4, and the fourth divided by 2, the results mil all be equal 

22. Divide the number 116 into four such paits that if 
the first be increased by 5, the second diminished by 4, the 
third multiphed by 3, and the fourth divided by 2, the result 
in each case shall be the same 


1—14 



CHAPTER XVin 

SIMPLE SIMULTANEOUS EQUATIONS AND 
PROBLEMS 

1. Simple Simultaneous Equations. 

116. Introductory remarks. The equations; -y =2, 
m which X and y are both unknown, evidently admits of an 
inBmte number of solutions , for any pair of numbers, whose 
difiference is 2 will satisfy it [For instance, the equation 
will be satisfied if ar=3, y=l , if a:=4, y~2, if a;=5, y-B; 
if 03=6 2/=4, and so on J If however x and y be such that 
they must also satisfy the equation a;+?^=8, then of the 
diffeient pairs of numbers whose difference is 2, we shall 
have to reject all excepting that of wkch the sum is 8 Thus 
the tivo equations 


x-y=%-\ 

®+?/=8J 

■will hath be satisfied by the same values of x and y, only when 
x-b and y=B 

Again it may be seen that the three equations, 

a;+?/+5:=6'| 

x-y+s=^\ 

x-¥y~z=2l 

iviU be satisfied by the same values of £c, y 0 , only when a;=3, 
f/=l, e=2 The equations ma5T he individually satisfied by 
innumerable sets of values of the unknoivn quantities, but 
there is only one set which mil satisfy them all 

Two or more equations (like those just lefened to) which 
are all satisfied by the same values of the unknown quantities 
involved in them are called simultaneous equations. They 
are said to be simple or of the first degree when each un- 
known quantity occurs only m the first power, and the 
product of the unknown quantities does not occur 

"We shall oonsidei first of aU simultaneous equations 
involving two unknown quantities and later on, those that 
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involve moie than two There are three general methods for 
solving such equations and we shall treat them successively 
in the next thiee articles 

117. First Method : Fiom eithei equation find one of 
the unknown quanbties in terms of the othei and substitute 
the value thus found in the other equation 

Example 1. Solve 5aj-24|/=16i 

4a;-?/ = 313 

Fioin the second equation, we have 

?/=4a;-31 (1) 

Substituting this value of ?/ m the 1st equation, we have 
oa;-24(4a;-31)=16 
or, 5a;“96a;+744=16, 

-91a;=-728, a;=8 

Hence, fiom (1), ?/=4x8-31=l 
Thus, we have a: = 8 and ?/ = 1 

Note The student is recommended to verify for his own satisfac- 
tion that these values of x and y do really satisfy both of the given 
equations 

Example 2. Solve ^+3=?^:8-5^«=f+-|. 

Multiplying both sides of the first equation by 10, 
we have 5(3a; - 6y) + 30=2(2a;+ y), 

or, 15a; -25?/ +30= 4a; +2?/, 

lla;=27?y-30 (1) 

Multiplying both sides of the second equation by 12, 
we have 96 - 3(a; - 2?/) = 6a; + Ay, 

or, 96 -3a; +6?/= 6a; +4?/, 

2?/-9a:+96=0 

From (1), we have 

Substituting this value of x in (2), we have 


( 2 ) 
. (3) 
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22?/-9C277/-30)+1056=0 
01, 22i/-243?/+270+ 1056=0 

2212^=1326 

,r r /o. ^ 27 x 6 - 80 182 
Hence, from (8j a;= — jj — =~ =12 

Thus -we have a:=12 and 7/=6 


7/ = 6 


EXERCISE 63. 


Solve the lollowing equation*? 

1. x-riy =141 
Ix-'iy- 53 

3. 2a;-f-3y =32( 
lly-^x^ 83 . 

5. x-\-ay = bi 
ax -by- c3 

7. \{x+y) = ]i2x+ 4)1 
'ix-y) =-J( a; -24)3 



10. i(2a;+3?/)+ 8) 
\{jy-^x)- y=113 


2. 5a;-8y = 9? 
13«+7«/=793 

4. 9a;- 4?/= 8) 
13a;+72/=1013 

6. 2x-Uy-B)= 41 
%+-i(a;-2)= 93 

8. Ua;-z/)=Ky-l) 

Y(4a;-52/)=a;-7 
|C U Entr Paper, 1872] 


Sscond Method : Prom each equation find the 
\alue of the same unknown quantitj’’ in terms of the other 
and equate the values thus found 

Example 1. Solve 6a;-oy=lli 

^+3?/= 273 


Irom the 1st equation, we have 
5?/= 6a: -11 

O 

Prom the 2n(l cquabon we have 
3y-21-^ 


( 1 ) 
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Hence from (1) and (2), we have 
6a; - 11 _ 27 -2a; 

5 ” 3 ’ 

3(6a;-ll)=5(27-2a;), 
or, 18a;-33=135-10a;i 

* 28ac=168, a;=6 

Hence from (1) 2/=^— | =5 

Thus, we have a; =6 and y=o 

Example 2. Solve =3?/ -5 ' 

5t/-7 , 4a;-8_^o 
— + -g 18 -faJ 

[Calcutta University Entrance Paper, 1880 ] 
Multiplying both sides of the 1st equation by 20, 
we have 4(7 +x)- Q{2x - 1/) = 20(3?/ - 5), 

01 , 28-6a;+52/=60j/-100, 

552/+6a!=128 (1) 

Multiplying both sides of the 2nd equation by 6, 
we have 3(5?/ - 7) + (4a; - 3) = 6(18 - 5a;), 
or, 15?/+ 4a; -24 =108-3035, 

15?/+34a;=132 (2) 

Prom(l), 0) 

From (2), • (4) 

Hence, from (3) and (4), we have 

128-6a;_132 - 34sc. _ 64 -3a; 6 6 -17a; 

55 “ 15 ’ 11 3 ’ 

[multiplying both sides by 41 
3(64 - 3x)= 11(66 -17a;), 

01 192 - 9a: = 726 - 187a: , 

178a:=534, a;=3 

HenoeJromO) 

Thus, we have a: =3 and'?/ =2 
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EXERCISE 6^. 


Solve the foUoAving equations 

1. 5a;-37/ = 9) 2. By-ix = 1 ^ 

bij+2x ^ 161 Bx+^y = 18 ) 

3. Sac -7?/ - 7) 4. 2/(3+ a) -xf^+y)] 

llx+by ~ 87J 4a:+9 -5^“14j 


6. 62x~^by-^ 28| 
14a; +15?/= 116 J 



7. i-i{5a;-6v)+3a: =4^-2) 

\{bx-V<oy)~\{Bx-2iD =2i/"2l 

8 . 2x~l{ij+6)~7+^{Stj~2x) i 

4?/+J(aJ-2)-26]-M2y+l) J 




X 2 1 X , 3 Q 

T ~ - =1, -7* H = 0 

O y ’4 y 


[A U 1923 J 


119. Third Method ; “Multiply the equations by 
sucli nuinbeis as will make the co-efficjont of one of the 
unknown quantities the same in the two lesulting equations , 
then by addition oi subtraction we can foim an equation 
containing only the othei unknown quantity ” 


Example 1. Solve Bx-iy= 5> 

5a;+2y=17j 

Multiplying the 2nd equation by 2, we have 

10a; +4^=347 
and the fiist equation is Bx-iy— 53 

Hence, by addition, 13a; =39, a; =3 

Substituting this value of x in the 1st equation, 

we have 4y«9-5=4, y-1 , 

Thus, we have a; = 3, y-1 

Example 2. Solve 5a; + 9y=89i 

2a;- 17i/=15! 

Multiplying the 1st equation by 2, and the 2nd by 6, 

we have 10a;+ 18i/ = 178) 

and 10a; -85?/= 753 
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Hence, by subtraction, we have 
1032/=103, 

Substituting this value of y m the 2nd equation, 
we have 2a;=15+17=32^ cc==16 

Thus, we have a; — 16, y—1 

Note We might as well have multiplied the 1st equation by 17 
and the 2nd equation by 9 and added the two resulting equations , this 
would have given us the value of \ But we have preferred the other 
alternative because, the co-efficients of \ being smaller, the required 
multiplications have been mote easily effected 

Example 3. Solve 23a: -241/ =21) 

25a:-16?/=43i 

Multipiping the 1st equation by 2, and the 2nd by 3, 

we have 46a;-48i/= 42'» 

and 75a: -4% =129] 

Hence, by subtraction, we have 

29a:=87 , a;=3 

Substituting this value of cc in the 2nd equation, 

we have 16^=75 - 43 = 32, * 7/=2 

Thus, we have a;=3 i/=2 

Note It mag be noticed that the co-efficient of y in each of the 
resulting equations is the least common multiple of 24 and 16 and 
this IS all that is required The process would have been unnecessarily 
tedious if the 1st equation were multiplied by 16 and the 2nd by 24 

Example 4. Solve 

a;+7 . y-5 ._., _ 5(v+l) 

3 10 ” 7 J 

[C U Entrance Paper, 1882] 

Prom the 1st equation, we have 

7(a: - 2) - (a:+ 1 /) _ (a; - 1 / - 1) - 2(?/+ 12) 

14 8 
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or, 24a; 56= 7a; -212^-176, 

01, 17x+17ij= -119, 

or, a;+2/=-7 

iVom the 2nd equation, we have 

10(a;+7)+3(v-5) 7(l-a;)-5fv+l) 

30 “■ 7 

10a;+3?/+55 2 - 7x-by 
30 “ 7 

or, 70a; + 21y + 385 = 60 - 210a; - 150?/, 

01 , 280a;+ llhj = - 325 

Multiplying (1) by 171, we have 

171a;+171i/=-1197) 
also 280a;+171^=- 3251 

Hence, by subtraction, 

109a;=872, x=S 

Substituting this value of x in (1), 
we have -7-8= -15 

Thus, we have a; =8, ^=-15 


Example 5. Solve — + — =1 

X y 

X y ^ 

Multiplying the 1st equation by 4, and the 2nd 
we have 

8 J.12 , ,2U12_45 

X 71 X y S 


Hence by subtraction. 


X 8 ’ 


a;=8 


Substituting this value of x in the 1st equation, 

1 3,13 , 

we have ~ =1“ F“ T» ^=4 

y 4 4 

Thus, we have a;=8, ?^=4 



xvni ] SBIPLE SmULTANEOUS EQUATIONS 


217 


EXERCISE 65. 


Solve the following equations 


1. 7x- oy= 111 

3a;+ 2//= 13i 

2. 13a;+6?/= 58) 

5a; -11?/= 93 

3. 8®- 9?/== 201 

7a;- 10//= 91 

4. 25a; -14?/= 8) 
12a; + 7y= 453 

5. 12x+ lly=70i 

8a5- 7// =183 

6. 13a;-14?/=22) 

17a; -21?/ =18' 

7. 28a;- 15?/=41i 
21a:+ 13?/ =553 

8. 19a;+24?/=34) 
23a;+36?/=623 

9. 47a;- 56?/=123l 
25a; + 84?/ =293/ 

10. 51a;-16j/= 3) 
68a:+23?/= 1373 

11. 52a;- 9?/= 34i 

39a; + 14//= 673 

12. 12a;+85?/= -491 
19x-34?j= 913 

13. 65a;- 14//= 9l 
91a;- 15?/= 313 

14. 15a;+46?/= 17i 
13a;+69?/= 733 

15. 14a;+ 8hj= 53) 
17a;+135?y=10lj 

16. 5a; +ll?/=146l 
11a; + 5// =1103 

17. ax+by =c 1 
a^x+b^y-c^l 

18. a;+?/ , 3a; -5?/ 

— + 4 -2 


[C U Entr Paper 1881] ^ i iL -1 ( 

U'^IS 

[G U Enti Paper, 1876] 


4a;+5v 


2a: -V 


■%=i 


4a:-3v-7_3a: 2?/ 5 

5 10 “15“ 6 

7/-1 , os §7 ij-x X ,11 
3 ■*‘2 20" 15 ■*‘6^10J 


o^ 5a;-3v , 7a!-5?/ 25a;+3i/ 

12 15 60 


(3i)a;+2v-5 lla:-(4i)v+17_19 , 17a; -10;/ +2 
16 11 "22'*' 3 


22 . 


3a;-5!/ 2aj-8v-33_v , a: , 1 ' 
3 ‘ 12 2 “^3 4 

3j( f- +-| +li)=3^(4a-|-34) 
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23 . 


25 


2j/j- o 49a: - 7 
15 " 42 


24 . 1 + 7=2 
a: 1/ 

x ‘ a/ ‘^0 
y 

25 . -+“=2 
X y 

5 ^ 10 
— +— ~oi 
X y 


[C U Entrance Paper, 1879] 


[C U Entr 
Paper 1887] 


26 . 


27 . 


29. 


^+i- = l 

^x^o?j ^ 
bx'^%y “ 

f +-=2 1 

4 y \ 

^4=^- 

■) *2,1 J 


28 . 


a , b 
— + — =w 
a: y 

b , a 
— h— —n 
X y 

i-i=i 

y X 

-^ + ^=.7 
5a; 2y 


30. ~ + ^=5 
ox 9 

— +— “14 

3a:^2 


[0 U Entr Paper, 1870] 

II. Problems leading to simple equations with 
more than one unknown quantity. 


Easy Problems. 

120. Example 1. A and B each had a number of 
mangoes A said to B, ‘If you give me 30 of your mangoes, 
my number ^v^ll be iwice yours ’ B replied, “If you give me 
10. my number will be ih ice yours ” How many had each ? 


Leta:=the number of mangoes A had, 

Andy- , , , B 

Then in accordance -with what A said, we must have the 
equation x+S0=2{ij- 30) , (1) 


and in accordance infh P's replj*, we must have the equation 
y+10“8(a:-10), (2) 

From (2J Sx-y^iO or 6a: -2?/ =*80 (3) 

and from (1) x~2y— -90 (4^) 
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Hence, by subtiaction, 5®= 170 , a;=B4 

Substituting tbis value of x m (4) we have 

2?/=34+90=124, ?/=62 

Thus A had 34 mangoes and B had 62 

Example 2t A certain fraction becomes 2 when 7 is added 
to its numerator, and 1 when 2 is subtracted from the deno- 
imnator What is the fraction ^ 


Let — 

y 


lepiesent the fraction 


Then we have 


a:+7 _ 

y 


(1> 


and -^=1 
y-2 

From(l) x+l-2y x=2y-l'\ 

From (2), fls= y-2) 

Theref 01 e, 2y - 7 = ^ - 2, whence y = 5 
Hence a;=5*-2=3 

Thus the fraction is f 


( 2 ) 


Example 3. Two men and 7 boys can do m 4 days a piece 
of woik which would be done in 3 days by 4 men and 4 boys 
How long would it take one man or one boy to do it ^ 

Let a;=the number of days in which one man would do 
the work, 

and y=the number of days in uhich one boy would do it 

Then m one day a man does — th of the work and a boy 

SX/ 

does— th of It 

y 


Hence, since 2 men and 7 boys do ith of the work in one 
day we must have 



( 1 ) 


Again since 4 men and 4 boys do ■jrd of the work in one 
day we must have 
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Multiplying (1) by 2, and subti acting (2) from tlie resulting 


equation, we have 


Hence, fioin (2), 


?/ " 2 " 3 6 ’ 

1-1 I, 1- 

£5 "3 ^16“15’ 


i/=60 


ic*=15 


Thus one man would do the woik in 15 days and one boy 
in 60 days 

Example 4. Two plugs aie opened in the bottom of a cistern 
containing 192 gallons of water , after 3 hours one of them 
"becomes stopped, and the cistern is emptied by the othei 
in 11 hours , had 6 houis elapsed before the stoppage, it 
would have only required 6 hours more to empty it How 
many gallons will each plug-hole discharge in one houi, 
supposing the discharge to be unif oim ^ 

Let X, ?/ be the numbers of gallons of water which the 
plugs can respectively discharge in an hour 

111 the first case, the fiist plug remains opened foi 3 hours, 
and the second foi 3+11 or 14 hours 

Hence, dx+Urj ==192 (1) 

In the second case, the first plug remains opened for 6 
horns and the second for 6+6 or 12 hours 

Hence 6a;+12?/=192 (2) 

Multiplying (1) by 2 and subtracting (2) from the resulting 
equation) we have 

%= 2x192 -192 

=192, t/=12 

Hence, from (2), 6a!=192“144=48, 05 = 8 

Thus the plug-holes respectively dischaige 8 and 12 
gallons in an hour 

Ex&mple 5. The dimensions of a rectangular court are such 
that li the length were increased by 3 yaids, and the breadth 
diminished by the same, its aiea would be diminished by 18 
squaie vards , and if its length were increased by 3 yards, 
and its breadth increased by the same, its aiea would be 
increased bv 60 square yards , find the dimensions 

[Calcutta University Entiance Paper, 18881 
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Let X yards = length of the court, 
and y yards == its breadth 

Then from the first condition of the problem, we have 


(a;+3Xi/-3)=aj?/-18 ll) 

and from the second condition, 

(ic+33(7/+3)=a:y+60 (2) 

Ihom (1), 3y“3a;=-9, (3) 

or y-x~-S (4) 

IVom (2), 3?/ + 3x = 51, 

or, y+ x=17 (41 

Trom (3) and (4), by addition, 

2y=14, y = 7, 

and by subtraction, 2a3=20, 03=10 


Thus the length of the court is 10 yards, and the breadth 
is 7 yards 

Example 6. There is a certain number, to the sum of 
whose digits if you add 7, the result will be three times the 
left-hand digit , and if from the number itself you subtract 
18, the digits wiU be inverted Find the number 

Let a; and y be the left and nght-hand digits respectively : 
then the required number is represented by IQx+y, and the 
number with inverted digits =10y+03 

Hence, by the conditions of the problem. 


x-\-y+7=Bx 

(1) 

and (1003+ y) - 18= lOy + x 

(2) 

From (1) 2x-y=7 

(3) 

and from (2), 9a3 - 9y = 18, or, 03 - ?/ = 2 

(4) 

Subtracting (4) from (3), we have 



a!=7-2=5 


Hence, from (4), y=5-2=3 

Thus the required number is 53 

Example 7. A and B play at bowls, and A bets B three 
shillings to two upon every game , after a certain number of 
games it appears that A has won three shillings ; but if A 
had bet five shiUings to two and lost one game more out of 
the same number, he would have lost thirty shillings How 
many games did each win ® 
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Let a;= number ol games that A won, 

and y— „ „ ,> ,) B „ 

Then the total number of games played is evidently x-^y 

Now, since 1 receives from C, 2s for every game that he 
wns and gives J5, 3s for every game that he loses [t e , foi 
eveiy game that B wins), his total gam must be equal to 
( 2 a 3 - 3 ?/) siUings 

Hence, 2aj - By = 3 (1) 

According to the othei condition, A would have gained 
Six - 1 ) shillings, and lost 6 ( 7 / + 1 ) shilhngs , and theiefore his 
total loss would have been [ 5 ( 7 /+l)- 2 (a;-l)l shillings 

Hence, 5(y+l)-2(a;-l)==30, 

or, 5y-2aj=23 (2) 

Fiom ( 1 ) and (2), by addition, 

277=26 , 7/=13 

Hence, fioiii ( 1 ), £C =^-^^=21 

Thus, A won 21 games and B won 13 games 

XIXERCISE 66. 

1 . What fiaction is that whose numeiator being doubled 
and denominator incieased by 7, the value becomes f, but the 
denominator being doubled, and the numerator increased 
by 2 , the value becomes -I ^ 

2. Find two numbers such that if the first be added to 5 
times the second, the sum is 52 , and if the second be added 
to 8 times the first, the sum is 65 

3. Find two numbers such that five times the greatei 
exceeds foui times the less by 22 , and thiee times the greater 
together with seven tunes the less is 32 

4:. What numbers are those whose difference is 45, and 
the quotient of the greater by the less is 4 ^ 

5 . There are two numbers such that one-fouith of the 
greater added to one-third of the less is 11 , and if one-fifth 
of the less be taken fiom one-eighth of the greater, the 
remaindei is nothing , find the numbers 

6. A certain fraction becomes when 1 is subtiacted 
fiom its denominator, and 1 when 7 is added to its numerator. 
What IS the fiaction ^ 
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7. What fraction is that which, if 1 be added to the 
numerator, becomes Ij and if 1 be added to the denominatoi, 
becomes ^ ^ LCalcutta Univeisity Entrance Paper, 1862 ] 

8 . A certain fraction becomes i when its numerator is 
increased by unity, and -g- when its denominatoi is increased 
by umty What is the fraction ^ 

9 . A and B have 39 rupees between them, but if A 
were to lose two-thirds of his money, and B three-fourths of 
his, they would then have only 11 rupees How much has 
each ^ 

10 . Two numbers are such that if 7 be added to the less, 
the sum is twice the greater, and if 4 be added to the greater, 
the sum is 3 times the less ITind the numbers 

11 . Two persons, 27 miles apart, setting out at the same 
time, meet together m 9 hours if they walk in the same 
direction, but in 3 hours if they wallr in opposite dircetions , 
find then rates of walking 

12 . A banker was asked to pay £10 m sovereigns and 
half-ciowns, so that the number of the latter should be 
exactly twice that of the former How must he do it ^ 

13 . A man and a boy can do in 15 days a piece of work 
which would be done m 2 days by 7 men and 9 boys How 
long would it take one man to do it ’ 

14 . A rectangle is of the same area as anothei which is 
6 yards longer and 4 yards nairowei , it is also of the same 
aiea as a third, which is 8 yards longer and 5 yards narrower 
What IS its area ^ 

15 . If 15 lbs of tea and 17 lbs of coffee together cost 
^ 5s 6d , and 25 lbs of tea and 13 lbs of coffee together cost 
£4 6s 2d, find the price of each per pound 

16 . A takes 3 hours longer than B to walk 30 miles , but 
if he doubles his pace he takes 2 hours less time than B , find 
their rates of walking 

17 . Says Charles to Wdham, “If you give me 10 of 
youi marbles, I shall then have just twice as many as you” , 
but says William to Charles, “If you give me 10 of yours, 
I shall then have th ee times as many as you ” How many 
had each ’ 

18 . Hs 1100 are so divided among A, B and C, that if A 
were to give B Rs 200, B would then have twice as much as 
A, and three times as much as G How many rupees did A, B 
and G each leceive originally ^ [C IJ Entr Paper, 1872] 
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19. If a certain number be divided by the sum of its Wo 
digits the quotient is 6 and the remainder is 3 If the digits 
be inveited and the resulting number be divided by the sum 
of the digits, the quotient is 4 and the remainder 9 !Find the 
number 

20 . Ihnd that number of 2 figuies, to which, if the numbei 
formed by changing the places of the digits, be added, the 
sum IS 121 ; and if the smallei number be subtracted from the 
larger, the lemamder is 9 

21. A bill of 25 guineas was paid with crowns and half- 
guineas , and twice the number of half-guineas exceeded 3 
times that of the crowns by 17 , howmany were there of each ^ 

22. A person sells to one person 9 horses and 7 cows 
foi £300 , and to another, at the same prices, 6 horses and 13 
cows for the same sum , what was the price of each ^ 

23. A and B i^eceived £5 17s for their wages, A having 
been employed for 15 and B foi 14 days , and A received, for 
working four days, 11s more thanS did foi three days, 
what weie their daily wages ^ 

24. A and B can do a piece of work in 16 days ; they 
work together foi four days, when A leaves, and B finishes 

it in db days moie , m what time would each do the work 
separately ’ 

25. If the numerator of a fraction is incei eased by 2 and 
the denominator by 1, it becomes equal to | , and if the 
numerator and denominator are each diminished by 1, it 
becomes equal to ^ , find the fraction 

26. A traveller wallcs a certam distance , had he gone 

^ faster, he would have walked it in iour- 

niths of the time , had he gone half a mile an hour slower, he 
would have been 2^ hours longeron the road Ihndthe ^stance 

27. _ A certain number between 10 and 100 is eight tunes 
the Slim of its digits, and if 45 be subtracted from it, the 
digits will he reversed , find the number 

28. A and B lay a wager of 10s If A loses, he wiU 

shillings less than twice as much as B 
utH then have , but if B loses, he will have five-seventeenths 
of what A will then have , find how much money each of 
them has 

29. A faimei wishing to purchase a number of sheep 
found that if they cost him £2 2s a head, he would not have 
money enough by £l 8s , but if they cost him £2 a head, he 
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would then have £2 more than he required , find the number 
of sheep, and the money wluch he had 

30. There is a number consisting of two digits , the num- 
ber IS equal to three times the sum of its digits, and if it be 
miiltiplied by three, the result will be equal to the square of 
the sum of its digits Pind the number 


CHAPTER XIX 

GRAPHS OF SIMPLE EQUATIONS 

121. Tn Chapter VH, we have discussed representations 
of numbers by geometno points We now propose to show 
how simple equations are represented graphically The 
following examples will make the subject clear 

Example 1, If a point moves in such a mannei that its 
abscissa is always equal to 5 units of length, find the path 
along which the point will move 
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Let twice the <5ide of a small square represent the unit 
of length 

On OX take the point M such that 0Jlf=5 units of length 
through 21 draw the straight line P2IP' parallel to 70Y^. 

Is ow if any point be taken on the straight line PMP' its x 
will evidentiy be equal to 5 units of length , but this will not 
be so if the point be taken on either side of the line PifP'. 

Hence the moving point iviU always be on the line PMP' 

We see therefore that if a point moves in such a manner 
that its X IS always equal to 5 units of length, the path along 
■nhich the point itill move is the straight line PMP' This 
fact IS bnefly expressed by saying that the straight line 
PMP' is the graph of the equation a;=»5. 

Kote 1 /‘ram the above it i& clear that the graph of the eguation 
y=5 1$ a straight line parallel to XOX’ 

Kote 2 Oenerallg speaking, the graph of the equation is a 

straight line parallel to the axis of p, and passing through a point on 

the axis of x which is at a distance of a units of length from the origin, 
and (he graph of the equation g^b is a straight line parallel to the axis 
of X, and passing through a point on the axis of g, which is at a distance 
of b units of length from the origin 

Kote 3 EviAentlg therefore the graph of the equation x~0 is the 
axis of g itself, and the graph of the equation g~0 is the axis of x 
itself 

Example 2. If a point moves in such a manner that its x and 
1 /are always connected by the relation «/=* Sr, find the path 
along which the point will move. 

Since 2/~3a; whena;=0l and whenaj^S) 

we have, y~0j ’ we have, i/=9) 

Evidently therefore (0 0) and (3 9) are two positions of the 
moving point 

Take the length of a small square as the unit of length 
(The figure is on the next page ) 

Join the points (0 0) and (3 9) and produce the straight 
hne both ways Then this straight line will be the requirea 
path 

Take any point P on this straight hne The co-ordinates 
of P are found to be 5 and 15, which evidently satisfy the 
given relation Similarly, the co-ordinates of any other pom^ 
on this ‘straight hne mar be shown to satisfy the given 
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relation But the co-ordinates of a point which is outside the 
line OP will not satisfy the given relation, as can be easily 
verified 


■■■■■■■■■bbbbB!S!2!SSSSSSBB!!S 

■■■■■■■■■bbbbsbbrsbbbbbbbbbbbb 

■■■■■■■■■BSEBBBSfiBBBBBBBBBEBB! 

■■■■■■■■■gBBBBEBEBSEESSBBBBBBBi 

■■■■■■■■■BEEEEEEEEEEBESBBBBBBB 

■■■■■■■■■IBBEBBfiEEEEEBBBBBBBBB 

qhmmhibeeEEEBEBBBBBBBBBBBBS 


INI 


IQI 



Hence, the moving point will always be on the line OP 
and never stray out of it 

Thus it IS found that if a point moves m such a way that 
its a; and ?/ are invariably connected by the relation y=dx, 
the path dong which the point will move is the straight hne 
OP In other words, the line OP is the graph of the 
equation y=>Bx. 

Note. Generally speaking, the graph of the equation g^mx, where 
m IS any given number, is a straight hne passing through the origin 

Example 3. If a point moves in such a way that its x and 
y are invanably connected by the relation y~ -4fl;+5, find 
the path along which the point will move 
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From the given relation, 

since, wlien a-O) and when£C= 3) 

we have, y-oj’ we have 

Evidently therefoie (0, 5) and (3, -7) are two positions of 
the moving point 

Let twice the side of a small square represent the unit of 
length Join the points (0, 5) and (3, -7), andproduce the 
straight line both ways Then this straight line wdl be the 
required path 



Take a point P on this straight hne. The co-ordinates of Pr 
which are found to be- 1 and 9, satsfy the given relation 
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Take anothei point Q on the straight line ; its co-ordinates 
which aie found to be ‘2 and -3, also satisfy the given relation 
Similarly the co-ordinates of any other point on this straight 
line may be shown to satisfy the given lelation But if a 
point he taken outside the line PP, its co-oidinates will not 
satisfy the given relation, as can he easily seen Hence the 
moving pomt will always be on the line PQ and never stray 
out of it 

Thus it IS found that if a point moves m such a raannei 
that its co-oidinates always satisfy the equation 7 j- -4a;+5 
the path along which the point will move is the str line PQ 
In other words, the str. line PQ is the graph of the equa- 
tion -4:jc+ 5. 

Note 1 Genert^Uy speaking, the graph of the equation y~mx+c, 
where m and c are any given numbers, is a straight line passing 
through the point (o, c) 

Note 2, As every equation of the first degree in x and y can be 
reduced to the form y~mx+c, it is cleai that graphs of all simple 
equations are straight lines. 

Note 8, The graph of the equation y—mx+c is also said to be the 
graph of the expression mx+c. 

Note 4. The graph of any given equation may be defined to be 
the path described by a point which moves in such a manner that in 
every position of the point its co-ordinates satisfy the given equation 

Example 4, Draw the graph of the equation 7a;+ 3?/ =11 
'When 03=0 1 and when a;=l ] 

1/==3| 1 J 

Evidently therefore (0, 3-j) and (Ij 1^) are two points on 
the graph 

Let 3 fames the side of a small square repiesent the unit 
of length Join the points (0, 3J) and (1, 1|1, and produce the 
straight line both ways Then this stiaight line ivill he the 
required graph (See diagram on page 230) 

Take any point P on the line ; its co-ordinates, which are 
fo^d to be 3 aud-3^ satisfy the given relation Take any 
othei pomt Q on the line , its co-oidinates which are found 
to be - 1 and 6, also satisfy the given relation Sirailarlv 
it may be shown that the oo-oidinates of any point that 
may be taken on the line PQ will satisfy the given relation , 
but the co-ordinntes of any point which is outside PQ 
will not Hence the line PQ is the required graph 
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Kote 1. The graph of the equation is also said to he 

the graph of the expression — ^ , 

Kote 2, The straight line PQ being the graph of the equation 
7x-^3g—ll, this equation is said to he the equation of the 
straight line PQ. 

Kote 3 The equation of a given straight line means the 
equation which is satined bp the co-ordinates of every 
point on that straight line. 

Example 5. Find the equation of the straight line which 
passes through the points (1, 1) and (3 -i) 

Let y- mx^ c be the required equabon 
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This eciuation being satisfied by (1, 1) and also by (3, --I), 
we must have 

1 == m+c| Hence, 2 ms= - 7 , and * m= , 
and--|'=3w+cJ whence c=l+|=|- 

Thus, the required equation IS ?/= '-t^+ 7 > 

or, 3x+4^=7 


EXERCISE 67. 


1. Draw the graphs o£ the following equations 

(1) flc- 8 (2) X =13 (3) a:+ll=0 

(4) y^-7 (5) y-9=0 (6) ?/+10=0 

2* Draw the graphs of the following equations 

(1) ij =a; (2) i/=-ac (3) y =2ac 

(4) y +2ac=0 (5) ?/= *"3aj (6) %y-bx 

(7) 7?/+8a;=0 (8) Qy+ldx^O 

3. Draw the graphs of the foUoiving equations 

(1) ?/= 3a;+4 (2) y =7a;-8 (3) y= -bx+Q 

(4) ?/=-83;-11 (5) 3i/=7a;+4 (6) -6i/=7aj-l0 

4. Draw the graphs of the following equations 

(1) 2a3+7?j =10 (2) 4a;- Fjy- 7=0 

(3) 5ar+ 6?/+8= 0 {4} -3a:+ ly+ 8=0 

(5) 10ij-2x =13 (6) 8a:-lli/+13=0 

5. Draw the graphs of the following equations 

(1) f+f =1 (2) f +i=l ( 3 ) 

(4) (6) 


6 . Draw the graphs of the following expressions 

(1) a-S (2) 3a;+4 (3) -7a;+8 

fA\ 7-la ; Dr -9 8a;+U 

(4) g . (5) ♦ (6) g • 


7. Pind the equation of the straight hne which passes 
through each of the following pairs of points 


(1) (0,0), (5, 6) 


2) (0,5), (7, 0) 



CHAPTER XX 

EASY QUADRATIC EQUATIONS AND PROBLEMS 

122. Dennltlon. Any equation which contains the 
square of the unknown quantity, but no higher powei, is called 
a quadratic equation or an equation of the second degree. 

If an equation contains only the second power of the 
unlmown quantity (and not the /irsf) it is called a pure 
quadratic , if it contains the second as well as the first power 
it IS called an adfected quadratic 

Thus 3 £c^ =75 IS a pure quadratic , 

and Zx^-lx— 6 is an adfected quadratic 

123. Solution of a Pure Quadratic. In solving a 
Pure Quadratic we have to find the sqnaie of the unknown 
quantity lust in the same way as simple equations are solved 
and then to extract the square root of the value so found 

Example 1. Solve 3(a;2 + l)-2=3(a;2+7) 

W e have + 3 = + 21 , 

hence 2a;^ = 18 [by transposition ] 

03 ^= 9 ; 

now, since the unknown quantity is one of which the square 
is 9, it must be eithei +3 o) —3 (Thus there are two values 
of X satisfying the given equation, as the student can easily 
verify) 

Note The student should c&i ef ally obseive that the last step of 
the above solution amounts to answering the following question 
‘'What quantity is that of which the square is 9" ? 

Example 2. Solve -Ka;-2)(a;-3)-Jj(ai-21)(a;-14)=2 

Multiplying both sides by 21 we have 

7(a; - 2)(a: - 3) - (a; - 2l)(a; - 14) = 42 
The left side = (7a;2-35a3+42)-(a!2-35jj+294) 

= 733^ “ 3533 + 42 - a;^ + 35 j 3 - 294 
=6a;2-252 
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Hence, the equation reduces to 
6a;2 -252 = 42 

or 6x^=252+ 42 [by transposition ] 

=294 

Dividing both sides by 6, we have 
x2=49 

Hovr, the unknown quantity is such that its squaie is 49 , 
it must be either +7 oi - 7 

Hence, x=eithei +7 o) -7 

Example 3. Emd the side of a square whose area is equal to 
that of a rectangle of length 9 yards and breadth 4 yards 

Let the side of the square = a yds 

The area of the square=xxa; sq yds 

sq yds 

Again, the area of the rectangle 

=4x9 sq yds 
=36 sq yds 

Hence, by the condition of the problem, 
x^ sq yds =36 sq yds 
or, a^=36, 

*. x=6, or, “6 

Since, the actual length of the side of a squaie is a positive 
quantity, the solution a;= -6 is inadmissible 

the lequiied side =6 yds 

N B, In problems leading to quadratic equations, the solutions 
which are found inadmissible by the condition of the problem should 
be rejected 

EXERCISE 68. 

Eind the values of x m each of the following equations 

1. 3x2=27 2. 3. 4x2=28 

7 

4. 8x+ — 5. 2(x2-5)+x(3-x)=3(x+5) 

SC I 

6 . (x - 7)Cx - 10) + Cx - 3)(x - 2) = (x - 17)Cx - 5) 

„ 2x2+10 5n+x2 
~15" 
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8i (a;+ft)*“2a(a+a:)=3a2 

9 . x^+^hx-h^-a^-bih'-2x) 

10. 2a:(3a;+5)-5a;(a;+2)=36 
3r2+15 , 23‘2+9__2a-2+87 , « 

11 . — — +— g + 2 

12 . Eind the number foui times which is equal to sixteen 
limes its recipiocal 

13. THnd the side of a squaie three bmes the area of 
which IS equal to four times the aiea of a rectangle whose 
length and bieadth aie lespectively 9 vards and 3 yards 

14. A has got a square plot of land which he exchanges 
with a rectangulai garden of area 91 sq yds , belonging to B 
and gains by the tiansactiou an area of 10 sq yds Ihnd a 
side of the square plot 

15. Divide a straight line of length 10 ft into two por- 
tions such that five times the square on one exceeds the 
square on the other by twenty times the former portion 

121. Soliition of a Quadratic by the method of 
resolution Into factors. Reducing a Quadratic to the 
fonn ax + c=s0, if we know the factors of which the left- 

hand side IS the product, then by equating to zeio either of 
these factors, we get a solution of the quadratic 

Example 1. Solve a;2 - 637 + 6= 0 

Evidently the left-hand side=(£c-2)(a;-3) 

Hence we have 

(aj-2)(a;-3)=0 

* either a;-2=0’) £c-3=0^ 

I or 

and a;=-2j and a;=3^ 

Thus 2 and 3 are the roots of the equation, as the student 
can easily verify 

Example 2. Solve 2a;^ - 10a; = 3a; - 15 

W e have 2a;(a: - 5) = 3(a: - 5) 

(2a;-3)(a;-5)-0 


( 1 ) 
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Hence either 2a;“3=0^ a; --5= O' 

I or 

and *. a:=fj and a;=5^ 

Thus 4 aiid 5 are the roots of the equation 

Note The solation also follows at once from equation (1) , for 
x—5 being a factor common to both sides the equation evidently holds 
good when this factor is zero, i.e , when x~S, and evidently also, the 
equation is satisfied when 2x=3, orx~^, there fore 5 and ^ are the 
roofs of the equation The student will thus observe that it is not 
always necessary to transpose all the terms to the left-hand side of 
the equation 


Example 3. SolYel0(2a;+3)(3c-3)+(7ic+3)^=20(a:+3)(a:-l) 
We have. 10(2a;2 -3aj-9)+(49a:^+42a;+9)=20(a;2 + 2®-3), 

49a;2- 28a; -21=0 
*. 7£c2-4a;-3=^0, 

or, (7a;2-7a;)+(3a;-3)=0 
or, (7a;+3)(a;-l)=0 

Hence, either 7a:+ 3=0] 


and 


x= -I 


or, 


and 


a;-l=0'l 

a;=l 


Thns ”4 and 1 are the roots of the equation 


Example 4. Find the number which exceeds sixty-five 
tunes its reciprocal by 64 

Let X be the required number 

Then, by the condition of the problem 

a;-^=64 

X 

‘Multiplying botli sides by x, we have 

a;^-65=64a; 
or, a® -64a; -65=0, 
or, (a;-65)(a;-!-l)=0, 

either a: -65 =01 


le, a;=65 


[by transposition ] 
[by factorisation ] 

a;+l=0l 


or. 


te, a;= -1 


Hence the requued number is either 65 or - 1 
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EXERCISH! 69. 


^y^olve the following equations ✓ 

/ 1 . 3a:2-12a;+l=6a;-23 *^2. 4a;2-4a;«80 
3. =.+2-5f,=l 
5. £C®-'-3a;“4=0 


4. a;2+9jj-52=0 


/* 


7. 3(ai-2)2=18+(8a;+l) 
3a;2-4 


6. 6a;2+5a;~4=0 

10. aj2-(fl+ J)a;+flj=o 


11. Find two numbers whose product is equal to 399 and 
sum IS equal to 40 

. ^?i.* , number whose square exceeds ten tunes 

itself by 96 


13. lind the number which exceeds 12 by as much as 
thirty-nine times its lecipiocal falls short of 4 

14. The difference between the ages of a man and his son 
IS -o now if the product of the numbers denoting their ages, 
ten years back, be 150. find the present age of the father 

15. The length of a rectangular garden of area, 100 sq 
yds exceeds its breadth by In yards Find the cost of fen- 
cing it by wire-net the pnce of which is 8 annas per foot 


Miscellaneous Exercises. IV 


I 


ir n’ Common Facto) and Lowest Common 

Mnfmc ot TO 0 01 more algebraical expressions Find the 
H C F and L C M of BQpi^a^c^) and 

Factorise the following expressions and find their 
HCF- »2^6a:+9and4a;2-lla; « 


•3 


3. 


Find the LCM of 

«6 - nc - &2 + he and - 12uc - ia^ - 


4. Rssolve rr^+ 7/ ’*-f. 3a;?/- 1 into elementary factors and 
show that the HCF of this and 2(a;8+a;?/-a:)+3?/(a;+v) 
'-{7+By)+7x+7i(isx+v-l 
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itt 

6i B 2^- a+ &+ c, show that 

2&c+(&^ + c^ s(s-a) 

2bc - [b ^ + J “* (s - b){s - c) ’ 

6. Reduce the following to its simplest form 

1 . 1 . 

jjj2„l x^ + l'~^ X^'-LX^ + X 

7. Solve aaj+l=&i/+l^ay+&a: 

8i One pipe can fill a cistern in a horns , another 
can do it in b hours , in what tune could the two running 
together fill it ^ And if a third pipe could empty the cistern 
m c hours, how long would it take to do this it the first two 
were running at the same time 9 

n 


1. EindtheHCP of 

7x^ - 26!K + 15 and 5x(x - 1} + 3(3® - 11) - 24 

2. PmdtheLCM of 

x^ + bx^ + ax+ab and x^-^ (a -bjx-ab 

3* Reduce the following to its simplest form 

f) / 1 3(a;^-a;-30)(a-2-9a;+14) 

, (a;2-13a;+42)(aj2+3aj-10)’‘ 

4. Find the value of 

^+ 1 ^* whena!=a2 + j2 and y=a^-b^ 


5» Simplify 


(2ai-9)2--(a;-6)2 

S(a;2-10a:+25) 


x^ 

3 


6* Show that 


11 3 
“12® 


4l£c2 23a;, « , 

' ^ "" ^ ^ con l3>iiis 


1 2(a;-3)g 

^3{a!2-8a;+15) 


2a;2 5x,. „ , 

-g- - "^+1 as a factoi 


7. Find the value of x when 

•|(ai!-ll)-|(a;-6) = | -( 10 -®) 


Solve «»+ Sa=c“ and 2:^- ^^'=0 

0 a 
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algbeea made easy 


in. 


1. Pind the HOP of + 

and ~5a%^+3i?® ~'2b^x^ +ba^b'^x^ -Ba^b^. 

2. Pind the L 0 M of x^ + x^+x^+x^+x+l and 

x^ — a?®+£C-l 

JmdtheHCP olx^-9,{x+%‘ mi.x^+x-6 

[0 TJ 1910] 


4. State and prove the rule for finding the Lowest 
Common Multiple of two algebraical expressions (B XJ 1902] 

Bind the L C 21 of a;^+(a+&}a;+o6, x^-h^ and 
x^-^ia-bjx-ab 


6. Simplifj’ 


i. { ^ a?— 5 \ _ 1 

4 *Va;2+^-0*"/g2-3a:-lO/~£c^+4' 


6 . B6\vq ax^ry=x+by=\[x-^y)-^l 


7. An income of £196 is denved from two sums invested, 
one at 4 per cent , the other at 7 per cent per annum ; if the 
interest on the former had been 5 per cent; and on the latter 
6 per cent , the income derived would have been £212 ihnd 
the sums invested 

8. Find the value of x when Sfjc^ - 4) = 15 


IV 

1. Define HOF and L C M of two or more algebraical 
expressions 

If H and L denote tbe HOF. and L C 21 respectively 
of two algebraical expressions A and B, show that 

Ev:Jj^Ay.B, 

2* Find the H C P x^-Hxy-^y^ anda;®'”j/^» 

and show that when their LC 21 is divided by £C®+a5i/+^/® 
th^uotient is [x - y){x'^ - y^) 


3. Find the defect of 


Ui'SitnpMy 


jg+G 

x^ + ox'-b 
2m 


from 


g+o 
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5. Show that (a;+?/)®-(v+^)^ 

= 3(a: - z)[{x+y){y + 5 :) + ^a; - zY) 

6* Anumbei o£ thiee digits has 5 in the units’ place 
and the middle figuie is half the sum of the other two , if 
108 be added to the number the hundieds’ figure will take 
the place of the umts’ and the units’ the place of the tens’ 
Find the number 

7 . If 3 be added to the numerator and den ominatoi of a 
lertain fraction, the fraction becomes f , it 5 be subtracted 
horn, the numerator and denominator, it becomes ^ Find 
the fraction 

8» Solve 5(a;^ - 3a;+ 11) + 3(a;^ + 2a;+ 4) = 3(3a;^ - 3a;+ 1) 


V 

1 . Find the HOF of -{a^+b^)x^ + a^^ and 

x^-la+iYx^+2abia+b)x-a^b^ 

2 . Find the L CM of Soa;^ -lla;-6 and 40a;2 -29a;+3 

3. Reduce to simplest form 


1 2a; _ x^ + 1 1 

Jl+lV 

-1 ^ -^+^1 

\x+y x~y} 

\x^ y } ■ 

‘ las-i/ X y f 


A Q if^ a^+bc+ca+ab fl^+8c^ 

impuy (jZ^'-2bG+'2ca+ab fl^ + a^c*+6ac®+4c^' 

5* Show that 

a;+2 ^ a;-2 2a;^-4 _ 4a:*+8 

l+aj+cc^ l-x-Vx^ + 

6. A and B travel together 120 miles by rail A takes 
a return ticket for which he has to pay one fare and a half 
Coming back they find that A has travelled cheaper than B 
by 4 annas 2 pies for every 100 miles Show that the fare 
per mile is 2 pies 

7 . The expression aa;+ 6 is equal to 13 when x is 5, and 
to 29 when x is 13 Show that the value of the expression 
IS 4 whan af is 5 

8. The defect of 4 from twice the square of a numbei 
IS 28 Find the number 
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!• Find the EOF of 

3a!S-18a:2+^-l^a,2-5(c+6anda2-ai;+2 

3. There are two quantities a and J of wbeh the 

L C IT .s a^ and the G 0 M IS 2,, j ai+.^^+i, 

show thata;3+y3=,,^3^3 . 

W3 

^ Simphfy 

"'®‘ “ ®“a+J 2'= show that 

(n) ^3=2!:±* 

6. Solve 

3 (7a; ~ 5) + ^(343 ; + jq) - ^(4:-x){2+15x] 

4 —18 

to m^e her money again she thinking 

She lost however, Bd hv tho k them at seven for 2d 
sell them for 9 business How much did she 

^.'^Solve(2.t.3)(ai.5Hteq.6)f3.+i)=34+(ioq.4Xis+5) 

YU 

1» Find the TT P, fn e ^ « « 

and aiXa* + 81 - 7{ai< + 15) + f 6^^® ■*■ 0® - 35, ®* + 8®“ + 16 

2. Find the LCM nf «? 

and flc-&c+fl6-a2 * oh-ac+hc-h^, ic-ab+ac-c^ 

3. The HCF and LPivr 4 ? a 

are «Speetiye]y3andl05, ® and V 

i+A=.^’ 

^ y 35 
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5. rind the Talne o{ ■when»=^i7 and 

x-if a-b ^ a+b 

6. Shov that if a numhei formed by two digits is four 
times the s\im of its digits, the number formed by interohang- 
ing the digits is seYen tunes their sum 

7. Solve 3aJ+20 =4?/ -10 1 

4(a:-l)-3(t/-3)=0 J [G U 189o] 

8» !Pind the number, the square of which exceeds 7 by as 
much as the square of half the number falls short of 13 


CHAPTER 5X1 
HARDER FORMULA 

We shall now consider some important foimul® of a some- 
what harder type than those treated of in Chapter IV 

125. Formula (:c+ a)(jc-t b){x+ c) 

« + (o + 6 + c)a;“ + ( 6c+ ca + fl&)A:+ abc 

Note The student can easily verify this. Jt is also evident that 
the following resuUs are included m it 

(«-</)(«— 6)(r-p)=a;®—(«-{*6+cla/®-l-(i(j+cff+c(6)x—aAc , 

(a +o)(af+6)(«-p)=>»* +((i+6“c)x® -(6c+cfi -Qb)x~-abe , 

(x-{- nl(x - 6l(x -e) =»*+(« - ft - f lx® + {be - c« - nft)x-t*flftc. 

for msfancc, 

(x-a)(a -6)(x - 1 ) “{x-f ( - a)K®+ 1 ’'^lKa'+( - «)! 

=x3+{(-fl)+(-6)+('e))x^+{(-ft)(-c) 
+(-cX-a)+(-a)(-6)}x+{-nH-ft){-c) 
=x* — (a-{-64-e)r®-h(ftc-tcfir-l-a6)x-a6e. 


1-16 
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Sunilaily, the othei two results can he established, which is left as 
an exercise for the student 

Example 1. Wntedown theproduot of£i;+2, a;+4 anda;+6 

2+4+6=12, 

4 x 6 + 6 x 2+ 2 x 4=24+12+ 8=44, 

2x4x6=48 

Hence, the required product =a;^ + 12jc^ +4405+48 

Example 2. Wnte down the product of a5 - 3, 5 and x-T 
(--3)+(~5)+(-7)=-15,. 
{-5)(-7)+('-7X-3)+(-3)(-5)=35+21+15=71, 
(“3){-5)(-7)=-105 

Hence the required product = as ® -15a;^+ 71a/ -105 

Example 3. Wnte down the product of 05-4, a;+6 and a;-3 
(-4)+5+(-3)=-2, 

(5)(-3)+(-3)(-4)+(-4)(5)= -15+12 - 20= -23, 
(-4)x6x{-3)=60 

Hence, the required product = a;® -2a5® -23a5+60 

Example 4, Write down the pi oduct of a5+ 3, x+ 5 and as-S 

3+5+(-8)=0, 

(5)f-8)+(-8)(3)+(3)(5)= -40-24+15= -49; 
3x5x(-8)=-120 

Hence, the required produot=a;® -Oas^ -49a5-l20 

= 35® -4905-120 


EXERCISE 70. 


Wnte down the product of 
1, 05+ 1, 05+2 and 05+3 
3. 05+3, 35-6 and 05+2 
5. 05-8, 05+3 and a:+l 

7. 05-3, 35+7 and 35-4 
9. 35-5 05-7 and 05-11 


2. 05+2, a;+5 and 35+7 

4:. 05+4, 05+5 and 05-10 

6 . 05-6, 05-2 and 05+8. 

8. 35+6, 05-5 and 05-7 

10. 35-3,05-6 and 05-9 
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11. 25+ 4, a; -5 and aj - 12 
13. jc-G, fc+S and £C-2 
15. a;--3, 35+12 anda:+4 
17. a;+9, ru-o anda-T 
19. a; - 14j aj+ 8 and a;+ 6 


12. 05+ 5, 03+ 9 and 03+ 11 
14. a:-3, 05-7 and 05-13 
16. 05-9, 03-10 and 05+12 
18. 03+8, 03+12 and 03+15 
20, 03-0, 03— 10 and 05-16 


126. Squares of multinomials. It has been 
respectiYely shown in examples 4 and 5 of Art 54 that 
(a+6+c)^=a^ + 62 + c^+2a6+2ctc+26c and (a+6+c+cZ)® = 
a^ + &^+c2 + d^+ 2a6 + 2ac + 2ad+ 2&c + 26d! + 2cd 


Thns meach of these cases we may observe that the square 
of the whole expression is obtained by taking the sum of the 
squares of the different terms and of twice the product of 
each term by every term which follows it The results are 
best remembered when put as follows 

(fl+&+c)^=a^+&^ + c^+2a(&+c)+2&c , 

(a+ 6+ c+ dY = +2a(&+ c+ d)+26(c+ d)+2cd 

The same rule may be shown to hold m every other case , 
for instance, let us find the square ofa+&+c+d+c 

We have {a+b+c+d+eY={{a+b+c)+{d+e)Y 
= {a+b+ cY +2ia+b+ c){d+ e)+[d+ ey 
={a^ + b^ + c^+ 2a{b + c) + 26c} + {2a(d+ e) + 26(d + e) 

,+2c{d+e)}+{d^ + e^+ 2de) 
= + 6^ + +2a(6+ c+ d+ e) 

+ 26(c + d + c) + 2c(d + c) + 2de 

Hence, we conclude that the square of any multinomial is 
equal to the sum of the squares of its different terms together 
with twice the product of each term by every term which 
follows it 

It IS needless to add that the above rule wiU also hold 
good when the multinomial under consideration contains one 
or more negative terms, for the symbols used above are 
perfectly geneial in character and any of them may stand 
eithei for a positive oi a negative quantity 

Note Since (a+6+c)®=»a°+6®+e®+2(a6+ac+6c), we have 

2(a6+ac+6c)={a®+6®+c®+2(a6+ac+6c)}-{a’+6*+c®) 
=(a+6+c)“ -(a*+6®+c®) 

Similarly, a® +6® + c* = (a+ 6+ c)® -2{a6 + ao+ 6c) 
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Example 1 . Write down the square oix-y-^rz-v 

+2(-«/)(2-«;J+22 (-w) 
= £c^ + 2/^ + _ 2a;^ + 2a;2 - 22 cu 

-^jz+^jv-'kv 

Example 2. Write down the square of -a+2h-3c-d 
{ - a+2b -Be - +Ab^ +Qc^ + +2i - a)i2b - Sc- d) 

+2(2&){-3c-d)+2(-3c)(-rf) 
= a^+Ab^ + Qc^+d'^ -4:ab+Gac+2ad 

-12bc-4:bd+Bcd 

Example 3. Find the value of a^ + b^+c^+2ab-2ac-2bCf 
when a=19, &=18 and c=32 

The given expression =a'^ + b^ + c^ + 2a{b -c)+ 2h{ - c) 

= (tt+6-c)2 

Hence theieqd value =(19+18-32)^ 

=(5)2=23 

Example 4. If x=b+c, y=c-a, z^a-b, piove that 
a;2+^2+22 -2a:^~2a;2:+2^2=4&2. [0 U Entr Paper, 1883.) 

x^+y^+z^ - 2xy - 2xz+ 2yz 

= Of 2 + y 2 + 2;2 ^ 2®{ - V " -) + 2( - ?/)( ' 4 
= [x-y-zf 

= {(&+ c)-(c-a]-(a - &)}2 
=(2&)2=4&2 


EXERCISE 71. 

Wnte down the square of • 

1. x+y-z 2. x-y+z 3. -x+y+s 

4. -x-y+z 5. x-y-z 6. a-x+y-z 

7. a-x-y-z 8. w+ji+p+g+j 9. 

10. -a+h-c+x-y~z 11. a-2x-Bif-^- 

12. 2rt-6+2c-£?. 
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Find the value of 

13. -'Mm+2ln-2mn, when Z= 17, w=23 and 
11=13 

14. 2+2pg-^j -22>, when jp=16 g==12 and 
1 =25 

16. a2 + &2 + c^-2a&-2ac+2&c when «=28, &=13 and 
c=15 

16. x^+y^+l+'^xy-'2x-2y, when£c=6 and ?/=7 

17. a;2+i/2+2a:j/-2ic-2?/+36, when a:=23 and i/=18 

18. a;^+4|/2+l-4fl;y-2a;+4i/, when a;=26 and i/=12 

19. 0!®+%^ -6a37/-2a;+6v+64 when £c=49 and y— 16 

20. 9jc2+i/2-63C?/+6a;-2i/-24, when 35=14 and ?/=38 

21. If a+&+o=12 and fl* + 6^ + c^=50, find the value of 
ah+ac+bc 

22. If a+6+c=13 and o&+ac+&c=50, find the value of 

a2 + &2 + c2 

127. Powers o£ Binomials : Involution. 

By actual multiplication it may be seen that 
(a+ h)^ = + 2ab + 6®\ 

(a-&)2 = a2-2flJ+62j 

(a+ &)® = a® + SaH+^ab^ + 

(a-6)3=a3-3a2&+3a62-63j 
{a+ &)^ = + 4a® & + + 4o6® + h^\ 

{fi-bY — a^- 4a® &+ 6a®6® -4a&® + &^J 

(a+ 6)® = a® + 5a^6 + 10a® + lOa^ 6® + 5a&* + 6 “1 

(a-6)® = a®-5a*&+10a®&® -10a^&®+5a&^ 

{a+ &) ® = a® + 6a® & + 15a* + 20a® & ® + 15 a® &* + 6a& ® + ft®! 

(a - &)6 = a® - 6a®6+ 15a*&® - 20a3&® + ISa®^* - 6a J® + &®J 

Note On examining the above cases we observe that 
(1) The total number of terms in the resulting expression is one 
more than the index of the binomial Thus in thejifth power the 
numberofteimsissix,inthe sixth power the numbei of terms is 
seven ; and so on 
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(2) Any powei of a— b diffeis fiom the same power of ff+6 only 
in this that the signs of the teims of the former are alternately + end 

whilst those of the lattei are all + 

(3) The first term is a raised to a power equal to that of the hino~ 
mial, and the last term is b raised to the same power Thus, in the 
fourth powei, the fust term is a* and the last b* , m the fifth power, 
the fust term is and the last 6® , and so on As to the othei terms 
the power of a in any term is one less, whilst the power of b is one 
greater than that in the preceding term 

(4) The co-efficienf of the second term is the same as the index of 
the power to which the binomial is raised , and if the co-efficient of any 
term be multiplied by the index of a in that term and divided by the 
number indicating the position of that term, the result gives the 
co-efficient of the next teim Thus, if we multiply the co^efficient of 
the second teim by the index of a in it and divide the product by two, 
we get the co-efficient of the 3rd term , again, if the co-effictent 
of the third term be multiplied by the index of a in it and the product 
divided by three, we obtain the co-efficient of the 4th term > and so on 

(5) The co-efficients of the teims equidistant from the beginning 
and the end aie the same , in other words, the co-efficient of the term 
which has any number of terms before it is equal to that of the term 
which has the same numbei of terms after it 

The laws observed above, a proof of the umvei sal ti uth of which is 
beyond the scope of our limits, furnish us with a leady means of raising 
a binomial to any power without the process of actual multiplication 
The following examples are intended to illustrate the application of 
those laws 

[The icsulting expiession in each case is called the expansion of the 
corresponding power of the binomial ] 

The operation of laising any expiession to any power is called 
Involution, 

Es&mple 1, Raise fl + & to the seventh power 

The total number of terms in the expansion=8 

The first term= 

, 2nd ,, 

. 3rd , 

4th , 


I [Laws (3) and (4) ] 
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}? 0 Wi since the four terms fiom the end will have respec- 
tively the same co-efficients as the four terms from the begin- 
ning flaw (5)], the next four terms of the expansion will res- 
pectively be 7a&® and 

Hence, we have (a+ by = +7a®6+21a°&®+35a^&* 

+BbaH^+21a^^+7ab^ + b\ 

Examples. Expand (x-# 

The total numbei of terms m the expansion =9 
The first term = a:® 


2nd 

„ = -8a;’y 

1 


[Laws (2), 

3rd 

„ =-|-a;®y® = 28a;®y® 


4th 

» =a „50gj5^8 


[ 

(3) and (4) ] 

5th 

= 70a;*y* 


f 


The co-efficients of the remaining four terms need not be 
calculated as the co-efficients of the first four terms only wdl 
now reappear in the reverse order [Law (5) ] 

Hence, we have 

{x-yY=x^ - Qx^y + 28x®i/® - ® + 70x^y^ - b^x^y^ 

-l-28a;^7/®-8a:y^+?/® 

Example 3. Expand {2a; -3i/)’ 

The total number of terms m the expansion =8 
As we have 2a; for a and 3y for 6, we must have 
The first term— (2a;)^ ^ 

, 2nd , - -7(2a;)8(3y) 

, 3rd , = 21(2a;)5(3y)2 ? 

„ 4th „ =-^(2a;)*(3y)® =-35(20!) W , 

We can now wnte down the remaining four terms which 
wiU respectively he 35(2a;)®(3!/)^. -21(2a:)2(37/)®, 7(2a!)(3y)® and 
-(3y)’. 

Hence, we have 

(2aj - 3v)7 = (2a;)’ -7(2a!)8(3y)+ 21(2a;)5(3i/)2 - 35(2a;)4(3y)® 

+35(2a;)3{3y)4 -21(2a;)H3v)®+7(2a;)(S7/)« -(Sy)’ 
=128a;’-7(64x®)(3y)+21(32a-5){9y2)-35(16a;*){27v3) 

-t 35(8a;3)(81y*) - 21 (4a:2)(243y s) + 7(2a:)(729y «) - 2187y’ 
= 128a:’ - 1344a;«y-l- 604Sa;5y2 - 15120a:^y ® +22680a:®y4 
-20412a;2y3 +l0206a;y® -21877^’ 
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Example 4. Find the value of 

£c® + + 15aj^ + 20a;® + 15a;^ + 6a; - 8, when a; = $/3 - 1 

The given expression 

= (a;® + Gas® + 15aJ^ + 20a3® + 15aJ® + 6® + 1) - 9 

=(®+l)®-9 

=(^3)«-9=9-9=0 

EXERCISE 72. 

Expand 

1. (x+l)‘ 2. (®+l)® 3. («+!>)» 4. (»+6)' 

5* [x~y)^ 6* (m-w)^ 7# (aj+2)* 8. (aj+2)'’ 

9. (»+l)® 10. (a:+8)‘ 11. 18. (2-2)“ 

13. {2a!-l)< 14. ix-yy 15. {3a!-2)' 16. 

17. (t-c)' • 18. a-3a!)« 19. (1-2®)' 20. (2»-a)‘ 

81. (is-o)'» 22. fe-2o)® 

Simplify 

23. (®+l)5-(®-l)5 24. (®-l)6+(®+l)8 

25. (a+o)*^ 

Fiiid the sum of the co-efficients in the expansion of 

28. (®+a)‘ 27. (a+fl)' 88. (*+»)“ 

29. [x+ay 30. (a+n)' 

Find the value of 

31. + 5®^ + 10®3 + 10®® + 5® + £(2, when ® = - 2 

32. a® - 6®® + 15®^ - 20®® + 16®® - 6®, when ® = 1 

33. 16®^ -32®® +24®® -8® -80, when®=2 

34. + 12®® + 54®® + 108® + 81, when ®== - 5 

35. ®^ + 8®® + 24®® + 32® - 609, when ® = - 7 

128. Formula (ff + b + c)(fl® + + c® - bc^ca-ab) 
==^{a+b+c){{b-c) +(c-fl)“+(a-^)”^ 
^a^+b^^-c^~3abc 
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[(a+ 6+ c)(a^ + 6^ + - 6c - ca - ah) 

= (a + 6 + c){(a2 + 6^ - a6) - (ac + 6c) + c^} 

= (a+ 6 + c){(a+6)2-Ba6 - c(a + 6) + c^} 

= (a+6+c){(a+6)2 -c(a+6)+c^ -3n6} 

= (fl-+ 6)^ + c® “ 3a6(a+ 6+ c) 

“ (a+ 6)® - 3fl6(a+ 6) + c® - 3a6c 
= a^ + 6'* + c^ “3a6c] 

Cor. Conversely, a® + 6® + c® - 3a6c= (a+ 6+ c)(a® + 6® + c® - 6c 
-ca-ab) Hence, we can always resolve an expression into 
factors whenever it is of the form o® + 6® + c® - 3a6c 

Note Since a®+6®+c®-‘6c-ca— a6=i'((6— c)*+(c— o)®+(cr— 6)®}, 
we have a®+6®+c®-3o6c=Kc^+6+c){(b-c)®+(c-a)“+(a-6)®} 

Example 1. Multiply x'^-^-y^+z^+xy+xz-yz by x-7j-z 

Putting a for a, 6 for -y and c for -s, we have 
(a: - y - s)(jc® + 2 /® + 3® + asy + 035 - 7/z) 

= (a+ 6+ c)(a® + 6® + c® - rt6 - Gc - 6c) 

= a® + 6® + c® -3a6c 
-y^ ~z^ -dxyz 

Example 2. Resolve w® - «® + 1 + 3mw into factors 
Putting a for 7?i, 6 for -n and c for 1, we have 

7»® -»®+1+3wm=g® + 6® + c® -Babe 

= (a+6+c)(a® + 6® + c® -a6-ac-6c) 

= (m - 71+ l)(m® + n® + 1+ mti - m+ w) 

Example 3. Show that (jc- 2 /)® +( 7 /— 5)® + ( 5 - 03 )® 

= Bix-y){y--z)iz-x) 
Puttmg ofor a3“2/i 6for 2/-2 and c for z~x, we have 
a+ 6 + c=s (33 - 2/) + (2/ ~ 2) + (5 - 03 ) = 0 
Hence, {{x - 2 /)^ + ( 2 / - 2 )® + (2 - a:)®} - 3(a3 - y){y - z){z - x) 

= a® + 6® + c® - 3a6c 

*= (g+ 6+ c)(a® + 6® + c® - a6 - ac - 6c) 

=0x(a® + 6®+c® “a6-oc-6c) 

= 0 , 

(33 - 2 /)® + ( 2 / - 2)® + (2 - a;)® =3(a; - y){y - z){z - x) 
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EXERCISE 73. 

Multiply 

1 . x^-¥y^+s^-xy'^xz+yz'by 

2. 2^2+422^, 2+ 2^2+jpj -ggj by ^)-2g-? 

3. 4as2 + gy2 + ^2 + 0ajy + 2a33 - 3|/2 by 203 - 3^ - 21 

4. «2+4j2+2fl&-3o+6&-i-9bya-2&+3 

5. 9aH 25&2 + i5a& + 12a - 20& + 16 by 3ft - 56 - 4 

Resolve into faotois 

6. x^-y^-l-^xy 7. £c3_^3 + 0jb2,+8 

8. a;3-8y3-2723-18ajp 

Find the value of 

9. a;® + 1/3 + 18331/ - 216, when x+y =6 

10. ft® - 86® - 24o6 - 64, when a - 26 = 4 

11. (s-a)® + (s-’6)® + (s-c)®-3(s-aXs-6)(5--c), when 
3s=fl+6+c 

12. Show that (ft - 26)® + (26 - 3c)® + (3c - ft)^ 

= 3(ft-26)(26-3c)(3c-ft) 

13. Show that (asH- y - 231 ® + (y + 3 - 2 a 3 )® + ( 3 + a 3 - 2y)® 

= 3(a3+ y - 23j(y + 3 - 2a3)(3+ cc - 2y) 

14. Show that (ft+26-3c)® + (6+2c-3ft)® + {c+2ft-36)® 

= 3(ft + 26 - 3c)(6 + 2c - 3ft)(c+ 2ft - 36) 

16. Show that(223-5g+3?)® + (22-5? +Sp)^ + {% -Sii+Sj)® 
= 3(2jp - 5g + 3? )(2y - 5) + 3ii)(2j - Sji + By) 

16. Find the value of fl3®+y® — 3 ®+ 3 a 3 ®y® 3 ®, when 
x-a^-h^ y=2a6, 3 = a® + 6® 

17. Find the value of a 5 ®+y®+ 3 ® - 3 jcy 3 , when a;=658, 
y=668, 3= 674 

/129. Formula (a-6)(a-c)(6-(?) 

=a2(6-c)+62(c-a)+c2(fl-6) 

= bc{b - c) + ca{c -a)+ab{a’‘ b). 

I(fl - 6){ft - c)(6 -c) = {ft® - a(6+ c)+ 6c}(6 - c) 

== ft®(6 - c) - a(6® - c®)+ 6c(6 - c) 

= ft®(6 - c) + 6®(c - ft) + c®(ft - 6) ] 
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Cor» L Conversely, -c)+b^c-a)+ c^(a - b) 

=((i-&}(a--c)(&-c) 

Hence, we know at once the factors of an expression 
Avhich IS of the foi tn aHb - c)+bHc - fl)+ cHa - b) 

Cor, 2, Since a - c= - (c - a), we have 
{a “ b)(a ~ c)(b - c) = -Ja - b)(b - c)(c - a) 

Hence, the above relation can also be put in the form 
a^(b -c)+bHc-a)+c^(a-b)= - (a- b)(b - c)(c - a) 

Cor, 3, Since a®(&-c)+&^(c”a)+c2(£i-6) can be put m 
the form a6(a - b)+hc{h - c) + cn(c - fl), we have also 

ah{a “ &) + bc{b -~c)+ca{c-a)— - {a- b){b - c){c - a) 

Example. Simplify {a+2&+3c)^(a-2J+c) 

+ (& + 2c + 3a)^(& - 2c + a) + (c + 2a + 3&)^(c -2a+b) 
+ (a - 2&+ c){b - 2c+ a){c - 2a+ b) 

Putting sc for a+2&+3c, we have 2/-2=a-254-c ' 

2/for&+2c+3a, i z~x—b~2c+a ■ 

and 0forc+2a+3&, ^ x-y^c-^a+b ' 

Hence, the given expression 

^xHy~z)+yHz~x)+zHx~:y)+{:y~ z){z ~ x){x - tj) 

= - (l/ - z){z - x){x - y) + {y- z){z - xjx - ?/) = 0 

EXERCISE 74=. 

1. Show that (sc - 2^ + 2)(2a3 -y- z){y - 2s+ sc) 
={x-7jY{y-2z+x)+{y-z)^{z-2x+y)+{z-x)^{x-2y+z) 

2. Show that (a+b)Hb~a)+(b+c)Hc-b)+(c+a)^(a-c) 

+ (& - a)(e - b)(a - c) = 0. 

3. Resolve into factors 

2(a - 5 + c)2(a— c) + 2(& - c+ a) - a) + 2(c - a+ &)2(c - 6). 

4. Resolve into factors 

(sc+ 7j)^y -x)+(y+ z)Hz -y)+ {z+xY{x - z) 

5. Simplify 2(fl - & - c)®(& - c) + 2(6 - c - a)^c - a) 

+ 2(c - a- 6)2(a - 6) + 8(fl - 6)(6 - c)(c - a) 
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6. Simplify {x-y){y-z)ix-2ij+z) 

+ (y “ zi){z - x){y -‘2z+x)+{z- x){x - y){z - 2fl;+ «/) 

+ (ic - 2y + - ’#1^+ - 2a!+ 2/) 

130. Formula {b-¥c){c^rd){a-¥b) 

=:=aHb+c)+bHc+a)+cH(^+b)i-2abc 

=aib^+ c^) + b(c^ +a^)+ c(a^ + b^)+2abc 
= bcib+c)’¥caic+a)+ab{a+b) Jr2abc 
={a-i‘b-i'C){bc+ca+ab)~abc. 

[ (6 + c)(c+ a)(fl!+ b) 

~ (6+ c){{a+ b){a+ c)} -{h+ c){a^ + a{b+c)+ 
-aHb’^c)+a{b-i-c)^+bc{b+c) 

= + c) + a{b^ + 2&C+ G^) +b^c-^ bc^ 
—a^{b+c)+b\c+a)+c^{(i‘^b)+^abc 

[re-arranging the terms ] 

But, aHb+c)+hH€'^a)+c^{a+b) 

-a{b^ + c^) + + cia^ + b^) 

[re-arranging the terms ] 

= {b^G+ 6c^)+ (c®a+ ca^)+ (a^&+ ab^) 

= be{b + c) + ca(c + a) + ab[a + b) 

-bc(a-tb+c~a)+ca(a'i'b+c-b)-i-ab(a+b"i'C‘~c) 

- &c{a+ & + c) + cfl(a+ & + c) + a6(® + b+c) 

-bca -cab -‘dbc 

= (a+6+c)(ac+ca+fl&)“3fl6c Hence, the lesult 

follows ] 

131. Formula (a+b+c)ibc+ca+ab)=P+^(^^^f 

where P stands for any of the equivalent forms 

(i) aHb-^c)+bHc+a)+c^ia+b ) ; 

(li) bc{b+c)+caic+a)+ab{a+b); 

(lii) a(62 + c2) + b{c^ + a^) + c(fl® + b^)* 

[ From Art 130, we have by transposition, or by direct 
multiplication ia+b+c){bc+ca+ah) 

= a2(j + c) + bHc+a) + c2(a + J) + Me 
= a(&2 + c2)+ b(c^ + a2)+ efa^ + 6 ^) + ^abc 

=&c(&+c)+cfl(c+fl)+o6{tt+&)+3a&c ] 
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Example 1. Find the product of 

{2x +Sy+ + lOzx + Qxy) 

Putting a, b and c foi 2a;, 3y and 6s respectively, 

we have a+&+c=2a;+3?/+5s 

6c+ ca+ ab=15yz+ 10sa;+ Qxy, 

(2a;+3?/+ 5s)(15?/s+ 10sa5+ Qxy) 

=(a+ &+ c)(6c+ ca+ ah) 

= (6 + c) + &^ (c+ a) + (a + &) + 3a&c 
= 4:X^By + 5s) + 9^^(5s+ 2a;) + 25s^(2a; + 3y) + 3 2a; By 5s 
==12x'^y+2Bx^z+iby^z+ IBy^x+^z^x+l^z^y+BBxyz 

Example 2. Show th at {x + By + 12s){12?/s + 4sa; + xtj) - 12xyz 

= {y+ 4s)(l2j +x)lx+By) 

Putting a &, and c for x, By and 12s respectively 
we have a+&+c=a;+3y+12s 

hc+ ca+ db^BByz+ 12zx+Bxy 
=>B{12yz+^x+xy) 
ahc=BBxyz 

. . the left-hand side=i{(^^+ c)(&c+ ca+ ah) - a&c} 

=K&+cXc+a)(a+&) [Art 130) 
= ^{By + 12s)(12s + a;)(a; + By) 

[restoring values of a,h,c] 
= (y + 4s)(12s+ a;)(®+ By) 

EXERCISE 75. 

Write down the products of the following 

1. {x+^){2y+Bz){Bz+x) 2 . {8x+y){y+6z){Bz+8x). 

3. (a+2&)(26+3c)(3c+a) 

4. (3a;-f «/+10s)(10ys+30sa;+3a;j^) 

5. (a;+2i/+s)(2ac+^+s)(a;+v+2s) 

6. (a-2&)(2&-3c)(3c+a) 

Simplify the following 

7. a(6+c-a)^ + 6(c+a-&)^ + c(a+6-c)^ 

+ (&+ c - a)lc+a - h)ia+ h - c). 
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8. c(&+ c - a)(c+ a-h)+a{c+a- h)ia+ 6 - c) 

+ &(a+6-c)(6+c-a)+(&+C“a)(c+a-&X®+&”c) 

9. (y-i-zy{2x+y+ 2 ) + ( 0 + xy{x+ 2y+z)+ {x+y)^(x+ y+2s) 

-{2x+y+ z){x+ 2y + z){x+ y+2z]+2{y+ z){z+x){x-^y) 

10. 2a(6 + c - a)® + 2h{c + a - 6)^ + 2c{a+ & - c)^ - 3o&c 

+2(a+ h+ c){(c+ a - h){a+ b - c)+{a+b-c){b+c-a) 

+ (6+C“a)(c+cf-6)} 

11. Prove that {x+y-z){{y+z-x)^+iz+x-y)^}+[y+Z'-x) 
+ {{z+x~y)^ + {xi'y ~zY}+[z+x-ij){{x+y -z)^ + {y+Z’-x)^} 

+2{y+z~ a;)(s+ x - y){x+ y-z)= Sxijz 

132. Formula 

(fl:+ 6 + = a® + c^+3ib+c)(c+a)(a+b). 

[(a+&+c)3=={(a+6)+c}» 

= (a+&)3 + c3 + 3(a+&)c{{a+&)+c}, [Art 57] 
== + 3a&(a+ b)}+ c® +3(a+ &)c(a+ b+ c) 

= + c® + {3a&(a+ &)+ 3(a+ &)c(fl+ c)} 

= a® + 6® + c® + 3(ft + b){ab+ c{a+b+ c)} 

= a® + + c® +3(a+ b){c^ + cfa+ b)+ab} 

=a® + 63 + c® + 3(a+&Xc+6Xc+») [Art 61] 
~a^ + b^+c^+d{b+c){c+a){a+b) ] 

Cor . {a+b+ c)® - - c® - 3(6+ cXc+ flX®+ &) 

Example 1, Pactonse S{x+y+ zY -{y+z)^ -{z+xY -{x+yY 
Put a, h and c for y+z, z+x and x+y respectively 

We have a+b+c=2{x+y+z) 

The given expression 

={2{x-^y+z)Y -{y+zY -{z+xY -{iz+yY 

=(a+6+c)® -a® -6® -c® 

=8(6+ c)(c+ a)(a+ 6) [Ooi ] 

= 3(2a;+ y+z){x+ 2y + z){x-\- 1 / + 2^) 

[restoring the values of a,b,c] 

Example 2, Show that 

{x+y+zY={y-^z-xY-^iz+x-yY + [x+y-‘zY+^y^ 

Put a b, c for TZ+r-a;, z+x-y and a;+ 2/ -2 respectively 
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We have a-\-h+c=‘iy+z—o^-i-{z+X'-ii)+{x+ij-z)=x+ij+z 
'b+c={z+x-y)+{x+y-z)=2x 
c+a={x+y-z)+{y+z-x)-2y 
a'^h—{y+z-x)+{z+x-y)=2z 

{x+y+z)^=^ia+l}+G)^=‘a^ + Ij^ + c^+B{b+c){c+ (i)(a + b) 
~{y+z-xY+{z+x-yY-^{x+y-z)^ 

+b2x2y 2z 

-{y+z-xY + {z+x-yY + {x+y-zY +24x112 

EXERCISE 76. 

1. Ifa+&+c=0, show that a^ + b^ + c^=da{c+a){a+b) 

= 3 &(& + c)(& + a) = 3c(c + a)(c + &) = 3a&c 

2. If 2s=a:+^+2:, prove that 

(s - xY + (s- ijY + (s - zY + Sxyz-s^ 

3. Prove that {2x -y-zY + {^y—z~ xY + {2z~x~ yY 

= 3(2a; -y-z)i^y-z- x)i^z -x-y) 

4. Simplify [^x-y-zY + i^y-z-xY + i^z-x-yY 

+2A{y+z--x){z+x~y){x+y--z)-x^ -y^ -z^ 

~3(y+z](z+x)(x+y] 

6. Show that (2x-y-zY+y^+z^+3(y+z)(2x-'y)(2x-z) 
= (2x-y- 3zY +y^+ 27z^ + 3(?^+ 32:)(2jc - y)(2x - 3s) 

6. If 2s—x+y+z, prove that 

5^ + (^ - 2xY + is-2yY + (s-' 2zY - 24(^ - aj}(^ - y)(s - s) = 0 

7. If 3s=2(as+ s), show that (s -y - zY + (s- z-x)^ 

+ (s~x-yY + ‘3(y+z-s)(z+x-s](x+y-s)-0 

8. Simplify 

(b+c~aY + (c+a-bY + (a+ 6 - c)® - (a+ &+ c)“ + 108a&c 

9. Simplify 

(x+y+zY -(y+zY -(z+xY -(x+yY-^x^+y^+z^ 

10. Pactonse cc^ -(2a;-y-s)® -(2y-z-xY + (y-^zY 

11. Resolve into factors 

64i(x+y+zY ~i^+y+zY ~{x+2y+zY ~(x+y+2zY, 
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Find the value of 


12. a3 + &® + c3, when &+c=10, c+a=16, a+&=20 

13. x^+y^+z^, when a;=32, y- -25 and 2 = -7 

14. {x+y+zY-ix-¥z-yf-{y+z-x)^-‘{x+y'-z)^- 2Bxijz 

when jc- 10, ^ = 64 and z- 2 

15. {Qx-y-zy+y^+z^+‘d{y+ z){Gx - y){Qx - z), 

when 2=17. 

133. Recapitulation of the Fomulse. 

The diffeient foimulse treated of in Chapter IV as well as 
in the piesent one are giouped below to facilitate any lefeience 
to them It IS desired, however, that the student should 
commit them so fully to memory that the necessity even for 
occasional references may be altogether done away with 


I 

n 

ni 

JV 

V 

VI 

vu 

vin 

IX 

X 

XI 

xn 

xm 

XIV 


(a+b)^=a^+2ab+b^ 

(a-&)2-a2-2a&+62 

(fl+fcXa-&)=«2-&2 

ia+b)^~a^+BaH+Bab^ + b^ 1 
-a^ + h^'^Sab{a+b) J 
{a-h)^ = a^~'Ba^+Bab^~b^ \ 

=a^~b^-Bab{a-b) J 
a^ + b^-{a+bY -Babia+b) \ 

=^{a+b){a^-ab+b^) j 

a^-b^==(a-b)^+Bab{a-b) \ 

-ia--b)ia^ + ab+b^) } 

(aj+ a)(a!+ &) =a;2 + (^ + b)x+ ab 
[x - a){ic+ b)^x^+{b- a)x - ab 
{x - a)(a; - b)-x^ - (a+ b)x+ab 
ix+ a){x+b){x+ c) 

= a;2 + (ft+ b + c)a;2 + (&c+ ca+ ab)x+ abc 
(x-a)(x-b)(x-c) 

—x^-(a+b+c)x^+(bc+ca+ab)x-abc 

+ b^ + - 3abc==(a+ b+ c)(a^ + b^ + be-- ca - ob)\ 

= Kfl + &+ c){(& - c)2 + (c - o)^ + (fl " 1 

(a~b)(a~cXb-c)=‘ -(b-c)(c~a)(a"b) ) 

~a^(b-c)+b^lc-a)+cHa-b) I 

’=bc{b-c)+ca{G-a)+ab{a-b) J 

= - {fl(62 - c2) + 6(c2 - fl2) + c{a^ - & )/' 
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XV ih+c][c+a){a+h) 

=aH^+c)+ b^iG+a)+c^{a+ h ) + ^dbc 

- a(&® + c®) + &(c2 + a^)+ c[a^ + b^) + 2ahc 

- 6c(&+ c)+ ca(c+ ft) + ab[a+ b) + 2abc 
= (a+ b + c){&c+ ca+ ab) - abc 

XVI (a+&+cXS^c+ca+a&) 

=(&+ c)(c+ (x)(tt+ 5)+ fl&c 
= (& + c) + &^(c+ a) + cHa+ b ) + 3a&c 
= bc(b + c) + ca{c+ a) +ab(a+ b) + Sabc 

- a{b^ + c^) + blc^ + a^) + c[(i^ 4* &^) + Babe 

X\^II (a+ &+ c)3 = a3 + &3 + + 3(6 + a)(c+ a)(a+ b) 

= fl® + 6^ 4- c® + 3{a^(64- c) 4- 6^(c4- a)+ c^{a+ 6)} 4- 6a6c 
*or, (^4“ 64- c)* ~ - 6® - c® =3(64- c)(c4- a)(a4- 6) 

The following useful results are deserving of notice They 
can be deduced from the above f ormulse or verified by actual 
multiplication 

XVm (a4- 6)2 4- (a -6)2 =2(^2 4- 62) 

XIX (a4-6)2-(a-6)2=4a6 

, {a+bV (a-bV 
or, -(,-3-) • 

XX (rt4-64-c)2=fl2 + &2^g2^2jg^2g^^,2^i6 

XXI (604- ca+abY—b^c^ + c^a^ + a^b^ 4- 2abc{a + 6 4- c) 
XXn (6~c)4'(c-«)4-(a-6)=0 

XXnr a(6-c)4-6(c-a)4-c(a-6)=0 

•XXIV \{{b — cY+{c—a)^+{a — by]~a^+b^ + c- — bc-'Ca-ab 

XXV (a4-6)34-(a-6}2=2a2+6a62 

XX\T (fl4-6)2-(a-6)2=6a264-262 

' XXVn, {a^+ab+b^){a^ -ab+h^)-a* + a^^+b^ 

,XXVin (a4- 64- c)(6 4- c - a)(c4- a - 6)(a4- 6 - c) 

=262c24-2c2fl2+2a262-a^ -6^ -c^ 

XXIX (a4- by = a^+ 4a264- 6ft2&2 + 4a&3 + 

XXX (fl4-6)3 = flH5ff^64- 10^3624- 10fl2634-5a6*4-63 


1—17 



CHAPTER XXn 

HARDER FACTORS AND IDENTITIES 
I. Factors. 

We have alieady explained m Ohaptei XTI hoiv simple 
expressions of the fypes + a^-b^ and aa:®+ 

&a;+c can be resolved into factois, and shall in this secton 
consider factoiisations of a harder type 

13^. To factorise expressions of the form 
a^+b^+c^~3abc. 

Since, (&+c)® -36c(&+c), 

we have a® + 6® + c® - 3a&c 

= a® + {(&+ c)® - 3&c(&+ c)} - 3a&c 
= + (& + c)®} - 3Z>c{(& + c)+ a} 
={a+(&+c)}{a®-a(&+c)+(&+c)®}-3k(c(+&+c) 

= (fl + & + c){a® - a& - ac+ + 26c + c® -- 36c} 

={a+b+ c){a^ -hb^ + ~bc~ ca- ah) 

= i(a + 6 + c){(6 - c)® + (c - a)® + (a - 6)®} 

Example 1. Pactonse a® - 6® + c® + 3a6c 
The expression 

=a®+(-6)® + c®-3a(-6)c 

={a+(-6)+c}{a2 + (-6)2+c2-(-6)c-ca-o(-6)) 

= (a - 6+ cXa® + 6-^ + c® + 6c - ca+ ab) 

Example 2. Pactonse - y^+Qxij+S. 

The given expression 

=a;®+(-?j)®+(2)3-3a;(-^/)2 

={x+{-y)+2}{x^ + {-yY+^^^{~y)2-2x-x[-u)} 

—{x-y+ 2)ix^ +y^+4:+2rf-2x+ xij) 
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Example 3. Resolve into factois flj®+32a3® - 64 

The given expression 
= 03 ® + 803® - 64+ 24 a 3 ® 

= (a:®)® + (203)3 + ( _ 4)3 - 3 a:® 203 ( - 4) 

= {a;® +2a:+ ( -4)}{(a32)2 +(203)® + ( -4)® -2a)( -4) 

-(-4)03® -03® 2a:} 

= (a3®+2a3-4)(a;*+4o3®+16+8a3+4o3® -2a;®) 

= ^05® + 2a! - 4)(a;^ - 2a!® + 803® + 803+ 16) 

Example 4, Find the quotient of a® + &® + 1 - 3a& by a + & + 1 
Since, a® + &® + 1 - 3a&= a® + + 1® - 3a&.l 

= (a+&+l){a® + 6® + l® - 6 l-la-o&} 
= (a+&+l)(a® + &® + l-6-a-o&) , 
the reqd quotient^ a® + &® + 1 - 6 - a - a& 

EXERCISE 77. 

Factorise 

I. a;®+y® -2:® + 3a3p 2. jp® -82®-?’® 

3. 8x®-27y® -3® -18032/2 4. a®+8&®+l-6a&. 

5. 8A®+27&®-64+ 72fl& 

6. Find the quotient of a;® - 2/® + Qxy +8byx-2/+2 
7 • Factoiise a;® + 601® + 8 

8. Resolve into factors 

(as - 2/)® - (2/ - 2)® + (2 - a;)® + 8(2/ - z){z - a!)(a 3 - y) 

9, Faotonse a® -18a® + 125 
Find the quotient of 

10 . a :® + 27 - 51/(252/® “ 9 ^^) by + SSi/® + 9 + 6 xy - 3 a; + ISi/. 

II. a® + &® -c®+3a&cby a+6-c 

12. X® -2/®“1-3x 2/ by 03-1/-! 

13. X® - Sy® + 272 ® + 18 x 1/2 by x - 21/+ 82 

14. 8a® -27&® -c® -18o6cby 4a®+9&® + c®+6a&+2ac-3&c 
16. Faotonse 14a® - 4&® + 9a® & 
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135. To iactorise expressions of tlie form 

(fl+ 6 + c){bc + CC+ ab) - abc. 

The expression = {a + (& + c)}{a(& + c) + &c} - ahc 
= + c) + a(& + c)^ + &c(6 + c) 

- (6 + c){a^ + a(& + c) + he} 

= (&+ c)(a+ h){a+ c)={&+ c)(c+ a)(a+ h). 

Cor, 1, (a+6+cX6c+c(i+a&)-(&+c)(c+a)(a+&)=fl&c 

Cor. 2, (6+c)(c+a){a+&)+a&c=(a'h&+c)(6c+ca4*a&) 

136. To factorise expressions of the form 

(i) P-¥2abc; 

and (li) P+Sobc^ 

where P stands for any of the equivalent forms 

(1) a^b+c)+b^c+a)■\^c^a+b) 

(2) bc{b+c)+ca{c+a)+ab{a+b), 

(3) a{b^+c^)+b{c^+a^)+c{a^+b^), 

(i) Talnng the 1st value of P, we have 

P+2abc=a^{h+c)-^h^(c+a)+cKa+h)+2dbc 
~a^{h+c)+ a{b^ + 2&c+ j + 6^ c+ bc^ 

[aiiangmg in poivers of ft], 
= a®(&+ c)+ a{b+ c)2 + bc{b+ c) 

= (& + c){ft^ + fl(6 + c) + 6c} 

= (6 + c)(fl+ 6)(ft + c)= (6 + c)(c+ ft)(ft + 6) 

(n) Talnng the 2nd value of P, we have 

P+ 3ft6c= 6c(6+ c)+ ca(c+ ft) + ft6(ft+ 6) + 3ft 6c 

= 6c(6 + c) + ca(c+ ft) + a6(ft + 6) + ft 6c + ft6c + ft6c 
= {6c(6 + c) + ft 6c} + {cft(c + ft) + o6c} + {ft6(ft + 6) + ft 6c)- 
= 6c(ft+ 6+ c) + c«(c+ fl+ 6) + ft6(ft+ 6+ c) 
=(ft+6+c)(6c+cft+ft6) 

137. To factorise expressions of the type Q, 

where Q stands for any of the equivalent foims 
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(1) a2(6 - c) + 6 2 _ flj) + c2(fl - b). 

(2) bc{b-c)+ca[c~a)+ab{a‘-b), 

(3) - {a(&2 - c 2) + i,(c2 - a2) + c{a^ - 62)). 

Foim the first foiin of Q, we have 
aHb-c)'i-bKc~a)+cHa-b) 

- ft“(& - c) - a(h^ ~ c^) + h^c - hc^ 

[arranging in powers of a ] 
= aHb-c] - - 0 ^)+ k(6 - c) 

~{b- c){a2 - a{b + c) + &c} 

= (& - c)(fl - b)ia - c) = - (& - c)(c - a)(a - b) 

Cor. Putting, a^, 62 and for a, b and c respectively in the 
above, we have 

fl^(62 -C2) + 6^(C2 -a2) + c4(^2 _52) 

= -(62-c2)(c2-a2)(fl2-62) 

= - (6 - c)(c - - 6)(6 + c){c + a){a + 6) 


Example. Factorise 

(a; - «) 2(6 - c)+ (a; “ 6)^(0 - a)+ (a; - c)Ha - 6 ) 

The expressions (a;^ -2fla;+a2)(ii-c)+(a:^ -26a;+6^)(c-ft) 

+(a:^- 2 ca;+c 2 )(a- 6 ) 
= a:^ {(6 - c) + (c - a) + (a - 6 )} - 2 a;{fl (6 - c) 

+ b(c-a)+c{a-b}} 

+ {^2(6 - c) + 62(c - a ) + cHa - b)} 

[arranged in powers of £C ] 
sa;2 0-2a:0-(6-c)(c-aXa“6) 

= -(b-c)(c-a}(a-b) 

138. To factorise a^(b’^c)+b^(C'-a)+c^(a-b). 

a® (6 - c) + 62(c - a) + c®(a - 6 ) 

s fl2(6 - 0 )'- a(b^ - c^)+bc[b^ - c2) 

[arranging in poweis of a] 

= (6 - c){fl® - o(62-+ bc+c^)+ bc{b + c)} 

= (6 - c){ " 6 ^(a - c) - 6 c(a - c) + a{a^ - c 2 )} 

[arranging in powers of 6 ] 
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= (b~ c)ia - c){ '-b^~ bc-h fl(a+ c)} 

= (& - c)(a “ c){cCa - &) + [arranging the last 

factois in powers of c ] 

= (& “ c)(a - c)(a -b)(c+b+a) 

--(b- c)(c - a)(a - &)(a+ & + c) 

Hole li must be obsei ved that (i) as soon as the given expression 
IS arranged according to poioeis of a, one of the factors, namely, b~c, 
becomes obvious , (it) when the expression within larger brackets is 
arranged according to powers of b, the next factor, a-c, becomes 
obvious, (ill) when the expression now within larger brackets is arrang- 
ed according to powers of c, the third factor, a—b becomes obvious 

139. Cyclic Order. There is a certain peculianty in 
the arrangement of three letters a, b, c in the different ex- 
pressions of Arts 137 and 138 Thus, in any of the equi- 
valent forms of Q m Art 137, we get the second term by 
changing a, &, c of the first into b, c, a respectively the third 
term by changing b, c, a of the second into c, a, b respectively; 
and the first term by changing c, a, b of the third into o, b, c 
respectively The orders in which the letters a, b, c are to 
be changed successively will be best understood in the 
following way 


Let the letteis a, b, c be arranged round the ciicumference 
of a circle as shown in the diagiam, 
starting from the letter a and moving 
m the direction of the arrow-head we 
notice that the order of the letters is 
abe Similarly starfang from b and 
c successively and moving in the same 
direction, we notice that the orders of 
the letteis are bca and cab respectively 

The letters a, b, c when aiianged m this manner, aie said 
to be in cyclic oi dei 



Thus, a, h, c are arranged in cyclic order in the following * 
(]) b+c, c+o anda+b; (u) b-c, c-c and a-b, 
(m) b+c-a, c+a-b and a+b-c , 

(iv) be, ca and ah ; 

(v) a^ib - c), b^(c “ a) and c^ia - b) 

and so on 



XXII] HAEDEE FAOTOES AEE IDENTITIES 


263 


140. To factorise 

In this expression also the letters occur m cyclic oi da and 
we can at once proceed as in the last example 

- c^)+ b\c^ - a^)+ c^{a^ - b^) 

= a^[b^ - C^) - _ c3) + 

[airanged according to powers of a] 
= (5 - c){(i®(6+ c) - a^b^ + 6c+ c^)+b^G^} 

= {b- c){ - b^{a^ - c^)+ ba^{a - c) + a^diji - c)} 
[arranged according to powers of & ] 
= (6 - c)(a - c)[ -b^ia+c)+ ba^ + a^c) 

-{b- c)(a - c){c(a® - 6^) + ab{a - b)) 

[arranged according to powers of c ] 

= (& - c)(a - c)(fl - &Xc(a + 6) + ab] 

= - (& - c)(c - a)(a - b)(bc+ ca + ab) 

141. To factorise (a+6+c)*-a®-6®-c® 

[See Art 132 , Cor ] 

142. To f&ciorise 2b^c^+2c^ a- +2a^b^ -a*- 

The given expression 

=4&2c^ -(a* + &^ + c^+2&2c2 -2c^a2 -2a^^) 
= (2&cP-{a2-&2-c2)2 
= {2&C+ (a2 - J2 _ c2)}{2&c- (a2 -b^~ c®)} 

= {a2 - (62 26c + c2)}{(62 + 26c+ c^) ~a^ 

={^2 - (6 - c)2}{(6+ c)2 - a 2 } 

={a+{b- c)}{a - (6 - c)}{(6 + c) + a}{{6 + c) - a)} 
= (fl+ 6 — c)(ft — 6+ c)(6 + c+ a)(6+ c~a) 

= (a+ 6 + c)(6+ c - a)[c+a - 6X«+ & - c) 

EXERCISE 78. 

Eesolve into factors 

1 . a^(6-c)+6^(c-a)+c^(fl-6). 

2. 62c2(62 -C2) + C2a2(c2 -fl2) + a2j2(tt2 _62) 

3. aS(6-c)+6nc-a)+c5(a-6) 

4. 6c(6® -c2)+ca(c2 -a2)+a6(a2 -62) 

5. 62c2(6-c)+c2a2(c-a)+a262(a-6) 
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6* a;(?/ - s)^ + ?/(2 ~ cc) ® + 2;(aJ - «/) ^ + Sxtjz 

7. xHv-zY+i/is-xY+^K^-yY 

8 . {^-z)^+{z-xY + ix~y)^ 

9. (a;2+2a;+4)(?/ -5:)+ C?/-+%+4)(s-a;)+ (22+2s+4)(aJ-?/) 

10. {x^ (&+ c)a;+ 6c}(& - c)+ {a:- - (c+ a)x+ ca}(c - a) 

+ {x^ - (a+ &)»+ ab}{a - h) 

11. (a? + V)[x + c)(& - c) + (aj + c)(a; +a){c- a) 

+{x+a){x+l]{a-l)) 

12. a(&+c)2 + &(c+fl)2 + c(a+&)2-3a&c 

13. 8a;®-(?/-^)®“(5:+aj)®-(aj-«/)® 

14. a°(&3 - c®) + &®(c3 - a3) + - J3) 

16. »“(«/ -z^)+y%z^ -x^)+s\x^ -y^) 

16. 8((i+ &+ c)® - (6+ c)® - (c+a)® -(a+ hY 

17 . yz{y+z) + zx{z+ x) + ocy{x+y) ~x^-y^~z^- ^xyz 

18. (aj+ lY{y-z)+{y+ 1)^(2 - a;) + ( 2 + l)^(a; " v) 

19. (aJ+ lYiy - z)+{y+ 1)^(2 - a;)+ (a;+ l)®(a; - y) 

20. xiy-zY+y{z~xY+zix-yY 

21. 2hhYzH2G^ah^x^+2a^h^xh/-a^x^-l^y^-o^z^ 

22 . 72yh^+Wx^ +8x^y^ -x^ -IQy^ - 812 ^ 

23. ]?iiid the value of 2&2c2+2c^a^+2a^&^ 

when &+C— a=7, c+a— &=10 and a-^b—c—'^ 

24. Evaluate a®(&+c)+&^(c+a)+c^(a+&), 

when a+ &+C— 20, &c+ca+fl&=18 and a&c*=37 

25. Evaluate (a + 6 + c)® - a® - - c® + 3a&c 

when a+ & + c= 13 and + c® = 69 

143. Factors o£ Reciprocal Expressions. 

Definition. An algebraical expression in which co-effi' 
cients of the terms equidistant from the beginning and end 
aie same, is called a reciprocal or recurring expression 

Thus, a?* +4a;® +5aJ® +4a:+l is a reoipiocal expression 
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Example 1. Re solve into f actoi s £c^ + + 3a;^ + 2a: + 1 

The expression^ (a;^ + 1) + (2a;® + 2a;) + 3a:-, [collecting 

teims with equal co-efficients ] 
= {(a ;2 + 1 ) 2 - 9a;2 } + 2x{x^ + 1) -f 3a:® 

= {a'2 + l)2+2a:(a;®+l)-l'3a;® -2a;® 

= (a:® + 1)® -I- 2(a;® + 1) a:+ w® 

={(a;® + l)-f a;}® 

= (a;2-i-a;+l)2 

Example 2. Eactonse -5a® -12a® -5a+l 

The expiession= (a^ + 1)® - {5a® + 5a) - 12a®, [collecting 

terms with equal co-efficients ] 

= ((a® + 1)® - 2a®} - 5a(a® + 1) - 12a® 

= (a® + 1)2 - 5(a2 + 1) a - 2a® - 12a2 
= a;® - 5a;a— 14a® [putting a; f oi a® + 1 ] 

= (a;-i-2a)(a: -7a) 

= (a® 4- 1 + 2a)(a® + 1 - 7a), [restonng the 

value of a:] 

=(a+l)®(a®-7a+l) 

144:. Factors by trial. 

Example 1. Resolve into factors as® -2a)® -5a: +6 

On inspection we find that the given expiession can he 
split up into parts each of which is divisible by a: - 1 

Thus, the exp =a;® -a;®-a;®+a:-6a:+6 

= (a:® - a;®) - (a;® - oc)— (6a; - 6) 
=a;2(a;-l)-a;(a;-l)-6{a;~l) ' 

={a;-l)(a;® -a;-6) 

= (a; - l)(a;+ 2)(a; - 3) 

Note It IS important for the student to observe that the given 
expression vanishes when 1, —2 or 3 is substituted foi x Thus, it mag 
be remembered as a geneial rule that if ang expression involving 
X vanishes when x=a, x-a is a factor of that expression. 

The above general rule leads to the following paiticular 
cases 



. ALGEBRA MALE EAST 


[CHAP 


(1) II itt any expression containing integral powers of x 
the snm of the co-ellicients is zero, x— 1 is a factor of that 
expression 

(2) If in any expression containing integral powers of x, the 
snm of the co-ellicients of odd powers of x is equal to the sum 
of the remaining co-ellicients, x+1 is a factor of that expression 

Thus in example 1 above the sum of the co-efficients of 
the e^ression=*l‘f(-2)+(-5j+6=l--2-5+6=0 

Hence, oi-l is a factor of the expression 

Again, in the expiession a;® +3a;^+3fl;+ L the odd powers 
of X are and x 

The sum of their co-efficients= 1+3=4 and the sum of 
the remaining co-eificients=3+l=4 

These two sums being equal, the expression a;®+3ac®+3cc 
+1 must have (ac+l) as factor 

Example 2. Resolve into factors + Sx ^ + 11 a: + 6 

The sum of the co-efficients of odd powers of ic=»l+ll=13 
and the sum of the remaining co-efficients =6+ 6= 12 

These two sums being equal, a;+l must be a factor of the 
given expression How, grouping the terms into parts each 
of which IS divisible by a;+ 1, we have 

the expression=£c3+a;2+ox^+oa!+6a;+6 

= (a® + a;2) + (ox^ + 5x) + {6a:+ 6} 

= a!2(flc + 1) + 5a:(5iJ+ 1) + 6{a:+ 1) 

*= (as+lXcc® +5a;+ 6)= (ac+lXai+SXaJ+S) 

Example 3, Resolve mto factors 8a:® + 16a; -9 

Putting y for 2a;, the given expression 
=(2a;)®+82a;-9 

How, the sum of the co-efficients of 2 /® +8^-9 

=l+8-9=0 

Hence, y~l is a factor of this expression Hext, arrang- 
ing it into parts such that each part is divisible by y~lj 
we have 2^®+8y-9=y®-^+9y-9 

= (i/ - IJlyiiZ-i- 1) + 9) = +t/+9} 

=* {2a; - l)(4a;® 2a;+ 9), 

[restoring the value of 3 
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Example 4. Resolve into factors 

gj5 + 4 j|34 _ 43jjj3 _ 43q 32 + 4a5 + 1 

We notice that the sum of the oo-efficients of odd powers 
of X 

=l+(-13)+4=-8 
and the sum of the remaining ce-efficients 

=4+(-13)+l=-8 

These two sums being equal x+1 must be a factor 

Row, grouping the terms into parts eacR of which is 
divisible by £C+1, we have the given expression 

= (a;® + + (3a;^ + 3a;® ) - {16a;® + 16a;®) + (3a;® + 3a;) + (a; + 1) 

= a;^ (a; + 1) + 3a;® (a; + 1) - 16a; ® (a: + 1) + 3a;(a; + 1) + (a; + 1) 
=(a;+l)(a;^+8a;® -16a;®+3a;+l) 

The factor a;^ + 3a;® -16a;® + 3a; +1 IS a reciprocal expres- 
sion Hence, proceeding as in Art 143, 

we have, x^ + 3a;® - 16a;® + 3a;+ 1 

= {x^ + 1) + (3a;® + 3a:) - 16a;®, 

[grouping terms with equal co-effioients ] 
={(a;® + 1)® - 2a;®}+ 3a:(a;® + 1) - 16a;® 

= (a;® + 1)® + 3{a;® + l)a; - 2a;® - 16a:® 
=y^+Syx-18x^, [putting ?/ for a;® + l ] 

={y-dx){tj+Qx) 

= (a;® + 1 - 3a;)(a:® + 1 + 6a;), [restoring the value oiy] 
= (as® - 3a;+ l)(a;® + 6a;+ 1) 

Hence, the given expression^ (a;+ l)(a;® - 3a;+ l)(a;® + 6a;+ 1) 

Example 5# Resolve into factors a;®+a;® -21as-38 

By trial we find that the given expression vamshes when 
as= -2 

Hence, as - ( - 2) = a; + 2 is a factor Thus, we have 

a;® + a;® - 21a; - 38= (a;® + 2a:®) - (a;® + 2a;) - (19a:+ 38) 

[splitting into parts divisible by 03+2 } 
= a;®(a;+ 2) - a:{a;+ 2) - 19(a;+ 2) 

=(a;+2)(a;®-a;-19) 
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145. Factors of Homogeneous expressions of 
two dimensions. 

The foUo'Oing examples ’trill illustiate the piocess • 
Example 1, Resolve into factois 

6a^+7a6+262+llfl[C+75c+3c^. 

If a-0, the expiession becomes 2&2+7&c+3c^. 

^rhlch ^ (21} +c)(b-h 3c) (1) 

If b- 0, the expression leduces to Ga^’hllac+Bc^, 

M'hich=(3ct+c)(2fl+3c) (2) 

If c = 0. the expression reduces to 6a^ + 7ab + 

which— (3fl+2&X2a+J) (3) 

Xow compaimg the lesults (1), (2) and (3), we notice 

that the given expression must be=»(3a+2&+c}(2a+&+3c), 

[since it IS these factors which reduce to the form (1) when 
to the form (2) uhenS-O, and to the form (3) when 

C“0] 

Alternative Method : Airanging the terms in descenduig 
poweis of any one of the letters, say a, we have the given 
expiession 

- 6^2 + (7& + llc)a +{ 252 + 7bc + Sc^ } 

=6^2 + (7&+ llc)a+ (2b+ c)(&+3c) 

Xow, split the product of (the co-efficient of a^) and (the 
teim independent of a) into two factois whose sum-the 
co-efficient of a 

Thus split 6x(26+c)(6+3c) into two factois whose sum 
=7&+llc 

By trial, the factois are 2(25 +c) and 3(5+ 3c) 

Hence the given expression 

= 6a2 + 2(25+ c)fl+ 3(5+ 3c)a+ (25+ c)(5+ 3c) 
-2fl{3ft+ (25+ c)}+ (5+3c){3a+ (25+ c)} 

- (3ff +25+ c){2a + 5+ 3c) 

Example 2, Pactoi ise cc^ - 3xi/ +2y-- 2yz - 4z^ 

The given expression is homogeneous in x, y and z 
If £C=0 the given expression reduces to 2y^ ~2yz--^‘‘} 
which = 2 ( 1 / 2 - T/s - 25:2) 

=‘2[y+z)(y-2z) 

^{2y+2z)(y-2:) 
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If y—Oj the given expression reduces to ~4z^. 

'wMclL=(-a;+2s)(-a;-22), (*2) 

If z=0, the given expression reduces to 05^ -3a;?/+2|/“, 

wliio]i‘=(-a;+2?/)(-a:+j(} (3) 

Now, companng the results (1). (2) and (3), the given 
expiession is evidently equal to 

( - as + + 2s)( - a; + 1 / " 2z) 

= (x-2u-~2z)(x~ij+2s) 


Alternative Method ; Arranging the expression in des- 
cending powers of any one of the letters, say x, we have 
the expiession 

- - 3ifX +{2ij^- 2yz - 4z^) 

= - Si/as + 2(y +z){tj- 2z) 


Next, splitting (co-efficient of aj2)x(terni independent of ac) 
i e , 2{ij+z){y - 2s) into two factors whose sum 

—the co-efficient of a;, i <? , - 3tj, 

we notice by trial that these factors are 

'-2(^+s)and -{y-2z) 

Hence, the given expression 

= a;2 - 2{ij+ z)3c -{y- 22 ;)ic+ 2(?/ 4-z){y~ 2s) 
= jc{a7 - 2iy+ z)\ -{y- 2s){£c - 2{y + z]} 
=(x-2ij-2z){x-y+ 2s) 

146. Factors of general expressions of the 
second degree in two or more letters. 

Example. Factorise + 7ab + 2&^ + 11a 4- 7& + 3 

Arranging the expression in descending powers of any 
one of the letters, say a, 

the given expi ession = Ga^ + (7& + ll)a+ (2&2 +76+3) 

- 6a2 + (76+ ll)a+ (26+ 1)(6+ 3) 

Now spht the pioduct of (the co-efficient of a^} and (the 
term independent of a) t e, 6x (26+l)(6+3) into two factois 
whose sum == the co-efficient of a, z e , 76+11 

The factors are evidently 2(26+1) and 3(6+3) 
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Hence the expression 

=6fl2+2{2&+lk+3(6-f3)a^(2&+l)(6+3) 
=2a{8a-‘- (&+ 3){3fl+ Qh^l)} 

-(3fl+2&-M){2a -5-6-5-31 

147, Factors found by suUable arrangement 
and grouping of terms. 

There are some expressions of which the factors become 
obvious after le-aritangement of the terms in a certain wav, 
but there are others again which do not exactly come under 
this category Hence no definite method can be specified 
as applicable to all cases that may be practically included m 
this article We must theiefore content ourselves only 
with directing the student s attention to a few important 
Cases moi e or less isolated, which will fairly introduce him 
to the subject under consideration 

Example 1, Resolve into factors (Ss® - 462)ff-5- (Sa^ 

The given expression=3m-a-462^+3fl26-4m^6 

- - {462a4-4fl;26) 

[takmg the 3rd term uith the 1st 
and the 4th with the 2nd ] 

= 3tt(a;2 + o&) - 46[a6-5-m“) 
==(m2-5-a6}(3ff-46) 

Example 2. Resolve into factors ~y“S^ 

Combining the 4th term with the 1st and the second mth 
the 3rd. we have 


+ xh/ - -«)+ (x-y--~ yh^) 

= (m2 + £2)(a;2_.2)^j^2(a,2_.2) 

=(m2-52){(.-r2+^2)+2,2} 

= (t:-5- z)ix - r)(a;2 + ?/2 + -2) 

E x ample 3« Resolve into factors sc®-f7m^ “2l£C”27 
The given expres5ion=(a;3-27)-5-(7m2-21m) 

= (a; - 3) -r 3a; -5- 9) 7aH.® “ 3) 

= (a; -3){(a;2 -5- Bx^ 9) -!-7a} 
=(a;-3){a;2j.l0a:-5-9) 
=(a;'-3Xa;-^9)(r-l-l) 
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Example 4. Resolve into factors + 12a& + 96^ - 8a - 12& 

The given exp = (4a^ + 12a& + 9&^) - (8a + 12&) 
=(2a+3&)2-4(2a+3&) 
={2a+3&){(2a+3&)-4} 

= (2a+3&)(2a+36-4) 

Example 5. Resolve into factors 2a^ - 2&c+ + ac- lab 

We observe that the 1st 3rd and the 5th terms are of the 
second degree m a and &, whilst the 2nd and the 4th terms 
are of the first degree in those letters 

Putting the f 01 mer set of terms in one gioup and the 
latter in another, we have the given expression 

~(2a^ -7a&+6i®)+c(a-2&) 

=(a-26)(2a-3&)+c(a-2&) 

=(a-2&X2a-3&+c) 

Example 6. Resolve into factors +x+y-z 

The given exp 2yz) +{x+y-z) 

={a;2 - {y - 2 ) 2 }+ {x+y-z) 

= {x+y- z){x -y+z)+{x+y-z) 

= {x+y-z){{x-y+z) + l] 

= ix+y-z){x~y+z+l) 

Example 7. Resolve into factors 

+ a® -2abx^ + h^x^ + - 2a^&. 

We observe that the 1st, 3rd and 4th terms have got x^ 
for a common factor whilst the other have got 

Hence, putting the 1st, 3rd and 4th teims in one group and 
the remaining terms in another, we have the given expiession 

= {a^x^ - 2ahx^ + b^x^) + (a® + a^ft^ - 2a* &) 
=a:®(a^ — 2a&+&^)+a^(a^ + 6® -2a&) 

=(a^— 2a6+ b^){x^ + a®) 

= (a - bY{x-\‘ a){x^ - xa+ a^) 

EXERCISE 79. 

Resolve into factors 

!• aj^+cc^+aj+l 2. cc® + £c^-a;— 1 

3. a;3-aj2_a;+i Jc(jj2+i}+^(j2 + g2) 

5 . x^ -db^+xb^ -x^a 6 . ab[x^ + y^)+xy{a'^ + h^) 

7. x^+xy-yz~z^ 8. xb-ac-xc+ab 
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9. (2a;2 + 3&2)a'-(2a2+3a:2)5 
10» a(a+c) -&(&+(?) *^11. 4a^+8ac-l2&c-9^»‘ 

12. a^x^+acsGZ--b^y^~bcyz 13. x^-y^s-^y^x^-y^:^ 
14. 16a;2-15a&+l26a;-25a2 16. aHa-^2b)+bH‘^a+h) 
16. --2m^n+2»?w^ -w'* ^17. a^+2fl®6-2n&^“M^ 

v 48. £c®(aj-2?/)+?/®(2a:-?/) 19. a^ + Sa^Hr 10a +8 
20. a!^-17a;!i+85a;-125 21. 8a3+18(i2&~27a62-2763 

22. ~^y+y^ -!i^y 23. 4a2-4a6+6^-6fl+3& 

24. jc^ - 2003® + 20^03^ - 2o®a3+ 

/25. o4-'3a®6+4a2&2-6o&®+46^ 

26. a®+3a&+2&2 + ac+2&(; 27. x^ -ixy+Bij^+xz-Bijz 

28. 3)1® + %3))i - 5m3) - 42 )w + 63i® 

29. 0® - 10a& - 16&C + 216® + hac 

30 . 2a;® + 4o(46 - Bd) + a:{46 + 5o) 

31. o®-3oi26-l)+4M26-3) 

32. 3a;(o;+ 2) - 2y(4a3 - 1) - 3)/® 

33. 0® "6 ® -c® " 260+ 0-6-0 

34. 03® - 4)/® - 92® + 12ijz +ix-Sy+ 12z 

35. 9o3® - 43® - 24a:y + 16!/® + 20?/ - 16o; + IO3 

36. 2a®3s^ -5a^03®+3o® -26®a;^+5a®6®a;® -3a^6® 

37. 2a:3 + {2o-36)a;2-(26+3o6)a;+3b® 

38. (o® + 6®}a;® - a®6(2o+ 6)+ o(26a:® - o®) 

39. 2a^ - 00® + 60® - 5o+ 2 

40. o«-4o4-13o® + 13o®+4o-l 

41. 2a:®+6a;2/+4y®+5o:^;+6j/2+22® 

42. ^x^+xy-By^-xz-Ayz-g^ 

43. fl®-5fl“-12o^-5o®+l 

44. 403® - Axy ~ 3?/® + 12yz - 9s® 

45. a3®-a33*+o®o;®-o®a;®+fl^a3-o'’ 

46. 33® + 703® + 1403+8 

148. Miscellaneous Examples. 

Ezamplc 1. Resolve into factors o® +7o6® -226® 

We find that the expression can he split np into paits 
each of ivliich is divisible by o-26 in either of the tvo 
following ways • 
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(i) (a3-8&3)+762(fl-2&), 

(ii) a{a^ - 462) ^ - 26) 

Hence choosing the foimer way, we have 
a® + 7a62 - 226® = (a3 - 863) + 762(a - 26) 

= (a - 26){(a2 + 2ah + 462) + 762} 

= (a - 26)(a2 + 2a6+ 1162) 

Example 2* Eesolve into factors 

a:2 +2(a2 + 62)+3aa;- 6(3a:+5fl;) 

Arranging the expression accoiding to descending powers 

of 03, we have it=a32+3(a-6)a3+{2a2 -5a6+262) 

= o:2 + 3(ft - h)x + (2a - 6)(a - 26) 

= 032 + - 6) + (a - 26)}o3+ (2a - 6)(6 - 26) 

= {o3+ (2a - 6)1 {03+ (a - 26)} 

= a:{o3 + (2a - 6)} + (a - 26){a3 + (2a - 6)} 

= (o3 + 2a - 6)(o 3 + a - 26) 

Example 3. Resolve into factors 03® - 6o3i^ +8y^ -3^+ 2yz 

The given expression = (oc2 -6a3«^+9y2) - (t/^+z^ -2i/z} 

= {(a: - 3y) + (y - zMx - 3y) - (y - z)) 

= (o3 - 2y - 5r)(o3 - 4y + 0 ) 

Example 4. Resolve into factors (a^ - h^)(x'^ ~y^)+iahxij 

The given expression 

= a2fl32 - ahj^ - h^x^ + 62 y 2 + Adbxy 
= (a^x^ + 62 y 2 + 2 abxy) - (a^y^ + 62032 - 2 ahxy) 
= (aflB+ 6y)2 - (ay - 603)2 
= {{ax+ by ) + (ay - 6a3)}{(ao3+ by) - (ay - bx)} 

= {(a - 6)03+ (a + 6)y}((a+ 6)03 - (a ~ 6)y} 

Example 5. Resolve into factors x^ + 6a;® + 4032 - 15a3+ 6 

The given expression 

- =(03*+6a33+9a32)-(5a32+15a3)+6 
= (a; 2 + 3 a;) 2 - 5 (a ;2 + 3 o :)+6 
= {(032 + 803) - 2}{(a32 + 3o3) - 3 } 

= (a'2 +3x- 2 )(fl 32 + 3fl3 - 3) 


1-18 
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Example 6. Resolve into factors 

+ y^. 

The given expression 

= (jc^ + 2a3®y2 + y^)+x^y^ + (2x®?/+2®y®) 

= (x^ +y^)^+ (xy)^ + 2{xy)(x^ -hy^) 

-{(x^i-y^J+xyP^^ix^+xy+y^)^. 

Example 7. Resolve into factors (a;“l)(a;-2)(a;+3)(a?+4}+4 
(a; -l)(a; -2X0?+ 3)(a;+ 4) 

= {(a;-lXa;+3)K(a;-2Xa;+4)} 

= (jc® + 2a; - 3)(x^ +2x-8) 

Hence, putting for a;^+2ar, the given expiession 
= (^'-3X^-8)+4 

= (x^ + 2a; - 4:)(x^ + 2a;- 7) 

Note TAe student must carefully notice why m multiplying toge- 
ther the four binomials x—l,x— 2, a-i-3,x+4, we combine a+S unth 
JB—a, and xi-4 with x—2 

Example 8. If x+y-a and xy-h^^ find the value of 
(i) x^-¥y*‘ and (u) a?^ -x^y-xy^+y^ in terms of a and h 
(i) a;*+2/^s(a;®+«/2}2 -233^7/2 

= [{x+yp ~2xyp -2x^y^ 

and * theregd value=(ft^-'2(b®)®-2&^==fl*“4a^&^ + 2&* 

(n) x^ - xhj -xy^+y^- x%x~-y} - y^{x - y) 

= {x-y){x^-y^) 

=>{x-ypix+y) 

^{{x+yp~4xy]{x+y) 

=[a^-4}?^)a 

Example 9. !Pind the value of a;^ - 0 :^+ 0 ;®+ 2, when 
a;2+2=2a; 

a;^~a;®+a;2+2=»[a;*+a;®+a;®)-2(a;® -1) 

^x^(x^+x-hl)- 2(x - l)(a;^ + a; + 1) 
=(x^-f-x+l){x^--2 (x-l)} 
=’(x^+x+l )(x^ - 2a;+ 2) 
and the required Talue=(a;2 +a;+l) x 0=0 
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Example 10. Find the value of 

a^ + h^ + c^ -2c^a^ - 2aH^, when a+b-c 

The given expression 

= -{2b^c^+2(i^a^+2aH^ -a^ ~b^ 

~ -{a+b-c){a~b+c){.a+b+c){b+c~a) [Art 142] 
and * =0, when a+ 6= c 

EXERCISE 80. 

Resolve into factors * 

1 . a;®+8aJ®+19aj+12 2 . a:^+9a:2+26a;+24 

3. -6a;® + 11a; -6 4:. a;® + 5a;®- 2a; -24 

5. a;®-4a;® + £ic+2 6. a;® + 5a;® -2a: -6 

7. a:® -6a;® + 13a;— 10 8. a;^ -3a;® - 9a:® + 12a; +20 

9. a:^ -3a;® -a;® + 13a! -10 10. a;* -5a;®+a:®+13a:+6 
11. a;^+5a:®-8a;2-30a;+3612. a:^-7a;®+9a;®+26a;-56 
13. a;®-7a:2+33a;-15 14. a!®-5a;+12. 

15. a:® -6a;® +32 16. 2a;®-3a!®“4 

17. a;®-9a:2/®-10^® 18. a®+4a®6-9&® 

19. 5fl®-3a2&-28&® 20. 8a:®+4a;-3 

21. 2a;® + 5a;® —4a; -3 22. a;® -3a; -2 

23. 2a®-a®&-6® 24. 3a;® + 8a;® -8a; -3 

25. a;®-6a;y2+92/®. 26. x^+bx-{a^-3ab+2b^) 

27. +4a&a;®2/® - (a® - b^Yy^. 

28. n^+2(a;®+2/®)a®5®+(a;®-2^®)®5^ 

29. fl® + (a:+|/)a“2a:®+5a;2/-22/® 

30. a;(a;+fl)-2a® + 3&(a+a;)+2&® 

31. a;®+4a:?/+3y®+2v3-3® 

32. 4a2-4a6-362+12&c-9c® 

33. a;*+6a;®+8a;®+6a;— 9 

34. a*-4a®6-5a®6® + 6a&®-6^ 

35. 4a;^ -20a:®+24a;® + 6a;-9 

36. a;^-2a;®+2a;2-2a;+l 37. -9a® + 30a -25 
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38. -%ahx-{ac-l^)x^+hcx^ 

39. x^y^+xhj^'-z^+^xyz+l 

40 . x%y^- z^) + ^ijz -y^+z^ 

41. {a^-h^)ix^+y^}+2(a^+b^)xy 

42. x^-4x^-'X^+10x+A 43. a^-GaH16a^~18a+b. 

44. 4x^+12x^-bx^-21x+12 

45. x^ “bx^y+Gx^y^ -6xfj^+7j^ 

46. x^-bx^+ 14£c® - 20a; + 16 

47. a^-7a^^hUa^^-UaP+4:b^ 

48. £C^+4a;® -lla;2+20a;+2o 

49. + 4fl®& - lOa^ J2 ^ 4^2,3 + jji 

50. a:H8ac3 + 24a:2 + 32a;-20 

51. (a;+lXa;+3Xa;-4)(a;-6)+13 

52. {x+ 2}(x+ 3}(aj+4)(a:+5} - 360 

53. a;(2x+ l)(x - 2)(2x - 3) - 63 

54. J^nd the value of xy{x+y)+yz(y+z)+zxiz+x)+^xyz, 
when x= a{b - c), y=^b{c - a), z=^ da - b) 

55. I’lnd the value of [y -z){y^ -z^) -xiy-zY+x{y+z)}+x'^^ 

whenx=a2-&2 y=j2_g2^ 

56. Find the value of x^ - 2(y - 2)x -Sy^+ 20?/ - 32, when 
a;+?/-4 

67. Find the value oi x^-7Y+4a:+Uy~~45, when 
x+y=2b andx— 7/=6 

58. Find the value of 8a;?/(x^+2/^), when x+2/— , 

when x-y- ij2} 

II. Identities. 

149, We shall in this section consider some important 
identities of a somewhat harder type than those treated of m 
Chapter XIII and establish their tiuth with the aid of the 
fore/roing formula? and principles 
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The general method should be lememhered 

Reduce the moi e difficult side of the identity to the foi m 
of the otlw with the help of the pi seeding foi mula 

If both the sides of the identity ai e complex i educe each to 
its simplest fot m and establish then equality 

Sometimes an identity follows easily by it ansposition of 
tei ms 0 ) addition of some tei ms to both its sides 

Sometimes an identity may be pi oved vei y easily by subs^ 
titutmg a new lettei for a gt oup of lettei s occui nng in the 
identity Make such substitutions whei evei neeessai y 

The following examples will illustrate the process ' 
Example 1. Piove that 

{x - a)[x - b){a - &) + (a; - b){x - c){b - c) + (a; - e){x - a)(c - a) 

= -{b-c){c~a){a-b) 

Substituting foi £c - a, g for a; - 6 and ) for a; - c, we have 
q-p=a-b,i -q=b-CTp-r=G-'a 

The left side =pg!iq ~p)+q)i? ~q)+ ip[p - 1 ) 

= -{q-p){i -q){p-i) 

— - {a- b){b - c){c - a), [restoring values 

of g-i7,» -g,p-J ] 

Example 2« Piove ih.&i{y+z)^{^+y+z)+{z+x)Hx+2iy+z) 
■\-{x+y)^{x+y+2z)+2(,y+z){z+x)ix+y) 

={2x+y+z)ix+2y+z){x+y+ 2s) 

Putting a foi ^+s, & for s+a;, c foi a;+7/, we have 
&+c=2£c+i/+s, c+a-a;+2^+s, a+b~x+y+2z 

The left side= a^{jb + c) + h^{c+ a) + c^{a+ b ) + 2ft&c 
=(&+c)(c+a)(a+&) 
={2ai+y+z){x+2y+z){x+y+2z) 

Example 3. Prove that x^ +Q{.y+z)x^+12{p+z)^X’^8{y+z)^ 
=4(3a;+2^+6s)y^ + (a;+6y+2s)(a;+2s)2 [M M 18811 
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The left side=Ji;®+3a;^ {2(y+£)}+3a?{2(^+0)}^+{2(?/+0)}^ 

= [sc+ {2{?/+ 2)]® « (»+ 2^ + 22)3 
={22/+(a:+22j}^ 

= {lyY + ‘6(2y)^x+2z)+B{2y){x+2z)^ + ix+ 2?)® 

= 8y^ + 121J^x+2z) + Qy{x+2siy + (jc+ 22 )® 

== 4?/ 2 {% + 3 (£c + 22)} + {6 j/ + (a; + 22)}(a; + 2a;) ® 
-4(3®+ 2^+ 62)^2 + {x+Qy-jr2z){x+2z)^, 

Example 4* Prove that sc®+2/®+2®+24£C|/2 

= (a; + «/+ 2) ® ~ 3{x(v - 2)2 + ^(2 - a:)® + 2(0; - 2/)®} - 

By tiansposition of terms, this identity is equivalent to 
the form 

3{xiy “■ 2)2 + tf{z -'xy+z(x'- y) 2) + 24a:p 

= (a;+^+2)® -a;® -2® (1) 

1 identity can be established, the former can be 

clecluced by transposing terms. 

Now, B{x[y -zf- 4* y[z-'S^ +2(5; - y)^)-¥2Axyz 

= %x{y^ - 2^2 + 2®) + 2/(2* “ 2zx + x^) 

+ 2(0;® - ^y + ij^)) + 2 Axyz 
- B{x[y 2 + 2®) + y{z^ +x^)’i‘z{x^+y^)'- 2 xyz 

- 2yzx - 2zxy + 8a;y2} 

= 3{a;(y 2 + ^2) + ^(^2 ^ ^2^ 4. ^^^2 + 2/^) + 2xyz) 
“3(7/+2)(2+a;)(a;+y)»(a;+y+2)® '-x^-y^ 
by transposition, a;® + 2 ^® + a® + 24a;2^2 

== {a; + 2/ + 2)® - B\x[y - z)^ + 2^(2 - a;)* + 2(0; - y)% 

Examples. Provethat -a;(6-c)(c-a)(a-&) 

= a{b - c}fa; - &)(a; - c) + i(c - a)(a; - c)(a; - n) + c(a - b){x - '• 

The 1st expression of the right side 
=* aib - c){x^ - x{b + c) + be) 

=a;®o(&- c)-xaib^-c^)+abc{b-c) 

The 2nd expression of the light side 
= b(c - a)\x^ - x{G+a) + ca) 

^ xH{c -a)- xh{c^ - a®) + abc[c - a) 
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The 3rd expression= c{a -- b){x^ - x{a+ ab} 

~ aj2c(a - &) - xc{a^ - 6 ^) + abda - &) 

The right side (adding the columns vertically) 

=a;^{a(&-c)+o(c-a)+c(a- -c^) 

+ 6(c* - a^) + cfa® - b^)}+ abc{{b - c)+ (c - a) + (a - &)} 
= fljs 0 - x{{b - c)(c a){a - &)} + «&c 0, 

[FormulseXXn, XB^andXXHI, Art 133] 
--cdfi- c)(c - a){a - b) 

Example 6* Prove that 

(1 - as 2 )(l - 2^) - (a;+ 1/2)(?/ + 2a:)(2 + xy) 

= (1 + xyz}(l “ aj® - y 2 ^ ^2 _ 2xyz) 

The left side 

={l-a;2)(l-*/)(l-22) ^ ~ ^ • "■ ^ ■ ..t /— ^ ^ 

X y z 

= {1 “ {a;2 +2/2 +^2)+ 2^222 + g22.2 jjj2^2 _ X^yH^) “ "{(fCp)® 

xyz 

+ {xyzY[x^ +y^+z^)-\- {xyz){yH^ + + x^y^) + xhjH'^} 
= (1 - £c^ - - 2^)+ + z^x^ + x^y^) - x^yH^ - x^yH^ 

- xyz{x^ + 2/2+22) - (y222 + 22 a; 2 +j 52 ^ 2 ]_ 

= (1 “ a:2 “ ^2 _ ^2) - aryg - xyzix^ +y^+z^)'~2x^yh'^ 
=l'-x^’-y^~z^-' 2 xyz+xyz - xyz{x^ + 2/2 + z®) - 

= (1 - a:2 - 1/2 - gS - 9a;^2;) + a;i/2{l _ a;2 „ ^ 2 ^ jj2 _ 

= (1 + a;^2)(l - flj2 - ^2 _ ^2 _ 2a:^z} 

160. Conditional Identities. We shall now estab- 
lish cei tain important Condiiioml identities and deduce the 
truth of other identities from them 

161. If a+6+c*=0, prove that 

(1) = - 2(&c+ ca+ tt&) 

We have (a+&+c)^=a^ + 6^ + c^+2&c+2ca+2a6 
/ 0®*=a®+&^+c^+2(&c+ca+o6) 

Transposing + &^ + c® = - 2(6c+ cct+ a&) 
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(2) fl® + &^ + = 3fl&6 

W e have a® + + c® - 3c&c 

= {a+ h+ c)(a® + + 0 ^ - &c - ca - a6) 

= 0X (fl® + &2 + C® = 0 

Transposing, a® + &® + c® = 3o&c [See Art 99, Ex 10 ] 

(3) (&C+ ca+aby = + 5® + c®)® 

We have (&c+ca+a&)® = 6®c® + c®a® + a®&® + 2a&c(a+6+c) 

+ + 2fl&c X 0 

Also, from (1) above, bc+ca+ah- -i(a® + &® + c®) 

(&C+ ca+ a&)® + c®)® 

Hence, (&c+ cfl+ a&)® - &®c® + + c®)® 

(4) a*+6^ + c^=2(62c®+c®a® + a®6®) 

=-^(a® + &® + c®)® 

We have 2&®c®+2c®a®+2a®6® -a^ -6^ -c^ 

*= (a+ 6+ cX& + c - a)(c + a - 6)(a+ b-c) 
=Ox(6+c-a)(c+a-6)(a+&-c) [Art 142] 

=0 

Hence, transposing, 

+ &* + ^ 26 *^ 0 ® +2c®a® + 2a® =»2(6®c® + c®a® + a®6®) 

— ’(a2 + &2 + c2)2 [from (3)] 

(5) a®+65+c®- -5a&c(&c+ca+a&) 

= + &® + c®) 

-^(o®+&2 + c2)(a®+&®+c®) 

Since, a+&+c=0, we have by transposition a+&= -c 

(a+!iis = (-c)S 

or, a^+5a^6+10a®&® + l0a®6®+5aM + &®— —c® /[Art 127] 

By transposition, a® + + c® 

= - 5a* & - 10a® &® - 10a® 6® - 5a&* 

= -5a&(a®+2a®&+2a&® + &®) 

= ~5a&(a+ &)(a® + a6+ &®), [factorising ] 

= -'5fl&(-c){(a+&)®-aM, [since a+S^-c] 
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= 5ft&c{(a+ b){ - c) - ah] 

=^babc{~ac-'bo-db) 

- ‘-babc{bc+ ca+ ab) - 

=^(«2+J2+c®) [by(l)] 

" + &^ + c^) 3a&c 

= + c^)(a® + &® + c^) 

[since, a^ + b^ + c^~ Sah ] 

( 6 ) a'^ + b'^ + c^-labdibc+ca+ab)^ 

+ 6^ + c^)(a® + 6^ + c^) 

Since, a+ & + c= 0, we have by transposition, a+ 6 = - c 

{a+byM-o)\ 

or, a’ +7a®&4-21a®6®+35a^&^+35a®&^+21a^6“+7a&® + &’^ 
= -c7 [Art 127 j 

Transposing, a'*^ + &'^ + c'^ 

= -7fl66-21a®fo2 _35a4j3 -35a3&^ -21a2&5 -7a&« 

= - 7a6(a® + 3a^ b + 5a® + 5a® &® + 3a6^ + &”) 

= - 7ah{a + b){a* + 2a® b + 3a® &® + 2a&® + b^) 

[factorising ] 

= - 7a6( - c)(a® + a& + 6®)® 

=7a&c(a® + a&+&®)® 

=7a6c(6c+ca+a&)® [asm (5)] 

= 7 (fec+ ca+ a&)® 3a6c 

.(a® + 6® + c®) [from (2) & (3) ] 

= j^(a® + 6® + c®)®(a® + &® + c®) 

Example 1. Prove that (|/- 2 )® + ( 2 -cc)® + (a3-|/)® 

= 3(«/-2X2-5c)(2C-?/) 

Putting a for (y - 2 ), b for (z - £c) and c for (a - y), 
we have a+b+c=y- 2 + 27 a 5 +-a;-y =0 
a® + b® + c® - 3abc [by (3) 1 

Restoring values of a, b and c, (y - 2 )® + (2 - cc)® + (a; - y)® 

=3(y-2)(s-a:)(a:-y) 
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- , n -r. J.1 j. + 

Example 2. Prove that ^ 

(?/ + (2 - sc)^ + (as - - 2)3 + (2 - {3c) 3 + (ag -# 

2 3 

Put, a for (y - 2 ), b for (2 - ac) and c for (a - y), .we have 

fl + & + c= V " " OJ + ic “■ Oj 

a® + + c® — + c®)j 

[from (5) ] 

a®+&® + c® _a^ + &^+c^ a®+&® + c® 

5 " 2 ‘ 3 * 

Restoring values of a, b, c, we obtain 

(?/ - 2 )^ +(^ “ ic)^ + [x-yY _ (v + (2 -a:)^ + C'® - 

5 " 2 

.. fa -2)^ + (2 -3?)^ + (as-# 

** 3 


Example 3i Prove that (p+«--a!)’+(«+a!-p)’+(a;+P"^)’ 

=3(^+ 2*-a;)(2+a;-^X®+2/‘"^)“ -24a:^2, if a;+^+2~0 

Putting fl for ?/+ 2 - ic, 6 for 2 + as- and c for x-^y-z, 

we have a-\-b-\‘C=‘{y+Z’~x)+{z-\’X-y)'^{x-\-y'-z) 

= £C+7/ + 2=0 

Hence, (i^ + &® + c®*=3a&c 

Restonng values of a, b, c, we obtain 
{y+z-x)^+(z+x-'yy+(x+y-z)^ 

^Biy+Z'~x)[z+x-y)ix+y^3) 

Also since a+ 6+c=0, we have by transposition, 

a= -(&+c)= -{(z+x-y)+(x+y'-z)}- '•2x, 
b- -(c+fl)- -{{x+y-z)+{y+z-'x)}^ 

0= -(a+&)=* -{{7/+2-a;)+(2+a;-2^)}*= -22 

3fl&c= 3( ~ 2 £c)( - 2y){ - £ 2 ) == - 24a;?A2' 
or, 3(2/+2-a;X2+a;-yXa?+y'^)* "24a;y2 

Hence, {y+z-x}^+ {z+^p-yY Hx+y- zf 

^Siy+z-x}{z+x-y]{x-^y-z)‘^ -^xyz 
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Example 4. llx~a^'-bc,y—l^-ca,z=c^-al), show that 
x^+y^+z^ '-3a:y2=(fl® + &* + c® -Safic)® 

We have x-\-ij+z=^a'^-hc+l)^-ca+c^-db 

= a^+l}^-^c^ -bc-ca-db , 

y-z-b^-ca-{c^~-ab) 

=b^ -c^+ab~ca 

-{b-c){b+c)+a{b-c) 

= (&-c){{6+c)+a} 

= (6-c)(ti+6+c) 

Similarly, 2 -a;=(c-a)(a+ 6 +c) 

X'-y~{a-b][a+b+G) 

Now, x^+y^+z^~Bxyz 

=^{x+y+z){{y -‘zy+{z-x)^+{x- y)^ 

= +h^+c^ - bc-ca- ab){{b - c)^(a+ b+ c)^ 
+ {c-a)Ha+ b+ zf + (a - &)^(a+ b+ df 
= (a® + &2 + c^-&c-ca-aJ) 

X ^b - cY + (c - a)2 + {a - bY}{a+ b+ cY 
= (a+ b+ cY{a^ + b^ + c^-bc-ca- dbY 
= {(a+ b+ c){a^ + b^ + c^-bc- ca-ab)Y 
— (o® + 6® + c® - BahcY 

Example 5. If s-a+b+c, prove that 

s{s - 2b)[s - 2c) + s(s - 2c){s - 2a) + s{s - 2a){s ~ 2b) 

= (s - 2a)(5 ~ 2b){s - 2c) + 8a6c 

The sum of the first two terms of the left side 
= «(« “ 2c){(s - 26) + (^ “ 2a)} 

= 5(s - 2c){2s - 2(a + 6}} 

=s(«-2c)x2c , 

and the third term = (5— 2c+2c)(« - 2a)(s - 26) 

= (5 - 2c)(s - 2a)(s - 26) + 2c(5 - 2a)(s - 26) 

Hence, the left side 

= 5(5 - 2c)2c + {{s - 2c)(s - 2a){s - 26) + 2c(s - 2a)(5 - 26)} 

=■ (5 - 2fl )(s - 26){s ~ 2c) + 2 c{6(5 - 2c) +{s~ 2a){s - 26)} 
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But s{s-2c)+{s-2a){s-2b) 

— ( 5 ^ “ 2cs) + { 5 ® - 2s(a+ i) + 4^vb] 

=2^2 *-2s(a+&+c)+4(i& 

=‘2s^-2ss+iah 

=4afc 

. . Tlie left side = (5 - 2a){s - 2b){s - 2c) + Sabc 

Example 6. K s= a+ &+ c, show that (s - a){s ~ hXs - c) 

~ia + b+c){bc+ca+ab)--ahc 

The left side =s^ -{a + b+c)s^ + {bc+ca+db)s-ahc 
-s^ -s s^+{bc+ca+ab){a+b+c)-abG 
= {fec+ ca+ ab){a+ b+ c) - abc 

Example 7. If a+&+c+d=0, piovethat(a+&X<^+cX«+d) 

=={b+a){b+d){h+c) 

=>{c+d){c+a){c+b) 

=‘{d+c){d+b)id+a) 

Since ft+&+c+d=0, we have, by tiansposition 
a+b— -{c+d), 
a+c- ^{b+d) 
a+d= "(&+c) , 

{ci + b){a+c]{a'i-d) 

^{a+h)[-[b+d)}{-[h+c]\ 

={a+b)[b+d){b-\-c) 

-{b+ a)[b+ d){b+ c) 

Similarly, {a+ b\a + c)(a + d) 

= { — (c+ (?)}(a + cX — + c)} 
={c+d){a+c){b+c) 

=‘{c+ d){c+ a){c+b) , 

{a + b){a + cXfl + rf) = “ (c+ d){ - (&+ d)}{a+ d) 

={c+d){b + d)ia^d) 

={d+G){d+b){d+a) 

Example 8. Piove that 

(?/+ j - a:)® + f5+ r - 7/)3 + (»+ y - c)® + 2kcyz 

= [2x-^i/ - s)^ + ill + -)® - (a;+ ?/ - 2:)® - Gx{x - 22)(a;+ y) 
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Putting a for 2x+y-z, h iory+z and c ior~{x+y~z), 

Avehave a+h+c=^x+y+z, 
b+c=2z-x, 
c+a=x, 
a+b-2{x+y) 

The right side 

= {2x+y-z)^ + {y+z)^ + {-{x-\-y-z)}^ + Bxi2z~x)2{x+y) 

= a® + + c® +3(c+ fl)(6+ cXa+ b) 

= (a+6+c)® 

= (a + y + 0 ) ® , [restoring values of a, b,c] 

’={{y+z-x)+{z+x-y)+(x+y-z))^, [since (y+z-x) 

+ {z+x~y)+{x+y-z) = x+y+z] 
~{y+z-x)^ + {z+x-yY + {x+y-z)^ + ^{z+x-y) 

+ {x+y-z)}{{x+y-z)+{y+z-x)}{{y+z-x)+{z+x-y)\ 

[Formula XVII, Art 133 ] 
= (y + 2 - flj) ® + ( 0 + £c “ y ) ® + (a; + y - 0 ) ® + 3 2£c 2y 20 
= (y +0 - £c)® + ( 2 + £c - y)® + (a; + y - 0 )® + 24a:y0 

EXERCISE 81. 

Prove that 

1. a^x+b^y+c^z={x+y+z){al+b^ + c^), 

if x^-yz=a^, y^-zx—b^,z^'-xy=c^ 

2 . fla;+&y+c 0 =(fl+&+c)(a;+y+ 2 ), 

if x=a^ -bc,y=b^ -ca^ z=c^ -ab 

3. {x- aY{b - c) + (as - 6)^(c “ a)+ (a; - c)^ {a - b) 

+ (& - c)(c ~a){a-b)= 0. 

4. 27(a+6+c)® -(a+2&)® -(&+2c)®-(c+2a)® 

=3(a+ 3& + 2c)(&+ 3c+ 2a)(c+ 3a+ 2&). 

6. 2(s - a)(s - b){s - c) + a{s - b){s - c) + bis - c)(s - d) 

+ c{s-a)is~b)=abc, if 2s=a+&+c 

6. s{s - a)(s -b)+ sis r a)is - c) + sis+ a)is - c) + c(s+ a)is + b) 

= (5+ffi)(5+&)(5+c) if s=a + b+c. 
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7 . 


8 . 


9 . 


10 . 


11 . 


12 . 


13 . 




15 . 


16 . 


17 . 


18 . 


19 . 


20 . 


(s~a)^'7-(s-b)^-i-(s-c)^'-S(s-a)[s- bX^ - q) 

2s=a+b+c 

iSx-^2y-i'bz)^-(3x-i'27j~oz)^ -^z{{^x+2y)^ -2oz^} 

— {20x - y-^SzY +{y-\-2z- 2QxY 

+ 30z(20a; - ^/ + %z){y + 20 - 20x) 

(£C -f 2/ + 20)(a; + 2y -f 0}(2a; + 2/ + 0) - («/ +;0)(0+ «)(» + 2^) 

=2{x+y-i-zY +2xyz 

ia-i-b-r c)(a; + 2 / + 0 ) + (a+ & - c)fe+ 2( - 0 ) + (&+ c - flj 

( 2/ +0 -ic) + (c+ a - bXz+x - 2 ^} =4(flta;+ 5?^+ «) ' 

( 2 / - 0)(1 + xyX^ + xz)^[z - a)(l + 2/^)(l + 2^a;} 

+ (a: - 2 /){l+ 0 a;)(l + 2 /^)= [y ~-z){z - a;){a! - y) 

[x - l)(a;2 4*a: + 4){2/ - 0 ) + ( 2 / - 1)(2/® + 2/ + 4:)(0 - x) 

+ (0 - 1X0^ + 0 + 4 )(a; ' 2/) = - (2^ - 0}(0 - a;)[a; - 2/)(ic+ 2/ +0) 

a;3 j. ^3 -»-3(2/+ 0 X 0 +a;)(a:+2/) =0, 

if x+y+z+w=0. 

ib—cY-i-(c~-aY + {a~-bY , (&-c)^+(c— 

5 2 

{&^c)’+(c-a)^ + fa-&)’ 

7 

(a;+ 2 /)(ii 7 + 0)(a;^ - 2/0) = (a + 2^ + 0)(a: - z)ix ^ + 

if a:=a®+a2^2/— and 0=»+L [21 U 1909] 

(y-TZ-2xXz’^x-2y)+{z+x-2y){x‘i'y-2z} 

■i-ix+y-2zXy+z-2x) 

— b{{y - 0)(0 - a;) -f (0 - x){z -ij)-^[x~ y)^ “ 0 )) 

(3/-zY+{z-xY-i-(x-yY=2ix^+y^+z^~yz-zX'-SiyY 
{b - c)(&+ c -2a)^ + (c - fl)(c+ a - 2&}® 

~ (tt - &Xff + & ■" 2c)^ =0 

®®( 2 ^ - 0 )® + 2/® (0 - a?)® 0 ® (a; - ® 

*= Sxyziy - 0}(0 -xix- y) 

aW - c2)3 + 6«(c2 - a2)3 + c8(a2 - 62)® 

= Ba^b^cXb’i' c)[c-J'ff)(a -f 6)C6 c)(c " 
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21. (6+ c)(6 - c)® +{c+ a)(c - a)^ + {»+ &)(a - &)® 

=2(& “ c)(c - a)(a - &)(a+ & + c) 

22. x{y-zy+y{z-x)^+ z{x-yY 

= {y - s){2 - a:)(£c - i/)(£c +7^+3') 

23. 4(a2 + a6 + &2)3 - (a - &)2(a+2&)2(2fl + 6)2 

=27a262^^+^)2 

24. 262c2+2c2ft2+2ft262_(j4 

=165(s-a)(s-6)(s-c), if 2s=a+6+c 

25. (s-a)®+(5-6)®+(s“c)2+3a6c=s^, if 2s=a+6+c 

(6-c? + (c-fl)3 + (a-&)3 (6-c)7 + (c-ffl)7+(a-6)7 

4b. g . 7 

_ |( 6— c)° + (c— + 6)^ j 2 

27 . {ax+J)y+ cz)^ + (6a3 + cj/ + 02)2 +{cx+ ay + 62)2 

- {{6a; + ci( + a2)(ca; +ay+bz) + {cx+ay+ l)z){ax +hy + cz) 

+(ax+hy+cz){bx+cy+ az}} 
= (a2 + 62 4- c2 - 6c - ca - ab){x^ +y^+z^-yz--zx- xy) 

28. {ax+by +cz)^-\-{bx+cy+ az)^ +{cx+ay+ bz)^ 

- S(ax +by+ cz){hx +cy+ azjcx +ay+ bz) 

= (a® + 62 + c® - 3a6c)(a;2 + 7/® + 2® - Sxyz) 

If a+6+c=0, prove that 

29. ca-62=o6-c2 = 6c-a2 = 6c+ca+c6= — |(a2 + 62 + c2) 

30. 62+6c+c2 = c2+ca+a2 = a2+ct6+62= ~(6c+ca+a6) 

31. a(c+ a)(a + 6) = 6(a+ 6)(6 + c) = c(a + c)(6 + c) = abc 

32. a(6+c)2 + 6(c+£i)2 + c{a+6)2=3a6c 

33. a(6-c)2+6(c-a)® + c(a-'6)2=0 

34. X^ + Y^+Z^=^XYZ^ where X=ax+by+cz, 

Y=bX’hcy+az and Z=cx+ay+bz 

35. (2a+6+c)2+(a+26+c)2 + (a+6+2c)* 

= 3{2fl + 6 + c)(a 4*26 + c)(a 4* 6 4* 2c) 

36. Prove that (3a;4-7/4-2)2 4*{a;4-3y4-2)2 4-(a;4-y4-32)2 

- 3(3a: 4- y 4- 2)(a5 4* 3y 4- 2 )(® 4- y 4- 3js) = 20(a:2 4- y 2 4* 2 ® - 3a;y2) 
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37. If fl + & + C“ 1, piove tliat {a+ho)ib + c) 

= (& + ca)[c + fl) = (c + ah){a +&)=(!- a)(l - &)(! - c) 
Prove that 

38. [x+yYiy+s- x)\z + a; - y) + (a - y) ^x+y+z]{x+y- z) 

^■kciiz^ + iy^-z^){y^+y^z^+z^)+{z^-x^]{z^-^z^x^+x'^) 

+(a^ --y^){x^+xhj^+y'^) 

39. 2a(?y +z-x)+{z+x-y){x+y-'z)^ 2ijiz -^x-y) 
+{x+y- z)[y+Z'- x) - 2z{x +y-z)+{y+z- x)[z+x-y) 

~{y'^z-x){z fa-?/)+(s+a-7/)(K+?/'-£) 

+ (a+j/“2)0/+£-a;) 

40. a® + ?/®+s®=a’-3fl&+3c, 

when a+7y+s=n, yz+zx+xy-b, xyz-c 

41. yz{y^ x) + zxiz + a) + a?y(a +y)+ Bxyz 

=Mp^ when x+y+z-p and x^+y^+Z“-(f 

42. x^+if+z^^^lq}^ 

when a+»y« -z, xyz=q, yz^-zx+xy-) 

43. x'^-\-7j*+z^=lq^} 

when a®+?/"+c®=g^, a+7/=13, z=^ -13 

44. (a + ?/ + z){7jz + ra + xy) ~ {y + £)(s + a)(a +y)= 120, 

when 7/«= 45, jE:a=64, ay =5 


CHAPTER XXin 

THE REMAINDER THEOREM AND DIVISIBILITY 

152. Important Theorem in Division. 

Theorem 1, I/* pa^+ga+) 7sd7mcled by x—aitniil the 
}cmawdc} docs not contain a, the icmamdci ivill &cjgfl“+gfl+7* 

By actual division, we have 

a— a\px^ + qx+i fpx+ {ap + q) 
hx^-apx \ 

{ap-¥g)x+) 

{ ap+qH—gtap+q) 

(i{ap+q)+i 

\ The rem ainder =a{ap+q) + i ^^pa^+qa+i 



XSIII] 


EEMMNDEB, THEOREM; 


289 


Rote Observe that the remainder is of the same form as the 
dividend with a in the place of x 

Theorem II. If is divided by x-a 

until the lemaindei does not involve x, the lemaindei will he 

pa^-\-ga^+ia-\rs 

By actual division, 

aj - a + j x+slpx^ + {ap + 2)a: + {pa^ + ga + » ) 

j px^ - apx^ \ 

{ap+q)x^+rx+s 
{ap+q)x^ -a{ap+q)x 

ipa^ + QP '+ ^ )®+ s 

(pa^ + qa+ 1 )x - a{pa^ + gfl+ Q 

pa^+qa^+ia+sj(fi^ 

. The remainder required -pa^ + qa^+ia+s 

Note Here also, notice that the remainder is of the same form as 
the dividend with a in the place of x 

Example 1, Find the remainder independent of x when 
a® - bx^ + 6a! + 9 IS divided by a! - 2 

By Theorem II, the remainder required 

= the value of jc® - bx^ + 6a!+ 9 when aj=2 

=25-522+62+9 

=8-20+12+9^9 


Example 2. Find the remainder independent of x when 
- 216 IS divided by a; - 6 

The remamder iequired=the value of jc® -216 when a!=6 

=65-216=216-216=0 


Note The student is recommended to verify these results by 
actual division 

153. Rational and integral Expessions. We 

shall now estabhsh a more general theorem known as the 
Remainder Theorem by dividing an expression of the type 
px'^+qx''~''-+ix''~^+ +lx+m by aj-a, w being a po5^^^'ue 
zntegei and^?, q,i^ Z, m being constants 

An algebraic expression of this kind in which every power 
of a! IS 2 i positive integei is called a rational and integral 
expression m x 

1-19 



290 ALaEBRA MADE EASY {CHAP’ 

Thus, 33^ -30;+ 13, a®+^a;+r, etc are each, a rational and 
integral expression in x 

154:* The Remainder Theorem* If any lahonal 
and integial expiession mx is divided by x-a, the lemainder 
independent of x, is obtained by putting a fo) x in the giten 
expression 

Let^a:’’+gaf'^+?fl;"“^+ +l!a;+m be the rational and 

integral expression Let Q be the CLUotient and JR, the 
remainder independent of X when the above expression is 
divided by a; -a 

Then, since, (Dividend) = (Divisor) x (Quotient) + (Remainder), 
we have px" + ga;"" ^+ix”~^+ + Za; + m 

- (ic - a)Q + B {identically) 

Since R does not contain a, it remains the same whatever 
value be given to a; If a is put for x in the above relation^ 
we have 

pa" + ga "“^ + 1 a"~* + + Za + m = (a - a)Q' + JS, 

(where Q' is the value of Q when a is put for x) 
=0xQ'+B=0+B 

. The remainder B —pa^ + ga""^ + ra"~^ + + Zo + ni 

Thus, the remainder is of the same form as the dividend 
with a in the place of x 

Hence, the theorem is estabhshed. 

Cor* If any rational and integial expression in x he divided 
by x+a, the i emainde) independent of x is obtained by putting 
’~afoi X in the given expi ession 

i 

, Since, a;+a=a;— ( — a), the above corollary follows at once 
from the Remainder Theorem 

Example It If m**- 5a: +9 be divided by a; +2, find the 
remainder independent of as 

Hrom the corollary, the remainder reciuired= the value of 
the expression x^ “5as+9, when -2 is put for as 

= (-2)2 -5(-2)+9=4+ 10+9=23 
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Example 2. If a;^+paj +2 be divided by s+cr, find the 
remainder independent of x 

Prom the coiollary above, the remainder required 
=the value of +pa;+ g, when x~ - a 

=(-a)2+jj(-a)+g=a^ -pti+g 

Note. The student is advised to verify these results by actual 
division 

Example 3. Pind, without actual substitution, the value of 
(c® - 19ai® + 6003^ - iSloj® + 229x2 + 166x+ 26, when x= 15. 

By the remainder theorem, the value of the expression 
when 15 is put for x 

=the remainder on division by x- 15 
But the given expression 

= X® - 15x® - (4x® - 60x^)+ (9x^ - 135x®) 

- (16x® -240x2) - (11x2 -165x)+ (x-15)+41 
=x®(x - 15) -4x*(x - 15)+ 9x2(x - 15) - 16x2(x - 15) 

- llx(x - 15) + (x - 15)+ 41 

Evidently, the remainder on division by x -15=»41 
Hence, the value required=41 

155. Divisibility and Factor Theorem. If any 

I aiional and xnUg) al expi ession in x vanishes identically when 
a IS substituted foi x, the exp; ession is exactly divisible by x- a 
and contains x-aas a factoi 

Let the given expression be px" + gx’*"^ + ; x"“ ^ + + 7x + w 

The remainder on division by x - a 

=the value of the dividend when a is put for x, 

[by the Remainder Theorem.] 
=pa''+ ga""^ + 1 a!'~^ + + ia + m 

The given expression is exactly divisible by x~ a if the 
remainder is zero, 

le- if pa"+ga""^+)a"“2+ +Za+ni-0. 



292 ALGEBRA. MALE EASY [OHAP. 

Also j (Dividend) = (Dmsor) x (Quotient) + Remainderj 

we have the given expression 

— (as - a) X Q + {pa” + ga ”~^ + ? a”~~ + +la+ m)^ 

[Q being the quotient] 
={x-a)Q} if +Za+«i=0 

as - a IS a factor of pa;"+ gx”~^ + + Zsc + m if 

pa”'hqa”~^-h +Z«+m~0 

Thus, the theorem is established 

Cor* ac+ais a factor of •• ■1*^35+ 

if p(-fl)"+g(-a)"~^+»(-a)""^4' +?(~a)+Mi=0 

Since, SC+ a— sc - ( - a), the corollary follows at once 

E^sample 1. Show that 3a:® -2a:® + sc -18 is exactly divisible 
by sc -2 and contains sc -2 as a factor. 

The value of 3a:® - 2sc® + sc - 18 when 2 is put for sc 
=32® -222+2-18=24-8+2-18=0 

Hence, by the above theorem, 3a;® -2sc® +sc-18 is exactly 
divisible by sc -2 and contains sc -2 as a factor 

Example 2. Show that 3sc®-2a:®V"13asy®+10y® is exactly 
divisible by sc-2i/ 

Putting 2y for sc in the given expression, we have 
3 (2i/)® - 2 (2p)® 2/ - 13 (2p) ?/® + lOp® 

=24?/ -8/ -26/+10/=0 

By the above theorem, the given expression is exactly 
divisible by sc-2^/ and contains sc-2i/ as a factor 

Example 3, Pmd the condition that the rational and integral 
expression ax” +&af”^ + csc"~®+ +Zsc+«i maybe divisible 

by sc-1 ^ 

The value of the given expression when 1 is put for ® 
= al'’+&l"-^ + cr-2+ +Z1+W 

=a+h+c+ . +Z+W 

[since, 1" = 1 X 1 X 1 to ii factors = 1 
and similarly 1"“* = 1"“® “ 


..= 1 ] 
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The given expression is exactly divisible by oj- 1, 
if ft+&+c+ +i+m=0, 

%B if the algebraic sum of the co-efficients of the expres- 
sion be zero. 

Example 4. Prove that ic+3is a factor of a:® +4®^ + 5a; +6 
ii!+3*=a;-( -3) 

The value of £c^+4£c^+6a;+6, when a;= -3 

= (-3)3+4{-3)2-l-5(~3)+6 
= -27+36-15+6-0 

Hence, by the corollary of the factor theorem the ex- 
pression is exactly divisible by 03+3 and contains 03+8 as 
a factor 

Example 5. If the expression ac2+3a32+4a;+p contains 
03+6 as a factor, find p. 

a;+6=o3-(-6) 

The value of sc^ + Sos^+da+p for a;== -6 

= ( -6)2 +3 ( - 6)2 +4 ( -6)+jp 
- -216+108 -24+i) 

-JJ-132 

By the above theorem, (off +6) is a factor, if ^ -132=0 
. theieqd value of p=132 

Example 6. Pmd the condition that 052+805+^ and 
■o?2 +4fl;+ g may have a common factor 

Let a -a be the common factor 

Putting a for oc, the value of as^+Soff+p 

=a2+3a+p=0 (1) 

[since, 0 ; — IS a factor of ii;2 ^ 3o;+p ] 
Similarly, (2) 

[since Off — u IS a factor of a;2 + 4off + g ] 

Prom (1) and (2), hy subtraction, we have 
(a2 + 4a+ g) - (a2 + 3a+p) =0, 
or, a+g-|)=0, 

or, a=p - g [transposing ] 
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Substituting this Yalue of a in (1), we have 
0 = (i^ + 3a +2? = (j) - + 3(p - g) 

“jP* ~22?g+g®+4j}-3g 

The lequired condition is -22ig+g2+4p*'3g=0 

156. Important Theorems on Divisibility. In 

Chapter X we have already consideied the dmsibihty of 
expressions a” +6" and a’' -If by a+h and a-b m paiticular 
cases We propose now to estabhsh the piopositions 
geneially 

Theorem I. TJie expiesmn is always divmhkhj 

a-h, if nis any positive integei, odd oi even 

Divide a" -6" by a- 6 until the remainder is independent 
of a Let Q be the quotient and R, the remainder 

Since, (Dividend) == (Quotient) x (Divisor) + (Remainder)} 

we have, a"-h''~Qx{a-b)+R [identically) 

Now, since JSis independent of a, it remains the same 
whatever value be given to a 

Let a = & in the above relation Then, we have 

lf‘~b”—Q'x{b'-b)+R, [Q'' being the value of Q when b 

is put for a 3 

or, 0=Q'xO+JS=0+5 , 

JB=0 

Hence, the remainder being zeio, a"-&” is exactly divisible 
by 0-& 

Thus, if the division be actually performed we have 
'a’‘-b’‘=(a-6)(o"-^ +ab''--+b^^) 

Example. Each of the expressions a^-b^, a^-b^^ 
a® -6^, etc IS exactly divisible by a - ft 

Theorem H. The eapimion is exactly divisible hu 
a+b when n is any even positive xnleyat^ but not if n is odd 

Divide a^-h" by a+6 until the remainder does not 
contain a Then, if Q be the quotient and R, the lemainder, 
we have 


a"-'b"-Qx(a+b)+jR [identically) 
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Since JR does not contain a, it remains the same whatever 
value be given to c. Pattm£C-& fora in the above identity, 
we have (-ft)" - 6 '’=Q'x [Q' being the value of 

Q when - & IS put for a ] 

= Q'xO+R^S, 

when 11 IS even. 0 , 

whenii is odd, -6”-6’’= -26" 

jS==0. when « IS even; 

but, since J?= -26", when n is odd, the remainder is not zero, 
when ■?; is an odd integer 

Hence a" - 6 " is exactly divisible by a + 6 when « is even 
but not if « is odd 

Thus, by actual division, we have 

a] - 6'-=(a+ 6)(fl"-^ - - +«&"-=' -6"”^), 

when n is even 

Example. Each of the expressions 0 ^- 6 ^, a® - 6 ®, 

etc is exactly divisible by a-^h] but a® - 6 ®, a® - 6 ®, a” - 6 '*, 
etc are jiof exactly divisible by ff +6 

Theorem HI. The €xp}ession a" 4-6" is exactly divisible 
by gt 6 if n is odd, hit not if n be even. 

Divide a” -r 6 " by 0+6 till the remamder does not contain 
a Let Q be the quotient and Rj the remainder. Then, 

fl’’T' 6 "=Q 3 <(a+ 6 )+E {identically). 

Smce R does not contain a, it remains the same whatever 
value be given to a Let a =-6 in the above identity 
Then, we have, 

(_6)»j.6-=q/x(-6+6)+J?=Q'xO+E=JJ, 
when SI is odd, (- 6 )" 4* 6 ''= - 6 "+ 6"=0 

But, when n is even (-6)" +6" =6" +6" =26", which is 
therefore, not zero. 

Hence, 2? =0 if si is odd but not if si is even 

.*. a"T 6 " is exactly divisible by a +6 when si is odd but 
not when si is even. < 

Thus by actual division, we have, 

n"4-6"=(a+6Xfl"-i-«"-=6+fl"“®62 . , -fl 6 "-=+ 6 "-i), 
when SI is odd 
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Example* a*-¥b'^ are all exactly divisible 

by a+&, while a® +6^, a^+&^, a®+&® are not so 

\ 

Theorem IV, The eajpimwj? a”+&’' w «euej diwsiMehy 
a-h^wlietlm n w even o) odd ' - 

Divide a"+i&“by a-6 imtil the remamdei does not con- 
tain a Let Q be the quotient and JR, the remainder Then, 

+ 6“= Q X (fl - 6) + {idonticalhj). 

Since>jR does not contain a, itiemains the same whatever 
value be given to a Put 6 for a in the above identity and we 

have &"+b’*=Q'x(&-Z^)-H5!=Q'xO-hiil=S; 
or, i2=2&’' 

Since, JR does not vanish for any value ot n, ^ 
never divisible by a-& 

Example. Thus a^-hh^, etc are never 

divisible by a -6 

Example 1» Show that 8’^"~4®'’is divisible by 17> if jus 
any positive integei 

The expression 3^" -43'’=-(3^)" ~ (43)”= (81)" - (64)” 

. By Theorem I, Art 156; the given expression is divisible 
by81-64, ^el7 

Example 2. Show that the last two digits of 2®"—63”are 
0 s, n being any ^even positive integei. 

The given expression = (2^)” - ( 62 ^" =a - (gg)». 

Since II IS even, the given expression is exactly divisible 
by 64+36 i e by 100 [Theorem 11 Art. 156] 

Hence, 100 being a factor of the given expression, the 
last two digits must be O’s 

Example 3. Show that 

(a® +3aa!3 + 3a^x+ 4. -gnajS ^ 
contains 2a; as a factor ?ii being a positive integer 
The given expression={{a;+a)3}2"-i-i+{{a;-tt)^}2’"-*-^ 

»(a;+a)3(2>"M)+(a,_Q)3C=«M) 

Since 3(2»i+l) is an odd positive integer the given ex- 
pression is exactly divisible by (a;+a]+(a;-<i}, 1 e 2x 

[Theorem ml 
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Example 4. Show that (J - 0 ) 2 ”+^ + (c - ~ 6 ) 2 »*+i jg 

divisible by (6- c)(c- a;)(a- &), n being any positive mtegei 

The given expression is a rational and integral expression 
in a, h and c 

H we substitute c for 6 m the expression, we have the 
expression 

= (c - c)2"+i + (c - a)2"+i + (a - c)2"+i 
=(0)2"+i +(c_a)2»+i+|-(c_a)}2«+i 

=0 +(c-.a)2"+i-(c-a}2"^i 

[Now, 

={~lx(c“a))x{-lx(c“a)}x to (2«+l) factors 

= (-l)x (“l)x (-1) to (2ii+l) factors 

X (c - a) X (c - a) X (c - a) to {2w+ 1) factors 

= - 1 X (c - a)2"+’- = - (c - 

*. the expression = 0 , 

By Art 155, the given expression is divisible by 6 - c 

Similarly, putting a for c m the given expression, it may 
be shown that the expression is divisible by c-a, and 
putting h for a, it may be shown that the given expression is 
divisible by a- 6 

Hence, the given expression is divisible by the product 
(6”c)(c-a)(a-&y 

Example 5> If w be any positive integer, show that 

(a&)"-(6c)"+(cd)"-(da)” is divisible by ab-lc+cd-da 

[M M 1873] 

Evidently, a& - &c+ cd - da - b{a -c)+ d{c - a) -{c- a)(d - b) 

Now, if we put a fore in the given expression, we have 

the expression == (a&)" - ( baf + (ad)" - (da)" 

= (a&)" - labf + (ad)" - (ad)" 

. By Art 155, the given expression is exactlv divisible 
bye- a 

Similarly, putting b for d in the expression, it,. may be 
shown that the expression is divisible by d — & 

.. The expression is divisible by the product of c-a 
and d-& 

te by (c-a)(d-&) 

2 .fi by ab-bc+cd-'da 
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Example 6. Show that as" -re +1 is exactly divisible 
by (sc-l)^) when n is any positive intejjet 

The given expression = - ac" ~ as + 1 «= a;"(a; - 1} - (as - 1) 

«=(as--l)(as"~l) 

Thus, oc-l IS a factor of the given expression , 

Since, by Theorem 1, Art 165, a" - 1 is exactly divisible 
byas-1 

The given expression is divisible by (a;-l)x(aj-l) 
1 e (as-l)^ ^ 

Example 7, Find the continued product of 
(as + a)lx^ + a^)(as* + a^)(a5® + a®). 

Let A denote the continued product req.uired 
Then, A - (ac+ a)(a5* + a®)(as^ + a^)(as® + a^). 

Multiplying both the sides by as -a, we have 
(oc - a) A = {(ac - a)(as + a)}(a5^ + a^)(as^ + u*)(as® + a® ) 

=*{(as® “O-^Xas® +a^)}(a:^ +a®) 

= {(as* -«*Xas* +a*)}(as® +«®) 

= (as® - a®}(as® + a®)= a;^ ® - ® , 

A=»^ ^=a;^®+a!^^a+a3^®a®+ +asa^*+<*' 

as-d! 

Example 8. If as+a be the E G F of acHjpas+g anil 
as^+p'as+g, show that a — -i* 

Since as+df is the H 0 F of the two expressions as® +i?as+3 
and ac®+p'h;+fl^, these expressions must be exactly divisible 
byas+o 

.. By the Divisibility Theorem, we have 

(■“a)®+j)(“a)+g=0, tc, a®-jpa+g -0, 

and(-a)®-p'(-a)+2'-0, le, a®-p'a+2'“0, 

*..By subtraction, (a® -p'a+g^J - (a® -jpa+ 2 )“ 0 , 
or, fl{p“/)+ 2 '-g -0 
Transposing, a(p -p ’) = g - s' ; 


t • 
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EXERCISE 82. 

r 

!Find the remainder, without actual division, when 

1- aj^ +2®^ +3aJ* +4a;+5 is divided by x -3 
^2. 3a!® +5a:'^+llis divided by cc+l 
^ 3. 3a!® + 7a!® + lla!+ 2 is divided by^a: - 1 
'^4. 4ai® +5ai® +9a!+7 is divided by 2a;+ 3 
^ 5. aai® + &a:® + ca!+ d is divided by aai+ & 

In the following examples, show that the first expression 
IS divisible by the second 

'( 6 . 6a!® + 13a!® + 17a!+6 by 2x+ 1 ^ 

7. apx^+(,^+aq)x^ + (2g[+ai]!v+2? byaa;+2 

8 . 6a!* + 13ac®2/ + 18x®?/® + 23aiy ® + lOy* by 3a!+ 2y 

9. by a4*& 

\ 10. 64a!® - 729y ® by 2rc + 3y 

11 . ^2n_yzn Qu+y (jj laeing a -positive integer) 

12. a!^®y® -£C®y^® by a!®y®(a!-y) 

13. (3a+26)®"'*'^+6®'’'^^ by a+6 

(w being any positive integer) 

14. -aa!®"-a!fl®"+a®*^^ by (ai-a)® 

15. 64+ 32a!+2a!®+a!® by a!®+4ai+4 

16. !Find the condition that a!'^+9a!* -7a!®+llaa;+5fl® 
may contain a!+l as a factor 

17. Eor what values of a will 3a!®+9a!* -7a:® "-5ac®-4aa: 
+ 3a® contain a! - 1 as a factor ^ 

18. What must be the form of mm order that a” -a!*" 

may have both o^+ai" and a" -a:" for divisors, n being any 
positive integer ^ ’ [M H 1875 ] 

19. If n be any positive integer, show that 
(a!®+7ac+6)"-(2+o!)®" is divisible by 3a;+2 

20. Show that the quotient of 3a!® + a:®- 11a: +7 when 
divided by a! - 1 IS exactly divisible by a: - 1 

Show that each of the following expressions is exactly 
divisible by (a - a]{b - c)fc - a) 

21. a®6®(a- &)+ h^c^{h-c)+ c®a®(c- a) 

22. a®J®(a-6)+&®c®(& — c)-t'C®a®(c — a) 
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23. «^(Z>-c)^+62(c-a)® + c^(a“6)® 

24 . {a-hy+{h-cY+{c-aY 

25. an’^[a-h)^^^-¥c^(J}--cY^+c^a'^i(i--aY^ 

26. ShovT, by the principle of divisibility that (a+J+c) 
{a&+ &C+ co) - a&c contains the factors &+ c, c+ a and a+i 

27 . (Show, that (a'c+ 6j/)(&a;+ cy)(cx+ ay) - {aij-V bx){hij+ coj) 
(cy + asc) contains the factors oc-y, a-&, 6-c and c- a 

[M U 1874] 

28. Show that fl”(&'-c)+&”(C“ft)+c"(fl-&) contains each 

of the factors a'-b,b-c and c - a [P IJ. 1916 ] 

29. Resolve c^) + 6^(c^ - a^)-^c^{a^ - b^) into factors 

by the principle of divisibihty 

30. Show that a^b^ - c^) + 6^ (c® - a®) + ~ &®) is divi- 
sible by (b + c)(c+ a}(a+ b)(a -h){b- c)[c - a) 

31. Show that the last digit in ( 41 )" "1, where « is any 
positive integer, is zero 

32. Show that 7®"' -Is where mis any positive integer, is 
divisible by each of the factors, 2, 3, 4, 6, 8, 12, 16, 24 and 48 

33. Show that 17® + 13*^ — 5® + 2'^ is divisible by 3 

34. Show that £C®~a;— 6 and £c®~llo;-M4 contain a 
-common factor of the fo) m x-m 

35. Show that the expression (81)’" (121)"‘ - 1, where WMS 
any positive integer is divisible by 100 

36. Find the continued product of 

(1 + a:)fl + a;®)(l + x^){l + a® }(1 + ®) 

37. Show that 13"«12(13*“H 13"-“=+ +l)-l-l,« being 

any positive integer 

38. Find the continued product of 11 x 101 x 10001 

39. Show that £c"— waj+w— 1 is exactly divisible by 

{x-iY 

40 . Sho w that a”{a -1) +&’”()& -1) IS not divisible by a+b, 
m being any positive integer 

Write down the quotients in the following divisions 

41. jc^+y® by x+y 42. oc^-y® by £c+y 

43, ai'^-y'^ by x-y 44. by a;®+?A 

45. by x-y 
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46. I£ic+3be the HCF of oa?®+5rB+^ and aaj®+3ar 
+^+6, findp and a 

47. If x-b be the H OF. of bx^ -pas+B and bx^ -2a;-2p^ 
prove that = 5 and &= 4 

48. If x-a be the HCF of gx^+2x+p andigx^+x+i, 
prove that a=i -j? and g{i ~ja)^+2i -jj=0 

49. Find, -without actual substitution the value of 
x^ - 3a:® + 5a:’ - 15a; ® + 13a:® - 39a:^ + 7a:® - 21a;® + 17a; - 51, when 
x-^ 

50. What IS the value of 32a:® “483;^+ 40a:® —603:^+263? 

-38, when a;=15^ 


CHAPTER XXIV 

HARDER H.C.F. AND L.C.M. 

157. In Chapters XCV and XV we have explained the 
methods of finding the HOF andtheLOM of compound 
expressions, whose factors can be determined easily We 
shall now proceed to consider more difficult cases 

3 

1. Harder Highest Gonmion Factors. 

158. E the H 0 F of two or more compound expressions 
be a compound expression, it cannot generally be found 
by inspection In such cases the following methods should 
be adopted 

159. The ordinary method of finding the- 
H.G.F. of two mnltinomial expressions which 
have no monomial factors. 

Rule. An ange the two ea^t esmns acm ding to descending 
joowei s of some common letter , divide the exp) ession which is of 
higlie) degi ee, in that letter by the ofhei , oi if they be of the same 
deg) ee, eithei wf them by the otkej , if thet e be any t emainder ^ 
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take ‘it fo} amiodivisoi and the p) ecedmg divm) for the divi- 
dend, and continue the pi ocess till thei e w no remainder The 
lad dwiso) will he the EC F i eqim ed Of any dimso) and 
the CO) i espondnig dividend eithe) maybe multiplied o) divided 
by any mimhei which -is not a facto) of the othe) 

This rule may he proved as follows 

Let A and B stand foi two such expressions both aiianged 
accoiding to descending powers of some common letter^ and 
let the index of the highest power of that lettei in A be not 
less than the index of the highest power of that lettei in B 

Divide A by D and let Q be the quotient and Ctlie 
lemamdei 

Then we must have C= A- BQ (1) 

or, A=BQ + a . (2) 

Fiom (1) it IS clear that every common factor of A and B 
IS a factoi of C [foi if A =pa and B-pb, we have (7=ii(ff 
Hence, if R denote the EOF of A andB, S also is a factor 
of C, and is therefore a common facto) of B and G 

It IS cleai therefore that the HOF oi B and C is either 
E or an expression of higher dimensions than E (a) 

Now from (2), it is evident that eveiy common factor of 
B and C is a factoi of A and is therefore a common factor of 
B and A Hence, the H C F of J5 and G also is a common 
factor of B and A and therefore cannot be of highei dimen- 
sions than E 

Hence, fiom (a), the H C F of B and C is HT 

Thus the H C F. of B and C is the HOF required 

Similarly, if B be divided by 0, and D be the new remain- 
der, the HOF of C and D is the same as the H.0 F of 
B and C and is therefore the HOF required 

How divide 0 by D and let there be no remainder 
D IS the HOF of C and D and is theiefoie the HOF 
reqmred 

Cor, /. As the H 0 F of any divisor and the coiresponding 
dividend is the HOF required, it is clear that, for the sake 


*The letter is culled the letter of reference. 
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of convenience, either of them may he mnltiphed or divided 
bv any monomial expression winch is not a factor of the other 

[See Note 8, Art 100] 

i 

Cor. 2. In dividing A by B if we stop before the complete^ 
quotient is obtained so that g is the partial quotient and C' 
the corresponding lemainder, then the HOF of II and C' 
just as the H C F oi B and C is the H 0 F required Hence, 
by Cor 1, in dividing C' by B (or if convenient, B by O' when 
C IS not of highei degree than B) we can multiply or divide 
either of them, if necessary, by any monomial expression 
winch IS not a factor of the othei 

The following examples will illustrate the process 

Example !• Find the HOF of 3a!*-7a;2-i8a;-8 and 
2a;3-da;2-17a;-l2 

The HOF required is evidently the HOF of Bx^-7x^ 
- 18a; - 8 and 3(2a;® - dx^ - 17a; - 12) [Cor 1 ] Let us therefore 
multiply the 2nd expression by 3 and divide the product 
by the 1st , 

2x^- 3a;2-17a;-12 

3 

3a;® - 7a;® - 18a; - 8\6a;® “■ 8a;® - 51a; - 36/ 2 

5a;® -15a; -20 

Hence, the HOF required is the HOF of 3a;® -7a:® 
-18a; -8 and 5a;®-l5a;-20=5(a;®-3a;-4) and is therefore 
the HOF of 3a;®-7a;®-18a;-8anda:2-8a;-4 [Cor 1] 

We must proceed then as follows 

5 ]5a;® -15-20 

a;® - 3a; - 4\3a;® - 7a; ® - 18a: - 8/3a; + 2 
jda;® -9a;® -12a; \ 

2a:®--6a;-8 
2a;®- 6a; -8 

, Hence, the HOF required ~ a;® - 3a; - 4 

Example 2. Find the H 0 F, of 

22a;® -78a;® -16a;® and 2a;® -78a;® ~ 44a: 

The 1st expression=2a;®(lla;^ -39a;® -8) 

The 2nd expression =2a;(a;* -39a; -22) 

*The quotient obtained is said to be complete ivhen the remain- 
der IS of lower degree, m the letter of reference than the divisor 
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Hence by Hote 7, Art 100, the H 0 1’ required 
= (theHCF o! 2x2 and 2x) x (the H 0 F of 

llx* -39x® -8 and “39x“22) 
=2® X J, putting X for the H C F of the multmomials. 

New let us find X^ as m the last example J 

x4--39x-22\llx^'- 39x3- 8/11 

/ llx^-429x -242\ 

-3) - 39x3+429x+ 2B4 
13) 13x2-143® - 78 
x®- llx - 6 

x3-11x-6W-39x -22/x 
/ x^-llx2-6xV 
11) 11x2-33x-22 

x2- 3a;- 2 

x2-3x-2\x3-11x -6 /x+3 
jx2- 3x2 -2x\ 

3x2-9x-6 
3x2 -9x-6 

Thus Z=x2-3x-2 


Hence, the HOF. required =2x(x2 -3x-2) 

Example 3. Find the H C F of 
12x^a2 + 54x®a2 + 6x2^* - 72xa® and 

8x«a+60x®a2 +i60x4aH180x2a^ +72®2a5. 

The first exp =6xa2(2x2+9x2fl+xtt2“12a2) 

The 2nd exp =4x2fl(2x^ +15x2^+40x2^2 +45x«®+18a^) 

Hence, if J denote the HOF of the multinomial «ors 
of the given expressions, we must have the required HLi?' 

= (the HOF. of 6x^2 and 4x2a) x Z==2xo x X 
Now to find X, 

2x2+9x2a+Xfl2 -I2a2\2x^+16x2a+40x2a2+45xa2+l8fl* /a? 

/ 2xH 9x2a+ x2fl2-12xa2 

3g)6x2g + 39x2fl2 + 57a;g3 + qS a 
2x2+13x2a +19xft2+ 6o 
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Hence, X is the HOF of 2!B®+9aj2a+a;a2-i2a® and 
2 a;^ + 13aj2a+19a;a2+0a3^ as they are both of the same 
degree we can divide either of them by the othei 

2a;®+9aj^a+a;a^ -12a® \2x® +13ic®o+193ca® 4- 6a®/l 

7235®+ 9352a+ a5a®-12a®\ 
2 aHa;®a+1835a®+i8a ® 

235^+ ^xa +9a® 

235® + 9a5a + 9a® \2a5® + 9a5®a + asa® - 12a® (x 

7235®+ 935® a+9a5a® \ 

- 4a ® ) - Sara® - 12a ® 

235 + 3a 

235 + 3a\2a® + 935a +5a® /35 + 8a 
7235®+ 335a \ 

6a5a+9a® 

6xa+9a® 

Thus Z =235+ 3a 

Hence, the HOF required = 2jca(2a5 + 3a) 

Example 4. Find the H 0 F of 

435^ + 1135® + 2735® + 1735 + 5 and 635* + 14a5® + 8835® + Idas + 10 

The second expression =2(805^+735® +1835® +735 +5), but 2 
IS not a factor of the 1st expression Hence, the HOF 
required is the HOF of the 1st expression and 835^+735® 
+ 18352+735+5 

435* + 1135® + 2735® +1735+5 
3 

835* +735® + 1835® + 735 + 511235^ + 88353 + 8135® + 5135 + 15/4 

71235* +2835® +7235® +2835 + 2Q\ 

535®+ 935® +2835- 5 

835* + 735® + 1835® +735 + 5 
5 

535® + 935® + 2835 - 5\15a5* + 3535® + 9035® +3535+25/835 
/ 15x* + 2735® + 6935® — 1535 V 

835® +2135® +5035 + 25 
o 

4035® + 10035® +25035+125/8 
4035®+ 7235® + 18435- 40\ 
38) 8835®+ 6635+165 
35®+ 235+ 5 


1-20 
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x^+^x+bW+ 9a;2+23a;-5/5aJ~l 
/5a!H10a;^+25a; y 
-£c®- 2x-6 
2a; -5 

Thus the requued H C F +2a;+5 

Example 5, Find the HOF. of 

4aj* - 16a;® + 108 and 6a;® - 14a;® - 40a;® + 36 

The first expression = 4(a;^ - 4a;® + 27} 

The second expiession=2(3a;® -7a;® -20a;® +18} 

Hence, if X denote the H C F of the multinomial factors 
of the given expressions, the H 0 F reqmied=2Z - 

Let us then find X 

-4a;3 +27\3a;® -7a;® -SOa;® +18/3a;+12 

/3a;®-i2a;^+81a; ^ 

12x^- 7a;®-20a;2-81a;+ 18 
12a;^-48a;® +324 

41a;®-20a;®-81a;-306 

' a:* -4a;® +27 
41 

41a; 3 - 20a;® - 81a; - 306\41a;^ - 1 64a;® + 1107 

Jilx^ - 20a;® -81 ik® -306a;\ 

- 9) - 144a;® + 81a;® + 306a;+ 1107 
16a;®- 9a;®" 34a;- 123 

41 

656a;® - 369a;2 - 1394a; - 5043/16 
656a;® - 320a;2 - 1296a; -4896 V 
-4 9)- 49a;®- 98a;- 147 
a;2+ 2a;+ 3 

a;2+2a;+3\41a;®- 20a;2- 81a;-306/41a;"102 
/41a;® + 82a;2 + 123a; V 

-102a;2 -204a; -306 
-102a;®-204a;-306 

Hence, the HOP. re(iuired=2(a;® + 2a;+3} 

EXERCISE 83, 

^ Find the HOF of 

^ !• 2a;® + 6a; — 3 and 2a;® + 3a;® - 32a;+ 16 
2, 3a;®+16a;— 12 and 3a/®+4a;®— 28a;+16 
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3 • - Saa; - 20fl ^ and 2a;^ + Bax^ - 4Da^x - 100a® 

4. 3a;^ + 7flj® - lAx^ - 24a; and 6a;^ - lOaj® - 24a;® 

[ps Ga® - lln® - 3a+2 and 3a® + 20a^ + 23a - 10 

r6. 6a®-25a2&+32a6®-1263 and4a® + 12a2&-7a&2 -30&® 

/jy 3a;®+5a:®+5a;+2and2a:®+5a;®+5a;+3 

/o, 4a;® -7xhj+7xy^ -3y® and 3a;® - 7xhj+7xy^ -4?/® 

( 9 . 6a;*+7a;®+6a:®+2x and 4a;® -18a;^ -8a;® -lOx® 

Ju). 3x^+10x®+7x®+4a;+l and2x®+3x®-7x-3'^ 
ll* 4a;® + 13x® — 8a; — 3 and 3x^ + 13x® + 9x® + 9x+ 2 

12. 12a®+lla®x+6ax®+x® and21a® + 17a®x+9ax®+x® 

13. 3oa®+31a®x+13ax®+2x® and 

65a® + o4a®x+ 22ax® + 3x® 

14. 70x® -9ax®+lla®x+6a® and91x® -25ax®+20a®x+4a® 

15. 7ox®-35x®+24a;+4 and85x®-36x®+25x+6 ^ 

16. 35x® - 34a;® + 3x+ 2 and 49x® - 49x® + 5x+ 3 

17. 4a;®+2ax®+14a®x^+10a®x®+24a^x® and 

6x® + 2lax® + 30a®x^ + 24a®x® 

18. 4a^ + 32a® + 72a ® + 44a+ 8 and 

6a* + 54a® + IGGa® + 78a+ 12 

19. 2a;* - 19x® + 21x - 6 and 6x* + 21x® + 3x - 6 

20. 12a;* - GOx® + 126x+ 90 and lox* - 25x3 + 145x - 75 

21. 18x* + 117x®+162x®+72x+9 and 

12x* + 68x® + 72x® + 108x+ 20 

22. x®-5x® + 6x+12andx*“8x®-24x-32 

23. x*+5x®+3x® -14x-40 anda;®-4x®+45x+7o 

24. 4x®-8x®a®+28x®a®-24xa*+24a® and 

6x* + 24x®a - 12x®a® - 24xa® + 96a* 

25. 9x* - 18 x®7/ - 13x® 7/® - 38xj/® - 12y* and 

6x® + 4x*^ + 5x®?/® + 4 x® 2/® + 8y “ 

26. 2x® - llx® - 9 and 4x® + llx* + 81 

27. 32a* + 104a® -20a® -122a + 30 and 

60a® + 10a* - 4oa® +45a2 -50a 

28. X® +2x* - ox® - 7x+ 3 and 3x® - 3x* - 18x® + x® + 2x + 3. 
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160. In some cases the H.C.F. may be found 
more easily by the application of the following 
principle ; 

If A and B denote two exj)iessions having no monomial 
factois and if « jp, g be any foui numeiml guantiim 
such that mg~np is not egual to zeio, then the EBF of 
A and B is the same as the EOF of niA+iiB and 
jpA+ gB, numencal common factois^ if any, being left out 
This may be proved as follows • 

Let B: denote the H OF of i and B, and E^ the HCF. 
of mA+nB and pA+gB, after removal from them of any 
numerical common factors that may occur. 

Now, smce eveiy common factor of A and B is a 
factoi of mA-^nB and also of pA'^gB, theiefoie E is 
a common factor of niA-^iiB and pA+gB Hence, E' is 
either equal to E oi is an expression of higher dimensions 
^lianH . ... (c) 

Agam, smce gimA+nB]-'n{pA'lrgB)={mg-np)A, 
and m{pA + gB) -p(mA + nB) = (mg - np)B, 

it IS clear that eveiy common factor of mA+JiB and 
pA+gB IS a factoi of {mg'-np)A, and also oi(ing--np)B 
Hence, as mg-np is only a numencal quantity cicitj 
common factor of those expressions otliei than numencal 
must be a factoi of A as well as of B Hence. E' is a 
common factoi of A and B and therefore cannot be of higher 
dimensions than E 

Hence, by (q), H'=H, which proves the proposition 

HOF of A and B is the same as the 
HCl of A+B and A-B Heie m-1, n~l, p-1 and 
g= -1. 

Cor . 2» The HCF of and B is the same as the 
HCF of A±B and B, here m = l 7?=±1, i?=0 
g~l Similarly it is the same as the H C F of A±B and A 

Example 1. Find the HCF of 

+ a;3 >. 5 a ;2 „ 3 ^^. 2 and - 3a;® +3a) -2 
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Let A-x^+x^-bx^'-dx+2j 
and j5=a;^ -3a;®+a;^+3a;-2 
Then A+B~2x^-2x^-ix^=2x^{x^-x-2), 
and i-H=4a;3 -Qx^ -6a:+4=2(2a;3 -3a;2 -3a;+2) 

Hence, by Goi 1 the leqnired HOF is the HOF of 
x^x^ -aj-2) and 2a;® -303® -3a;+2, and therefore of x^ ~a;-2 
and 2x® -3a;® -3a; +2 

Let J.'=a:®-a!-2, 

and jB'=2a;® -Sac® -3a;+2 
Then j4'+jB'=2a;® -2a;® -4a;;=2a;(a;® -03-2) 

Hence, the required HOF 

= the H OF of A' and A'+F [Cor 2 ] 

=a;®-a;-2 

Example 2. Find the H 0 F of 

4£i;^+lla;®+27a;®+17a;+5 and 3x*+7£c®+18a;®+7a;+5 

Let j4=4a;^+lla3®+27a;®+17a;+5, 

and jB=3a3‘*+7a;®+18a;®+7a;+5 

Then A-B-x^+ix^+Qx^ + lOx 
~ x{x^ + 4a;® + 9a3 + 10), 
and 3^-4ji5=5a;®+9a;®+23a;-6 

Hence, the HOF of a;® + 4a;® + 9a; + 10 and 

5a;® + 9a;® + 23a; - 5 is the HOF requii ed 

Let A'=a;®+4a;®+9a;+10, 

and H' = 5a;® + 9a;® + 23a; - 5 

Then A ' + 25' = lla;® + 22a;® + 55a; - lla;(a;® + 2a; + 5), 
and 51'-5'=lla;2+22a;+55=ll(a:2+2a:+5) 

Hence, the HOF required is the HOF of x(x^+2x+ 5) 
and a;®+2a;+5, and is therefore^a;® +2a;+5 

Examples. FmdtheHOF of 

2a;® - lla;® -9 and 4a;® + lla;* +81 

[0 U Entr Paper, 18651 

Let J. = 4a;® + lla;* + 81, 

and B = 2a;® - lla;® - 9 



310 


ALGEBRA MALE EASY 


[CHAR 

Then i - 25= 11a:* + 22a;2 + 99 = 11(£C* + 2aj2 + 9), 
and A + 9 j5 = 22a;® + 11a;* - 99a;2 = lla:^ (2a;® + a;® - 9) 

Hence, the required H C F is the same as the HOE of 
a;*+2a;®+9 and a;®(2a:®+a:®-9), and therefore of a:* +2®® +9 
and 2a;® + a:® -9. 

Let J.'=a;*+2a;®+9, 

and 5'=2a;®+aj®-9 

Then A'+B'-x^+ 2a;® + 3a;® = as® (as® + 2as + 3) 

Hence, the H 0 E of 

and ^^2 +2a;+3(= O'^say)] ^ ^ ^ required 

Now, since 5*+3C'=2a;®+4a:®+6a; 

=2a:(a;2+2a;+3) , 

the HOF jeqd=theHCF of C' 3nd5'+3G' 
=a;®+2a;+3, 

EXERCISE 8^. 

Find the H.CF of 

1» a;®-3a;®“4a;+12 anda:®-7a;®+16a;-12 

2. 2a;® " 17a; + 12 and 4a;* - 2a;® - 34a;® + 41a; - 12 

3. 4x®+13a;2+19a:+4 and 2a:® + 5a;® + 5a; -4 

4. 3a:®-5a;2+7 and6a:*-7a:®-5a:2+14a;+7 
5» Gas* - Has® + IBas® - 22a; + 8 

and Gas* - Has® -8as®+22a:-8 

6. 2a;*+19a;®+20a;2-31a;+8 

and 2a;* + 7a;® - 64a;® + 62a; - 16 

7. Sas* -7a;® -27a:2 -6as+2 and 3a;* -ISas® -40a;® -9a;+3 

8. 5a:*-18a:®-7a;2+12a;+3 

and 5a;* - 23a;® - 9a;® + 16a; + 4 

9. 2a;* -5a;®“l7a;®-2a:+2 

and 6a;® +23a;* +34a;® +21a;2 -2a;- 9 

lOt Gas’’ + 9a;* - 18a;® - 4as® + 9a; - 3 

and 9a;® +12a;* -ISa;® -5a;® +12a;-i 

11. a;® -a;® +8 and a;® -a;® +4 

12. 3a;® + 139a;® - 44 and 39a;® + 139a:* - 16 
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161 . The H.G.F. of three or more expressions 
. whose factors cannot he easily found. 

Let H, 0 stand for any three expressions of which the 
H C F IS to he found 

Let Cr denote the H 0 F. of J. and B. and H that of G 
andO 

Then G being the product of all the elementary common 
factors of A and B, every factor of is a common factor 
of A and and therefore every common factor of G and C 
is a common factor of A, B and C 

Hence, S also is a common factor of A, B and G There- 
foie, the HCF required is either JT or an expression of 
higher dimensions than H {(i) 

But, since every common factor of A and B is a factor of 
G, every common factor of A, B and 0 is a common factor 
of G and C Hence, the HCF required is a common factor 
of G and 0, and therefore cannot be of higher dimensions 
than H 

Hence, by (jS), the HCF required=fl' 

By a similar reasomng it follows that if Z) be a fourth 
expression, then the HCF of H and D is the HCF of B, 
C and D 

Thus we have the following role To find the HCF of 
any mmbe) of exp emons A, B, C, D, &c fltst find the EOF 
of A a,nd B, then theE.CF of this result and G, and so on , 
the 1 esiilt obtained last of all is the EG F j eguired 

Example. Find the HOF of 2a;*-7a;®-17a;H58a;''24, 
3x^ + 14a;® — lla;^ - 70cc + 24 and Sas* + Qac® - 47aj^ - 81a; + 18 

Let us first find the HCF of the first two expressions 

Put l=2a;^-7a;®-17a;2+58aJ‘-24, 

and B = 3a;^ + 14a;® - lla;® - 70a; + 24 


Then, ^+B=5a;^ 4-7a;® -28a;2 - 12a; 

=cc(5a;® +7x^ "-28a;- 12), 
and - 3A + 2B= 49a;® + 29a;2 - 314a;+ 120 

Hence, the HCF of A and B is the HOF of 5a;® +7a;® 
- 28a; - 12 and 49a;® + 29a;® - 314a: + 120 
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Let A'=6x^+7x^-'2Sx-12, 

and J5'=49a;3 +290?^ -314a:+120 
Then, 10 /' + B - 99a!j® + 99x^ - 594aj 
=S9a;(a;^+a;~6) 

Hence, the H C F of / and B is the same as the H CT 
of 5a;® + 7®® - 28a; - 12( = /') 7 

and a;®+a;-6(=C7^ say)} 

How, /'-2C'=5a;®+5a;® -30a;=5a;(a;2+a;--6) , 

/ the H C F of ^ and H=the H C F of C" and 
/'-2C'=a;2+a;-6 

Hence, the H C F leqmred is the H 0 F of 
and 5x + 9a;® -47a;® -81a; +18, which can be found as 
follows 

x^ + x- 6\5a;^ + 9a:® - 47a;2 - 81a; + 18/6a;® + 4a; 

W + 5a;®-30a:2 \ 

“ 4i®-17a;2-81a;+18 

4a;® + 4a;® -^a; 

-3)-21r®-57a;+18 
7a:2 + 19a; -6/7 
7a;2+ 7a;-42\ 

1 2)12a;+36 

3 

a;+3\r®+ x-6fx-2 

/x^+3x \ 

-2a;- 6 
-2a;-6 

Thus the required H C F '=a;+3 

EXERCISE 85. 

Find the HCF of 

1. 2a;®+7a;2-5a;-4, a;® + 8a;® + 11a; -20 

and 2a:® + 19a;® + 49a: +20 

2. 2a;^+3a:® + 8a;2 + 15a;-10, 2®^-5a;® + l2a7®-2rja;+10 

and 2a:* - 5a:® + 10a:® - 20a: + 8 

3. 2a;*+7a;®-19a;2-14a;+30, 2a;*+5a;®-16a;®“10a;+24 

and 2a:* + 5a;® - 10a:® + 5a; - 12 

4. 2a;* -4a:® -69x2 -2a; -35, 2x*-6x®-55x2-3x-28 

and 2x* + 18x® + 41x® +i9x + 20 
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5. 3fl®+28a2&+52a62 -4863^ 3a®+4a^&-28a&2 + 16&^ 

and + 10a^& - 44a62 + 24&^ 

6. 6a® +5a2&-34a&^+15&^ 6a® -?>7aH+^W -206® 

and 3a®-8a26-31a62 + 606® 

7. 3®Hlla;® -32a)® -44a;+80, 3a;* -a;® -52a;2 + 124a;-80, 
3a;* +2a;® - 20a;® - 8a;+ 32 and 3a;* +2a;® - 83a;® - 50a; + 200 

8 . 6a;® + 14a;* - 53a;® - 37a:® + 66a;+ 24, 6a;® - 28a;* + 17a;® 
+ 54a;® -39a; -18, 6a;® + 8a;* -79a;® - 36a;® + 105a; + 36 and 
2a;® -2a;* -31a;®+51a;2+42a;-72. 


n. Harder L. G. M. 


162. L.G.M. of two expressions whose factors 
are not obvious by inspection* 

Let A and B stand for two such, expressions, and suppose 
their H C F IS found to be E 

Divide A and Bhy S and let the respective quotients be 
a and 6 Then we have 

A^aEl 

B-=bEi 

Hence, since a and 6 have no common factois, eveiy 
common multiple of A and B must necessanly contain 
ay.Ey^ 6 as a factor 


Hence, the L 0 M required= aSb 

But aH6=a(H6)=4x-S' 

xL 

oi = (alD6-lx4 

J±) 


Hence, the required L 0 M =^x 5, 


or=ilx 


B 

T 


Thtis, to fmd the LC M of any two expi essions we have 
to divide one of them by then SC F and multiply the giiotient 
by the other 

Cor. If L denote the LCM of A and B, we have 
IfXH=i,xjB, that IS, the pioduct of the L,CM and 
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S C F of amj two exp mtom ts egualio the pjoduot of these 
expHsmns 

Note If any two expressions have no common factor, their L CM 
IS evidently equal to their product 

Example. Find the LC 34 of 

6x^-r 25a;® + 16a;+ 7 and 6a;® ~ 11a;® - 8a; - 5 

6a;®''lla;®-8a;-o'\6a:®+2oa;®4'16a;+7/ 1 
/Ca;®-!!®®'' 8a;~5\ 

12 j36a;®+24a;-fl2 
3a;® + 2x^ 1 

5a;® + 2a; + l\6a;® - 11a;® - 8a; - 5/2® - 5 
/6a;® -f 4a;® 4-2® \ 

-15a;® -10® ”5 
-15a;® -10® -5 

Thus the HCF of the given expressions=3®®-f2®+l 
Hence, the L 0 /d required 

* (2® - 5)(6® ® + 25®® + 16® + 7) 
«12®^+20®®-93®®-66®-3o 


EXERGISB 86. 

Find the LCH of 

1. 5®3+2®2^11a;+4 and 5®® +14®® +13® -8 

2. 6®®+17®2+9®-4 and 6®®-7®®-27®+8 

3. 12®®-4®2-26®+12 antll2®®-28®®+7®+12 
9®3 -12®2 -lo®+20 and 15®® +12®® -25®-20 

5. 4®3 ~10®2 -18®+45 and 6®®+8®® -27®-56 
Ve. 4a;<+4®3+7®2+lla;+4and6®Hr®®+4®®+5®+2 

7. 8®^ ~ 6® 3 ~ 8®® + 9® - 6 and 16®^ - 12®® + 20®® - 9® + 6 
^ 8. 4®H8®3+2l®®+i8®+27and 3®'*+6®3+17®® 

+16®+24 < 

9. If h he the Highest Common Divisor and I the Eo'V' 
est Common liliiltiple of two quantities ® and y, and u 
/i+ l-x-i-y, prove that li^ + !!3 atgjS ^^3 

(Punjab University Entrance Paper, 1891 ] 
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163. L. C. M, ot three or more expressions 
whose {actors are not obvious by inspection. 

Let j4, B, Q stand for three such expressions , to find 
their LOM 

Let L denote the LOM of A and jB, and M that of L 
and G 

Then evidently cue) 2 / common multiple of L and 0 is a 
common multiple of A,S,G, (1) 

also eveiy common multiple of A, jB, 0 is a common 
multiple of C (2) 

From (1), IS a common multiple of Aj B, C Hence, 
either M oi an expression of a lower degree than ilf is the 
LOM of A,B,C 

But an expression of a lower degree than M cannot be the 
LOM of jB, 0 , because from (2) the L 0 M oiA,B C 
IS a common multiple of L and C 

Hence, the required L C M = JL 

Thusj to find the L CM of any number of exp) essions 
A.BjCjD, &o, we have fist to find the L C M, of A and B, 
then the LOM of the i esult and C, and so on , the last i esult 
thus obtained is the L CM i eqim ed 


Example. Find the LGM of 

6a!^ -llaj+3, and 6a;^+25a;— 9 


6a;2 - ll£B + 3\6a;2 +25a; - 9/1 
/6a;^-llg!+3\ 
12)36jc-12 
Bx-l 


3a3 - - lla;+ 3/2a; -S 

/6a;^ - 2fl; \ 

- 905+3 

- 9o5+3 


Thus the H OF. of 605 ^ — lla5+3 and 6o5^+25a?— 9=3o5~l. 

Hence, the L C M of these expressions 

_6a52-lla5+3,^. ?>.«-. 

2oic 9) 

= (205 - 3)(63c^ + 25o5 - 9) 

= 1205® + 3205^ - 9305 + 27 
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!Now to find the L 0 M ol this expression and 4a;® "'4a; -3 

4a;2 -4a;-3\12a;3 +32a;® -93a;+27/3a;+ll 
/12a;® -- 12a;® - 9a; \ 

44a;® “84a; +27 
44x2 “44a; -33 
-•2Q)“40x+60 
2x-3 

2x“3\4x2“4x“3/2x+l 
/4x2“6x \ 

2a; “3 
2x-3 

Thus the H OF of the expiessions consideied=2a)“3 
Hence, their L C M 

° V 2«;H32x2 - 93X+27) 

»(2x+l)(12x2+32a;2 “93x+27) 
-24xH76x2 “164x2 -39x+27 

EXERCISE 87. 

Find the L CM. of 

3x2“10x“8, 4x2“20x+9 and 6x2+X“2 
'^2. 3x2-23x-8, 6 x2“7x“ 3 and 2x2“llx+l2 ' 
'/S, 6x2-19a:+l0, l2x2-lla;+2 and 8x2+10x-3 
4. 2x^ +4x2 +x2 +6x -3. ixHSx® -7x2 -6x+3 and 

8x* + 4x2 -2x2 “3x '3 


CHAPTER XXV 
HARDER FRACTIONS 

164. In this Chapter we shall considei fractions of f 
harder type than those treated of in Chapter XVI 

I. Redaction ol Fractions. 

165. A fraction is said to be reduced to its lowest terms, 
when its nuineratoi and denominatoi have no common factor 
In all oases where the numerator and denominator can be 
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factonsed by inspection, the reduction is effected by simply 
removing the common factors Othenvise, divide both the 
numerator and the denominator by their highest common 
factor. 


Example 1. Reduce to its lowest terms 

+ -Bahc 

. a%b+c) + b%c+ o) + c®((i+ b) + 3a&c" 


The fraction- 


(a+ & + c)(a^ +b^+c^ ~bc-ca- ab) 
(a + + c){bc + ca + ab) 


a^Jrb^'^c^-bc-ca-ab ^ 
bc+cd+ab 


Example 2. Simplify 

^[^x+y+z){x+2y+g){x+y-i-2z) 

^ [Ex 1, Art 1321 

i=l 


Example 3. Reduce to its lowest teims 
3a;^ - 27fla;^ + 78o^a; - 72a^ 

2a5® + lOflK® ” ^a^jc - 

[C U. Entr Paper 18891 

The numerator=«=S(sc^ 

The denominator =2(a;® +5fl£i;2 •-2a2a;-24fl®) 

Now to find then H C F 

+hax^ — 2a^x - 240^ 
x^ -* 9fla;^ + 26o^g; - 24g^ 

14flg;) l4^^28a^a; 

a; ~ 2a 

x-2a\x^ “9aa;2+26a2a:-24a3/a!2 -Yax+l^a^ 

)x^ “2fla;^ \ 

- 7ax^ + 26fl®a;-24a^ 

-7aa;^ +14a2a; 

12a2a;-24a® 

12a2a;-24a®' 


Thus the HOF reqmred=£c-2a 
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Hence, the required result 

_ 3(a;^ -9aa;^+26a^a;-24a^)— (ag-2fl) 

” 2(a;® + - 2a^x - 24^3 J -{x- 2a) 

. 3(x^ ~'7ax+12a^) 

2ix^+7ax+12a^) 

n _i j T> T 2a^-a^“9a^+13x“5 j. 

Example 4. Heduce ~ 7a; ' 3 -i 9 a ;2 4 .i 7 a._ 5 ' lowest 

teims [C U Entr Paper, 1870] 

The H C F of the numerator and the denominator of the 
given jfraction can be found as follows 

2a.4„^3- 9a;® + 13a; -5 [See Cor 2, Art 160] 

7a;® - 19a;® + 17a; - 5 

2x ]2x^ - 8a;® + 10a;® - 4a; 

jg3_ 5a;-2 

a;3-4a;®+5a;'2\7a;®-19a;®+17a;- 5/7 
/7a;®-28a;2+36a;-14V 
9)9a;®-18a;+ 9 
a;®- 2a;+ 1 

a;®-2a;+l\a;® -4a;®+5a;-2/a;-2 
/a;®-2a;®+ x \ 

“2a:®+4a:-2 

-2a;®+4a;-2 

Thus the H C F required = a;® -2a;+ 1 

Hence, the required result 

_ (2a;^ - a;® - 9a;® + 13a; - 5) — (a;® - 2a; + 1) 

" {7x^ -19x‘^+17x-'6)—(pc^ -2x+l) 
_ 2a;®+3a;-5 . 

7a; ”5 

EXERCISE 88. 

Reduce to the lowest terms . 

^ x^+ix^+x~G e% x^-7 x+B _ 

x^+x-2 ' a;®+2a;®-13»+10 

fl®+2a®&-2fl/j®+3&® ^ a;^ + f2&®-g®)g^ . 

a®-5a®6+5a6®-46® 'C:' x^+2ax^+a^x^-b 

. 3a;®+4a;2f/-7a;?/®+2?/® ^ l+3a;-^3^ 

2a;® + 9a;®?y +8a;?/® -5y® V l-a;+2a;®+a;®+3a;^ 
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'a:^~2a;®-a:^'-2a!+l ^ °* a^-'9^30a:-^* 

2^^ +3ga;’^ +U^x~21a^ 

4jc® - +i9#ai - 15a® * 


2a;Ha:®-3a!2+2a:+3. . 

3xH3C®-43!:2+3a:+4 9x®+6aa;^-5a2a;-2a®' 


2a3-16ffi^6+44gZ>^-42F 
3tt®+6g2fc-24a&2 -63&® ‘ 


HO 9x^ 4-30 x^ + 12x^ - 6x " 45 
8x* +28x® + 1003^ -4x -48’ 


^** 4a®~6a^B+3a®&®~a6^ ^ 

-- 24a!^+16x^t/-28x^t/^ -24x^j/^ "12x»/^ . 

45x^ y +30x^1/^ "20xy* - 10?/^ 

i ft (fi + cl®(&- c)+ (c+ a)®(c - a)+ {«+ &)®(g - J), 
•*■'** (&+cj2{6-c)+(c+g}2(c-tt)+(g+fe)2(g''&) 

iij (1 - x^)(l - j/^)(l " g^) - (^g +x)(^a; + + s) 

■*■ ’ -2/2-2* -2x1^0 

i« (x+v-2s)*+(?/+2-2x)2+(2+x-22y)* 

12(x + y - 22X2/ +2X2/ + 2 - 2x) 


19 (^/-2)H(g-a!)H(ffl-# ^ 

(x - 2/)(a! - 2) + (2/ - g)(«y -a?) + {z-x){z - y) ‘ 

on 7x* - 2 x*v - 63x?/* - ISy* 

6 x‘ - 8 x 82 / “ 43x22/=“ +27x2/® “ W * 


[P 11.1912] 


11. Addition and Subtraction of Fractions. 

166 . We know 4 + "^ + ~ + ,so that 

a a a a 

the sum of any number of fractions which have a common 
denominator is a fraction whose denominator is ike same and 
whose numerator is the sum of the numerators of the given 
fractions 

Hence to obtain the sum of any number of fractions 
which have not the same denominator we must first of all 
reduce them to equivalent fractions having a common 
denominator by the method of Art 108, and then proceed 
as above 
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Bxainplel. S™pWy 

[M M 1865] 

,2a(x-a) , (x-a)^ 

The ®=P‘eS6ion=jj::^.+-j^„ 

.. a^+ 2a(x -a}+(ss- a)^ 

(a -a)" 

_ {a+(x'-a}}^ 

(x-af 




{x-af 
1 


32 


Example 2, SmpMy 

To simplify examples like this, we combine two smtable 
teims , then tiie result thus obtained with a third, and so on 

mi ,11 (fl;+2)-(a;-2)_ 4 , 

Thus, we liavej;:^- — 2 

4 4 _ 4(a;^+4)-4(a;^*-4) . 32 


£C‘^~4 £t:^+4 


x'^ “16 


a;* “16 


Lastly, 


32 , 32 _32(a;H16)+32(a;^“16) 


“16 £0^ + 16 


a:8-256 


= which IS the reqd result 

£r®“2oD 

Example 3. 

Instead of simplifying aU the terms together, it is con- 
venient to combine them by groups 

Thus, the giyen exp 

•vw T- . 1 1 (ff+2&)“fa+Z/) 

Sew, we have j:rra-+S”' «,+«»+ 24) 


and 


~ia-h){a+2by 

_1 J a+m-ia+’^b) 

a+db a+^b'~ (o+3&)(a+4&) 
b 

{a+Sb){a+ib) 
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Lastly, (^+6){a+26)“{a+3&)(a+4&) 

_ h{(i + 3&)(a + 4&) — bf tt + b){a + 26) 

" {fl+6)(a+26)(a+36}(a+46) ’ 

of which the numerator=6(a2+7a6+126^)~6(a®+3a6+262) 

=6(4a6+1062)=262(2fl+56) 

TT J.1 1 10. 26^(2a+56) 

Hence the regd ^„+i-j(^+^jla+sb)(am' 

Exempted. SmpMy 

[P U 1904] 

The first denominator^ jc^ - 3x +2= (as - lj(a; - 2) 

The second denominator = £C^ - 4a; + 3 = (aj - 3)(£c - 1) 

The third denominator = oc^ - 5as + 6 = (sc - 2)(a; - 3) 

The L C M of the denominators = (sc - l)(a; - 2)(a: - 3) 

Hence, the given expression 

_ g;+3 a;+2 . ag+1 

"'(£i;"l)(a5-2) {a;“3)(a:-l) (a;-2)(ic-3) 
_ (a;+3)(g;-3)+(a;+2)(a;-2)+(a;+l)(a;-l) 

a;* — 9+a;® -4+a:^ 3a;^-14 

(a;-l)(a:-2)(a;-3) "(a;-l)(a:-2)(a:-3)’ 

Example 5. Sunphfy 

(a+^a)(a (^ka+2)'*' (a -li)(a +a;) ‘ ^ 

TheLGK of the denominators=»(a+a;)(a+?/)(a+«) 

The given expression 

_ {a+z)(x~tj)+(a+x]{v-z)+{a>+v](z~x) 

(a+a;)(a+«/)(a+2) 

The numerator = a{(a; - + (jf - s) + (« - a;)} 

+z{x--y]+x{y -z)+yiz'~x) 

-0 [simplifying ] 

The given expression 

0 


{ct+a;)(a+ «/)(«+ 2) 


=0 


1—21 
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OtJie) wise Since 


1 __ 1 _ {a-rx)-(a-rv) _ x-y 
a+y a-rx (a+rc)(a+«/) 

1 1 _ (g+?/)-(a-ri;) _ y-z 

a+s a+^ (a+«/XflT-s) {a-i-yXa-rzY 

, 1 1 s-x 

a+x a'i-s {a-i-s){a-i-x) (a+ 23 (fl+a;) 

"We have tlie given expression 

= J^_J_+J L+J^_A_=,) 

a-^y a+x a+s a+y ‘ a+x a+z 

Example 6. Simplify ^+5^+^,. 

Sucli expressions aie easily simplified by adding and 
subtracting a smtable fraction Thus adding and subtracting 

the given expression 


XoVj 

Again, 

and 


_ a a . 2a- , 4a-&^ a 
a-b'^a+b^a^+b^“a^-¥~a-l' 
a . a _a{a+b)+(a-b)a_ 2a- 
a-b a + b a^-b^ 

2a2 2a2 9a'i{a^ ^h'^)^2aHa- -b-) _ 4al_ 

a- -62 _ J4 Qi -54’ 

, 4fl2ft2 _ 4fl^+4fl262 

a^-b^^ a^~b^ a*—b^ 


_4:aHa^+b^)_ 4a- 
“ a^-b^ a^-b^-' 

The given expression 

_ 4a2 a 4fl- r-a(a+h) 3a^-ab a (Sa - b) 

“a2-62"a-6“ a^-b^ ^ a^--F- 

EXERCISE 89. 

Simplify * 

1 a; . a? . Ba;^ 
dx-y Bx+y 9x^+y-' 

A _1 1 x-9a q a_ A-? 

* a;— 3a 2a;+6a 2a;^+18a2 * ab[a—b)- b a 

. 1 1,11 
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5, 2 

x-a 2x+a x+a 2x-a 

Q J 1 , 3 ^ 1 ^ 

a-x cc+Sa a+ic^£c-3a’ 

7 _2 X 1 , 3 

fC-l x ^ + 1 x -\- l ^ l - x ^‘ 

o ^-"0 . b—c 

{a-h)[xro) (ft-aXsc-fe) 

9 1 1 1 1 2 , 

£c^“3aj+2 ac® -5a!+6^jB^ -8a;+15 


10 . 

11 . 

12 . 

13. 

14. 

15. 


x^ + 5aa; + 4^^ ^ £c^ + Ha® + 28a2 ^x^+ 20ax + ‘ 
1 . 2a; 1 

a:®+3a:+2^a!^+4a;+3'*'a;^+5a!+6* 

1 1 2a; 

1-x+x^ 1+x+x^ 1+x^+x^' 

1 ^ — I- 2a; ^ 

l+a;+a:^ 1-x+x^ 1-x^+x^ 

1 a;-2 ■ 6a; 

a;-2 a;^+2a;+4 a;® +8’ 

1 1 , 12aa; 

2x^ -Qax+da^ 2x'^ + Qax+2a^‘^4x^-Sla^* 


16. 

17. 

18. 


1 , 1 , 1 
(a; + fl)(a; + 2a) (a; + 2a)(a; + 3a) *** (a; + 3a)(x + 4a) ’ 
a-b , b-c , c-d 
(a5 + a){a; + &) (a; + 6)(a; + c) **" (a; + c){x + d) ’ 

1 , 2 , 3 , 

a®-3a+2 a^-ba-)r3'^a'^'-4a-\-3 


JL». 

J20. 


(a:+l)*(a!+2)2 (ai+y^+a+l ®+2' ^ 

■ . ^~1 X—2 r. -ry - y I 

(a:-4)(a;-5) (a;-3)(a;-4) (x-5)(x-3]* '• 

1 2 4 8 16 

l + a *^ l + a ®’^ l + a * "^ l + a ® 

[B U 18761 
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23. 


2^. 


a 


+ 


+ 


{a-b)[a-c) (b-flXZ>-c) {c~tt)(c-&) 

1 2 , 1 

o;^ -503+6 a32-4£r+d ’**03^ -803+2* 


-i t I t>iA/ 

** * ^x-a^{x-a){x-b) {x’-a){x-b){x’’C) 

dx^ 


bx 


cx^ 


(o3 - a){x - 6)(a3 - c)(a3 - d] 


in. Complex and Continued Fractions. 

167. Complex Fractions. A fraction which con- 
tains a fraction in its numerator oi in its denominator or in 
both, IS called a complex fraction. 


t/ SO 1/ 

Thus, “ are complex fractions, which are 

z h 

therefore, meiely divisions of fractions 

We have already considered simplifications of such 
fractions in Art 111 

168. Continued Fractions. Fractions of the type 

x+- are called continued fractions. 

&+ — ^ 

d+TzV 

/ + eto 

To simplify such p actionSy begin p om the bottom and pi oceed 
iipiuai ds step by step as in Ai itlmetic 

Example 1. Simplify -IH tt* 

2ta+&) ^ 

^ a+b 

smplilyins 

from the bottom, the given expresssion 

= 1 1 - - ^ - 

%a+b)~^ ' 
a 

a+h 
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-- 1 + 


-- 1 + 


a 


2{a+b)-^-^ 


a 


a 


2a2 + 2ab -[a^+ 2ab + ) 


a 


= -l+ 

Esample 2. Simplify 


a-" 


- a® + 6^ 


a^-b^ a^-b^ a^-^b^ 

S [A U 1912] 


1 + 


1+ 


1 + 


X 


Proceeding from the bottom, the given expression 
1 1 1 


1 + 


1+-J- 1+ ^ 


1+ 


1+a; 

X 


li- 


as 


1+CC-V-£C 


l-ta? 


l+as 



Example 3. 


1 _ l+2a ;- 

1-i-jc ''l+2a;■^-l+a; 2+3:0* 


"**1+203 
Solve - 


l+2a: 


1 + 


1 + 




By example 2 above, we have the left-hand side 

_ l+2a; _3 . 

“2+3a;"4 ’ 

or, 3(2+3o3)=4(l+2a3), 
le, 6 + 903 = 4 + 803 , 

or, 9 o 3 - 8oc = 4 - 6, [transposing ] 

or, 05= -2 


, EXERCISE 90. 

Simplify 

f X _ ^)(± _ - 1.) 

1 ^ ^ V J\x zl\v xf 
• /I 1\/1 1\/1 l \ 


[B U. 1926] 



algbbea made easy 


[OHAP 


® +r^+ 




a a-& h-c c~a g 

a+& ^ &H-C ^ c+g ' g’ * axo 


&2 


x-a x-h x-c 


, bx , cx 


a-b ‘ b-c' c-a"' x-a x-b x-c 

&2 + C® -ft2 


-(ft+6+c) 


1+1 


4 . |-J^x{l + 


2&C 


’}. [0 U 1921] 


5> 


a b+c 
1 


!+• 


a 


• 6* 


l+a+ 


2a2 

1-a 


1 + 


0/^(C 


1 

a—x 


2 


1-r^ l + :;^a:2 


a!i-£c* 


[0 U 1S70] 


7. 


8 . 


a I & _| c 
a-x'^b-x'^ c-x 


9. 


d 

1 

1 

1 

a; 

i-fl 

63 

X-b 

a® 

jc-c 




'^l\ 

\b 

a )\ 

a 




1 

1 


2[x-l) 

a;-2 


1 

1_ 

1 


i-1 

& a 


jr+^Z ^ a;2+t/2 

10. 11. 

a;-y x^-y^ c 

xi-y x^+y^ e 


12* 


£C 


f 


x-l 

X- T 

i-S?i 


13. o' 


m 


14. 3--r 

g a® + 6® 9 w®-l 

rr- - 


a' 


62 


15. 


a-b 

x^ -2xy+v^ . 
g+?/ / 

^ ix-v)^ ^ 
x+y 


WH- 


IG. 


w+1 

xHx+2) 


^ 2a;* - — 
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Solve 

17. - 


sa 4 
T 


a- 


1 + 


19. 1 


x+1 

2-x 

1 


2 4 ’ 


. 13 
-T> 


18. 


20 . 


2x 


.«=1 


1 + 


1 + 


£C 




a 


3+i 

X 


a + 




-f. 




169. Fractions involving Cyclic Order. Certain 
fractions are easily simplified when the cychc order of letters 
IS maintained 

Example. SmpMy +(i,--|6-aj+{c - al - d)' 

Considering the denominator, we see that the factor 
fl - c IS not in cyclic order 

Since a-'C= -(c-a), (a-&)(a-c)= -(a-6Xc”ft) 

be 

Hence, the first fraction ~ '*' (a-6)(c-a )* 

Similarly, the second fraction = 

and the third fraction = - 

The L C M of the denominators = (6 - c)(c ■' a){a - b) 

The given expression 

_ r be ■ ca , ah "1 

L(a - b){c --a) {a- b)ib-c] (c - a){b - c) J 

= &c(&>-c)+cg(c-a)+fl&(ft"&) 

{b-c){c-a)[a-'b) 

_ {b~c)(c-a){a-b) 

[b~c){c-a){a-by 

170. Important Results in Cyclic Order. The 

following results can be easily verified and are very useful m 
Simplifying many harder examples in fractions involving 
cychc order 

1 1 1 
^ (b~c}{b~a)'~^ (c-a)(c-6) 


=1 


then (i) X+r+Z=0 , 

(n) aX+bY+eZ~0, 
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(m) a2J+&2y+c2^=l^ 

(iv) 6cZ+ caF + ahZ = 1 , 

(v) a®Z+6®F+c®F=a+&+c , 

(vi) a^Z+ b^Y+c^Z= a^ + i^ + c^ + hc+ ca+ ah 


Example 1. 

The given expression “ [a^ - &c)Z + (&^ - ca)F + (c^ ~ o&)F, 

[adopting above notations] 
= a^X+ h^Y+ c^Z- {bcX+ caY+abZ) 
= 1-1 [Results (m) and (iv) ] 

=0 

Example 2. Simplify 


pa^ + qa^ bo-i‘7 a ,pb^ + qab^c + t'b pc^ + qabc^ + 1 c 
(a-b)ia-c) ■** (b-cXb-a) (c-a)(c-b)' * 

The given expression 

= (pa® + qa^bc+7 a)X+ (pb^ + gab^c+ 1 b)Y+{pG^ + qabc^-i‘ic)Z, 

[adopting above notations ] 

=p(a®Z+ 63F+ c®F)+ga6c(aZ+ &y+ c^+i{aX+ hY+ cZ) 
=p(fl+6+c)+ga&c 0+? 0=^(a+&+c) 

Example 3. Show that 


{I ~ m){l - n){x+ n){m - l){x+m)'^{n - l){n - m) (fl5+ w) 

1 

(ic+iXa;+m)(ic+n)* 

Putting a for 33+ ?, b for x+m, c for a3+ ??, we have 

a-b^l-m, 

a-c=l-n 


b - G = m ~ n , etc 


The given expression 

1 , 1 . 1 

a{a - b)[a -c) b{b - a)(b - c) c(c - a)Cc - b) 

- ^ r. he ca ah "1 

abclia - b){a - c) (& - a){.b - c) (c - oXc - b)J 

^-;^J.bcX+caY+ahZ) 


1 _ 1 
abc (a3+?X«+wXa3+«)’ 

[restoring values of a^b,o] 
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171. Fractional Identities : Miscellaneous 

Examples. 

Example 1. Show that 

sc x'° x"^ '^x'^ix^-i-a^y 

Let us divide xhy x^ + a^ . 
x^-^a^\x 

^ 

X 

X x^ 

cc'* 

^ j-e! 
x^ 

05® 05“^ 

£C^ 


Hence, proceeding no further with the division, we have 
X _ 1 . ft* g® fo) 

ic2+a2 J3J a;3’*'ajS a;7'^a;*+^j2 

_ 1 g^ g* 

X 05® ”^05® a5'^'^£c’(o5®4-g®)* 


Example 2. Find the value of 

a5+2a , a5+2& , 4g6 

— er+ — «n when 05*=— rr* 
a;-2a x-2o g+& 


[0 U Entr Paper, 1865] 


The given expression 


/ o5+2g A ■ f x+^h 
'05 -2g '05-26 
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ALGBBEA MADE EASY 


[OBAP 
6(a;-2a)|+2 

”0+2 [V {a+h)x=^4:ab] 

= 2 . 


Examples. H i+i.+i=^.^, 

i+i L 1 _ tt 1 

(B+S+c)’''a’+i>’+c’' 

Since -4T'“i+4- + -i=^^±-55±2?. 
a+i+c a b c ahc * 

(a+ &+ c)(6c+ ca+ a6) = a&c, 
or, l<i+&+c)(&c+cfl+a&) — aJc— 0, 
or, (6+c){c+a)(a+&)=0 

Any one of these factors, say 6+c=0 
Hence, 6=-c, . &7=(-.c)’ = -c^ 

or, 6^ + c'^=0 

Also, since 6= - c, 4-= - i; 

6 c 

7 ) 

Hence, +-^-'-- - ^ ■ 

a' 67Tp7 ^7 g7-i*c7 a? (a+6+c)7 


Sinnlarlyi+i+l = l, 


[V &+c=0] 
[ 6Uc’-0] 


“'a' fl’ a^+F+^ *• 

Hence, the identity is established 

Example 4. Reduce to its simplest form 

x^sSv-z)l^ V^-(x-z)^ tt icflfll 

We have, 1st 

l(a;+ 2) +2/}{(a;+ «)”?/} 
_ (a;+7/-g)(a;-7/+g) _ a;+v-g 
(a;+2+2/)(aJ+2-2/) a;+«/+2’ 

Similarly, 2nd fraction = a? -- 2)fv - a; + g) ^ y ” ag+g^ 

[x+y+z}ix-^y-'z] x+y+z 
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and 3rd fraction 
Hence, the given exp 


{z+x-iitz-x+y) _ z-\-x-y 
{y+z+x)[y-\-z~~x) x-^-y+z' 

a:+«/+2 


_ x+y+z _^ 

x+y+z 


Example 5. lix+y+z=xyz, prove that 

y+z ^ z+x I x+y ^ y+z z+x _ x+y ^ 
l-yz’^l-zx^l-xy^l-yz'l-zx'l-xy" 


Since 

x+y+z~xyz, we have 


y+z=xyz-x=x{yz-l). 

Hence, 

V+z _xiyz-l)_ ^ 
l-yz 1-yz 

Similarly, 

z+x n x+y 

- =~wandi — -~-z 

l~zx ^ 1-xy 

The left side = ^ ^ 

l^yz l^zx l^xy 


- '-X’~y-z= -{x+y+z)= -xyz 
= {-x){-y){-z) 


_ y+z z+x x+y . 
l-«/0*l-0aj‘l-a!2( 

Example 6. Showthat ( 7 +iy+(f +f-)'+(f+|)' 

=4 + (i + i.) 

[C U Entr Paper, 1867] 

We have 




f 

=4+a=(i+i)+i(iHc=) 

, ,o^(bc,hc\,hcfh^,c^\ 

(t+t Xfc+f)' 
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ALGEBRA MADE EAST 


[CHAP 


the given expression 

.4t(|+ 


lE43*tt4)) 




Example 7. If 2s = a + & + c, show that 

1 . 1.1 1 _ 


dbc 


We have 


s-a’^s-b'^ s-c^ s s{s-a){s-b}is'-c) 
1 . 1 „ 2s-a-b __ c ^ 
s-a^s-b {s-~a){s-b) {s-a){s-by 

1 1 _ s-(s-"c) . c 

s-c"s (j-c) '”s(s-'C)* 

Hence, the given expression 


and 


_ c . c 
{s--a}[s-bys{s-c) 

- s(s-'c)+(s-a){s-h) 

^ s{s'-a){s-b){s-c) 

_ 2s^ -s(a+6+cl+g& 

^ s{s-a){s-b)is-c) 

_ abc [ 2s2-s(a+J+c) 

s{s ~ a)Cs - b){s - c) * =^2^2 s 2=0] 

Example 8. Show^that 

- 6 «) 

=2(a+6+c). 

Putting 2s2 for a^+b^+ c^, we have 

+ -c^==(a^+&2 + c^)-2c^=2(s^ -c^), 

b^ + c^-a^ — (a^ + + c^) - 2a* = 2(s* - a )» 

c* + Q* - &* = (a* + &* + c*) - 2&* = 2(s* - Z'**) 

Hence, the given expression 
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|-(2s2 - c's - a^) +~(2i?2 i2^| 

=2(a+&+c) 


Example 9. Show that 

a . ^1/a+l a^+lx 

fl®-l ‘iU-l-o^j’ 

a ^ 1 . 2a ^ (g+l)^ — (g^ + l) 

g2-l~2 g^-1 

_1 /fl+l 

“2 ‘U-l“"^/’ 

g2 1 2a2 _1 (a2 + l)2-(a4 + i) 

g*-l-2V“l 2 

_1 /'a^+1 a^+l\. 

_1 2a^ _1 (g^ + l)2-(a8+i) 

a8-l"'2‘g8-l 2* gS^i 

/aHl gs+i^ 


Hence the given expression 


_1 f/tt+l fl“ + l\ , /g^+l + gS+lXl 

_1 fg+l gS + ll 

Tl^ gs-ir 


Example 10. Show that 

, CL+d , &+d , 1 C+(^ j 

(a - &)(a - F%6 - c)"^ (c - a)(c- 


Since J - a= - (a - &j, 

and (c - o-Kc - &) = [ - (a - c)] x [ - (6 - c)] = (a - c)(b - c}, 


*. the given expression 

^ a+(J[ , ~ (b+d) . j c+d 

~ (^^)(^) ■*■ - 6)(6 - c) (a - c}(6 - c) 

&c(a4-dX&--c)‘-gc(&+^Xg--c)+g^fc+<^)fg -6) ^ 
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[CHAP, 


Now, the numerator=»fl6c{(ft - c) - - c ) + (a - h)} 

+ d{bdi - c) - a^a - c) + ab{a - h)) 
“ d{6c(6 - c) - ac{a “■ c) + a&fa - i)} 

«= d{a\b - c}+ &2(c- «)+ c2{(j - b)} 

^dla'~‘b){a-‘c)[b-'c) 

Hence, the given expression^ d 
Example 11. Simphfy 

, , 

(a - b){a - c)(®+ a) ***(& - a)(^? - c](a;+ b) *^(c"«Xc-&X®4-cj* 
The given expression 

-3 , -h^ , 

{a - b)(,a - c){a;+ a) (a *“ b){b - c)(ic+ 6) *^(<2 - c)(^» - c)(aJ+ <j) 
- o)(i> - c)(a;+ »){»+ 6)(a;+ c) 

Now, the numeiator 

« fl^(6 - c)(a;^ +a;(&+ c) + be} + b^e - a)\x'^ +a;(c+ o)+ ca} 

+ c^a - b){x^ + a;{a+ &) + db} 
=‘X^{a^{h ^ c) + &2(c - a)+ c^a •*■ &)) 

+ xlaKb^ ~ c 2 )+ J 2 (c 2 - ff 2 )+ c 2 (fl 2 - 6 ^)} 

+ a&c{a(6 “ c) + 6(c - < 2 ) + c{fl - &)} 
®=ac2{{i2^j ■“ c) + & 2 (c — n) + c®(c^ — &)} 

Hence, the given e.preesion=p:^jj;^^jj^. 
Example 12. Simplify 

(d-^Xa-cj (6 - c)(& - (c - a){c-h) 

[C. U Entr Paper, 1887.] 

The given expression 

(a-b){a~G) (6 ~ c)(fl - (a-^c)[h - c) 

l(i’-b)[a-G){b-c) 

Now, the numerator a3(& - c) + 53(c - a) + c’(a - b) 

“ (a - &)(a ~ c)(& — c)(a + i + c) 

Hence, the given expression =»a+ 6+ c 
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t AlterEative Method : 

a 1 1 

[a - h){a - c) ■' (a - b}{b -or {a- c )(6 - c) ' 

t^e given expression 


ss f ] 

t(a- 6 ){&-c) [a-c)(J}~c)) 


-&3 


{a-b){b-c) {a-'C){b-c) 


a3-&3 


g® -c® 


{a-b){b-c) (g-cXb-c) 
g^+g&+&® a* + gc+c® 


b-c 


h~c 


b-c 

Example 18. H p+^+^-^“-^=0, 


1 . 1 


be ca ab 
prove that a—b—c 
1111 


J)Q df) > 

[Formula XXIV, Art, 133 J 

Now, as none of the terms of the left-hand expression is 
negative, this equation cannot hold unless each of those terms 
IS zero 


Hence, 


and 

Thus, 

Prove that 
a 


~-~=0 
b c ' 

c g ’ 

g b 
a=b=c 


b=c, 


c=a, 


a=b 


1 . 


ax+x^ bx+x^ cx+x^ 


HiXERGISE 91. 


X 


a+x b+x c+x‘ 

[B U 1920] 


iT^his method is due to my friend and pupil Babu Bimala Charan 
Sbome, Head Assistant, Forest Surveys, Dehra Dun 
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AL&BBRA MADE EASY 


[CHAP 


a 1+a;^ . ,,0 

** [x+y}(x+z) {y-\'Z){y+x) {z'^x}{z+y) 

liyz+zx+xy-l 

3« +'“^=l+(&+cXc+fl){tJ+5)j 

if abc=l 

R ag+ yg t/+ga; . g+ccy _« 

(w+a:X2+a:)’^{y+g}(2f+a;)’^(s+aj)(2+t/) ’ 


1+2® 


if a;+^+2=l* 


a X V z 4gt/g 

if flJ+^+g=a:2/2 

7. {itri+?r»+aV_2.+_a-+_^)=9, 

\ X y z }\y-'Z z-x x-yi 

if x+y-^z-O* 

8 i+i4.i=._-i 1_ 

i:+i+7=5+l+«‘ 

9 , - ■(&-■C)^ . (c-a? . U"5)^_ ^Q 

(c-aXfl-i>) {a-~b){b-‘c)^ {b-c){c-‘a) 

10 (&^ " + (c^ -- + ^^2 - ^ 2^3 (6+ c){c+a){a+ b) 

a®(6-c)® + &®(c-a)*’ + c^(a-&)3’~ abc 

5 ^»“®*+®V+j/*+p^ 2- 

13 i^^v^+xuh+ xu z^ _ L - 1-1 ^ j- 

zx’^xy 

xyh^+vz^x^+zxH^ 1.1.1 

A» _2«f2*.2 — =— »]•■ — + — . 

x^y^z^ X y z 

.-s 3a-6 

(a“l}(a-2Xa-3) 

1 . 1 . A • 


Xa*-2Xa~3)'^&-3Ka-l) 
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IP 3a;2-14 

(cc+lJ{a;+2Xa;+3) 

^ 1 iX/^2 CC”"3 

~ (a; + 2Xaj + 3) (£c+ 3Xsc + 1) (a; + l)(a: + 2) * 

17. l^=i-2„+2a,^-2a:»+M. 

1R g _ tt ■ , a"^ 

x^'^x^^x^'^x^{x^-a^y 

-q g^ _ g^ 9:1 jl9l g^^ 

aj^ + g^^fc^ 03® "^£c® a;®(a;® + g®) 

/yi3 O'*® O'*® 0^^ ® 

= 1 — ±-4. ± . 

g®^g® a®^g®(fl3® + g®) 

20. ^ - - -x^-ax^ + a^x-a^+ ^- j . 
a;+g a;+g 


21. Find the value of 

a3+2g , a3-2g , 4g& , db 

2i^'*’25+5*i?^- “=?rs’ 

1 

22. Showthat — + ^+— -3 

x-a x-o x-c 

_ 6g&c . 2(a&+&c+cg) 

(a;-gXa3-6Xa:-c)’ g+6+c 

23. If 03 = 1 show that 

g+o+c 

g+2a3 &+2a3 c+2a; , g 6g6c 

g-2a3 b~2x^c-2x ia-2x)(b-2x){c-2x) 

24. Find the value of 

x^~(b+c)x x^ -'(c+d)x . x^-(a+b)x 
(x - b)(a3 - c)"^ (a; - c)(a: ~ay{x- a){x - 6)* 


when a:= 


ab+bc+ca 


25, Find the value of 

a:^-M^+a; , a-b ■, a+b 

y^-x^+y a+b ^ a-b 

[C U Entr Paper, 1883] 

[The given expression = = &c ] 


1-22 



338 


ALGEBRA MALE EASY 


[OHA] 


ae 1? 1 XI 1 j£c*+3a6a;^-10a^62 , a^+2a&+&® 

26. M the value ° V+ W+ 

when x^=a^+h 

27. Find the value of ' 

cch/^ + 3 ( 2 a;^ 

y^+%ahy^-^lSa^b^ a® +6^’ 

whenaj=fl+& and^/^a-i 

28. Find the value of 

x^ + abx^ -2a^h^ fl^ + g&+&^ 

a:®^^+(a;^+2y®)a&+2a2j2 "^2 

whena;=«+^ andy-a~^' 

29. Simplify - -f"- + •" ^ - ■ + A j — • 

^ *' ic®-! £c®+l aj3-l 


30. Simplify 

birnpmy ■^(a,. 4 .^) 2 >j 2 +(^+^,j 2 _a;Z 

31 SimoMv 1 (a-h)^-4:b ^ , ( 2g+3&)^-i? . 

1. Simplify (a+^)2„462'*'(a-2&)2~&2’^(2a+&)2'-9^® 

32 Simnlifv ^^'~ix-l)^ , a;^-(a;^~l)2 a;^fa;-l)^~l . 
. Simplify (aj 2 + i) 2 _a; 2 +a. 2 (a.+ i)2_x+a;4„(a;+i)2 

33. If 2^=a+i+c, show that 

1 ci^ + b^-c^ 2(s‘-a)(s--b) 

2db ab 

35. Simiihfy 

|^(a + h - c) + ^“’(5 + c - a) + ^“{c + « - i) 

36. Simphfy 

37. Simplify 

-«»)+^h» + C» -aS)+^(c»+«’ -h») 

38. If a;= 

find in its simplest form, the value of [b + c)x + (c + a)y + (» + 
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V. 



rn a-b b-c^ 

^ aj-c’ ® x-a f 


- — Tj find the value 
aj-o 


of 


'+g+i +pgj 

40. Show that 


f JL+J_+J_y: L_ + _L_ 

\b~c c-a a-b/ (b-cy [fi-ay [a-by 
41. Show that 

1 2a; Ax^ Sa;'^ 1 _ 16a;^^ 


Simplify 


42. 

43. 

44. 

45. 

46. 


{a-b)[a~c)^{h~a)[h-c)^{c~a){c-h) 

(«-S(«-c) (b-aXi-c) '^(c-ah-b)' ^ ' 

x^+yz j i^ + zx z^+xif 

{x - y){x •~zy{ij- z){y -xy{z-x){z- y) 


2fl^ -be ■ 2b^ - ca 2c^ - ab 
(a - b)(a -c)’^(b-c)(b~a)'*'(c- a)(c - b) 
x^-yz j ^y+zx ^ z^+xy 
[x - y){x -zy{y+ z)[y -xy{z-x)(z+7j) 


. [C U 1865] 


47. 

48. 

49. 

50. 


61 . 


1 ^ 1 ^ 1 

a3(a; - y){x ~zy y{y -x){y-zy z{z - x){z - ij) ‘ 

[C U Entr Paper, 1872] 

1 1 1 
(a--b)(a-c)(x-a) (b- a)[b ~ c){x - b) 


a I 

^ic~a)[c-b)[x-‘c) 

b 

(a- 6 Xa“C)(aJ-a) 

{b-a){b-c){x~b) 


’**(c-a)(c-&)(£c-c)‘ 



1 

1 

IT 

t 

A 

{b~a){b~c){x~b) 


I 

^(c~a){c-b)ix-c) 

fl* + /ia+A: 

b^ + hb+k 

la-fc)(a-c)(a;-a) 

{b-a){b-c)[x-b) 


c^ + ho+k 


{c-a)[c-b)[x-cy 
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52. Show that 

4f-TT f( ,7 A^r ^a+Hc 

<T-7)+K7-a)+<a-T) 

53. Show that 

aHb^-c^)+bHc’^-a^)+c^{a^-b^) ^ , 
a^b -6)+ b\c - a)+ c^{a— b) 

54. Show that 

aia+b)(a+c) b{b+a){b+c) c(c+ftyc+&) „ ... 
{a-b)[a-c} (b-a)(b-c) ^ {c-a){c-b) 

86. ProTethat ^^ 2 _ -e^)* h{t’‘ - J}{b^ - 

ab 1 

'^c(c'*-62j(c2>^2ra&c" 

tLo o -1 r bcix-a)^ , caix-bY . abix-cy 
®®- (a - ix» -c) + It - cx» - a ) •*• (P;^- 


Miscellaneous Exercises. V 

I 

1. Express the following as the diffeience of two 
squares 

(i) (a;+ l){x + 9)(a5 + 11)(£C + 13) , 

(u) {x + l)[x + 2)(a; + 3)(a;+ 4) - 15 

2. Eactonse 7{z+xy-{X'-yy~{ij+zy 

3. Sunphfy (a-&)2(a+&~2c)® + (&-c)^(&+c-2fl)^ 

+ (c-a)2(c+a-2&j2j whenfl+&+c-U* 

4. lix+y+z^Axyz, show that 

ag . V , 3 ,ldxyz 

1 _4a,2 +1 „4^2 +1 ^422 - (1 _4a;2j(l _ 4i/)(1-402) 


5. 

6 . 


H 2s= a+ b+ c, show that 

1 _(b^+c^ -a^\^ 4^f6f-a )f^-&)(^*~c) . 

\ 2&C J bH^ 

Show that 

(a+b)(a^+b^’-c^ ^„^.h+iL 

2ab 
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7. Find the value of 

7 = Ki +i +f)' 

8 . Show that {x^ -y^Y + (y^ ~-z^Y-^{z^ -x^Y is divisible 
by each of the expressions x^ -y^, y^~z^ and -x^ 

II 

1. If x+y+z=15, xy+yz+zx=76, find the value of 
x^+y^+z^-Sxyz 

2. Show that (a+&-2c)® + (6+c-2fl)® + (c+a~2&P 

= 3(a + & -- 2c)(& + c - 2a)(c + a - 26). 

3. Show that (b“c)(6+c-2a)2 + (c-ffi)(c+a-26)^ 

+ (a - h){a+ b~2cY =9(a - 6)(6 - c){a - c) 

4. Simphfy Jc(6-a)(c-a)'^ca(c-6)(a-6)’^a6(a-c)(6-c)* 

5e Find the value of 

1/ , y-l 1 b T a 

X +5ri’ «=-S+b' 

6. Find the HCF of* a6+2a2-36^-46c-oc-c^ and 
9ac + 2a® - 5a6 + 4c® + 86c - 126® 

7. Find the L C M of 

6a;® -lla;® + 5a5-3 and 9a;® -9a;® + 5a;-2 

8 . Resolve the following into factors 

(a - 6)(6 + c)f c + a) + (6 - c)(c + a)(a + 6) + (c - a){a + 6)(6 + c) 

m, 

1. Expand ^x + in a senes of descending poweis of x 

2. Showthat (a+6+c)® -a® -6® -c®=3(a+6)(6+c)(c+a) 
Hence prove that 

(a;+?/+ 0 )® -(y+ 0 -a;)® -(z+a;-?/)® -(a;+i/-2)®=24a;j/?. 

3» Find the value of a® -6® + c®+3a6c when a= 4278, 
6=12345 and c= 8067 
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4. Show‘that (a;-a)^(&-c)+(£C-&)2(c-a)+(a;"c)2(fl-&) 

= (a-b)(a-cXb-c) 

5. MtheHCEof 

Ga;3-.25a:2+23aj-6,2a;»-7a;+3 and 6aj2-7a;+2 

6 . Eind the HO]? of jc® + ll« - 12 and a® + lljc® +54 


7. 


Simplify 


aHb-i-c) ■ b^(c+a) . cHa+b) 
(c - a)[b -ay(a~ b){c -~b}{a -c){b - c] 


8t Show that a®{&2 - c^)+ - a^)+c^{a^ - 6^} is exactly 
divisible by each of 6 - c, c - a and a - & 


IV 


1 . If fl + & = 2, a& = 7, find the value of a® + 

2. Resolve 2(a® + &®) - fl6(a2 + h^){2ab - + 3&2) mto five 

factors 

3. Find the value of a® + 62 + c® -3a&c, when fl=2658v 
&==2664 and c-2678 


4. ^x=h+c~a,y=c+a-b and. z=a+b-c, prove 
+ 1/2 + 2® - Sxyz = 4(^3 + 53 + 

5. Find the value of 


2a;2+5a:;?/+3i/2 
2032 + xy- 3i/^ ’ 


when and y— 

a+h " 


& 


that 


6 . Show that 8(ft+&+c)2 -(a+&)2 -(&+c)2 -(c+a)® 

= 3(2a.+ 6+ c)(a+ 26+ c)(a+ &+2c). 

7* Find the L CM of 


a;2 - ^xy - lOy^, x^ + 2xy - 35i/2 and a:2 - Qxy + Iby® r 
and resolve into simple factors the quotient when the L 0 K 
of the above expressions is divided by their HOF 

8. Find, without direct substitution the value of 
x^ ~ 18a)^ + 47a;2 - siac^ + i9aj - 60, when £c= 15 
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n -re a C & d i-X, j. t 

2- “ T+■i = «+T’P™™“F■^?“i5+'^5• 

3• !Fmdihe value of "^a+b^ ^ 

4t If «= r^. > sKow that the value of 


a+b 

( x -a)^+{x~GY 


4ac 


IS the same for all values of a and c 


a^+c^ '{a+c)^ 

5. Resolve the foUowirig into factors 

(i) 6 fl^+ 43 a®&- 56 a 262 + 43 a 63 + 6 &^ 

(ii) 12 a;^- 37 a; 3 + 45 a: 2 - 37 a;+ 12 , 

(m) abx^ + {ac+b^)x^ + {2ab+bc)x^ + {ac+ b^)x+ ah 

6 . Show that 

{x+ uY ~ [y+ zY + {z~ xY ==^[x+ y){y+z]{x - z) 

7 . !Pind the H C F of 

(i) a;^ -(a+jj)a;2+(g+ajp)a;-ag and x^ + ax^ — ^a^x+a^> 

(ii) a;® - 2 /® - 2 ® - dxyz and x^ - 2ocy+y^ - 2xz+ ^z+z^ 

8. Show that, if a rational and integral expression in x 
vanishes when V is put for cc, the expression contains a; -a 
as a factor 

VI 

1. Show that 

{a^ - a+l){b - c) + (&2 - &+ l){c - a) + {c^ - c+ l)(fl - b) 

= (a2 - a+l)(62 - c2)+(62 - &+l){c2 - a^)^{c^ - c+lXa^ - b^) 

ah , b6 , m 


2* Show that 


8 . 


{x - a){x ■~b)^{sc~ b){x - c) ^ (a - c)(a5- a) 

when — = ). 

X 3 \ a b cl 


= 0 , 


Prove that 

a(6-c)® + A(c— a)® + c(a-6)®=0, when a+&+c=0 

4. Express {x^+y^ + z^+2xyY-^ix+yYz^ as the sum 
of two perfect squares 

5. Simplify 




iY ~yz+z^ 


x‘ 


X 


y-^z 


i+i 

y z 


1+1 
J. s 


— +~ + — 
yz zx xy 


‘{x'i-y-^'zY 
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6. MtheHCFof 

(i) sc^ + (5»i - B)x^ + 3m(2m - 5)x - 

and + (m - 3)x^ - w(2m+ 3}a5+ 

(ii) 10a;®-54a;*^+87£C-~45 and5x^-36a3®+87a;^-"90a?+54 

7. FindtheHCF andLCM of 

2x^+x^ -9x^+8x-2 and 2a;^ -7a;^+lla;^-8a!+2 


8. Show, without actual division, that a;®® is dmsi' 

ble byaff-j^, and that the remainder when it is divided 
by x+pjs -2p^^ 


YIL 

1. Dmde the continued product of l+i»+^, 1-X+y, 
1+x-y and X'^y-1 by l+2a;p-a;^-2/^ 


o hcix-a) , cnix-b) . aUx-c) . 

(5r^(5r7)+(sr^c)+I^^:S)FF) 

[G U 1896] 

3. Prove that 2{{b + c - 2a)* + (c + a - 2J)* 4- (a + 6 - 2c)*} 

= {(&+ c - 2a)^ + {c+ a -26)2 + (a+6 ~ 2 c) 2}2 


4» Reduce the following to their lowest terras 

l-a;+a;2 l-a ? 

l-ai+a;^ , 1+a;’ 
a+6 a+6 ^ l+ac+sc^’^l-a; 

6. Express 41a;2-60a;y+104y2 in the form of {px+^Y 
+ 4{ga; ~py)^, finding the numencal values of and 


6. Find the H OF and L C M of 

6a;2-17a:2+lla;*~2 andl2a;®“4a;2-3jc4'l 

7. Show that m - w is a factor of 

(a+ 6)(m2 + -Bw) + hi{fn - 3??) 

For what value of a is aj® + 5aJ+ a divisible by ac - 3 ’ 

8. Show that the last digit in 32"'*'^ + 22*^1 IS 5, if ^ h® 

any positive integer [M M ISoo j 

Yin 

1. Show that 

(a - 6)(a; ~ a){x - 6) + (6 - c){aj - 6 )(jc - c) + (c - a)(x - c)(x - u) 
“{u-6X6*-c)(a-c). 
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2 . 


3. 


4:. 


5. 


6 . 


Show that 4:{a^ + ah+b^)^-{a-b)Ha+2bH2a+b)^ 

^27a2&2(a+&)2 10Qgj 

If 2s = a + &+ c, show that 16s(s - a)(s - h)[s - c) 

-2a262 +2a2c2 + -a^-b^-c^ [0 U 1867 ] 

Uesolve the following into factors 

ia^-b^)^ + {c^-d^)^-{a+bnc-d)^-{a-b)Hc+d)^ 

[M M 1876] 

Simolifv a;)^ + (a;-vXjJ+t/)^ ^ 

{y + z}{y - zf + ( 2 + x){z - ic)2 + (cc+ ij)lx - y)^ ’ 

[M M 1892, B M 1888] 


Simplify 


x^-yz v^+zx z^+xi/ ^ 
{x - y)[x - z) {y + z) {y -xy {z~x){z+yy 


[0 U 1865] 

7. Show that 2*" - 1 is divisible by 15, if n be a positive 

integer [M M 1875] 

8. Find the H 0 F and L 0 M of 
ai^+2x^i-l,x^-i-x^-x^-lsxidx^-l. [0 U 1869] 


CHAPTER XXVI 
SIMPLE EQUATIONS AND PROBLEMS 
I> Simple Equations. 

172. We have already explained the process of solving 
easy simple equations in Chapters V and XVII and shall 
now consider the subject moie fully 

173. Solution of equations facilitated by 
suitable transposition and combination of terms. 

The following are typical examples 
Example 1. Solve 4(aJ+l)2 + 9(aj+2)2=l3(a:+3)2 

Simplifying the sides, we have 

4(032 + 2a:+ 1) + 9(032 + 4aj + 4) = I3(x2 + 603 + 9), 
or, 13a;2+44a3+40=13a;2+78a;+117, 
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or, ISir^ + 44a; - IBx^ - 78a;® 117 - 40, [transposing] 

t.e, -34a;®77 ; 

Example 2. Solve (a; - 2)® + (a;- 6)® + (sc -10)® 

®3(a;-2)(a;-6)(a-10) 

Transposing, we Kave 

(a;-2)®+(a;-6)®+(a;-10)®-3(a:-2)(a;-6)(a:-10)=0, 

or, U.X - 2) + (a; - 6} + (a; - 10)}[((a; - 6) - (a; - 10)}® 

+ {(a; - 10) - (a; - 2)}2 + {(a; - 2) - (a; - 6)} 2] = 0 
[factonsnig the left side hy Alt 134] 
or, i(3a; - 18){(10 - 6)2 + ( - 10+2)2 + ( - 2+ 6)2} -0, 

or, l(3a;-18)96=0 , 

3a; -18=0, 
or, a;® 6 


17^. Fractional Equations. 


Example 3. 


Solve 


7a?-ll 31a;-41 7sc2-4 
6 ^ 24 ■’66a;-47' 


By transposition, we have 

7a;2-4 Sla;-41 7a;-ll 
56a;-47 24 ” 6 

(31a;-41)-(28a;-44) 

24 

3(a;+l)_a:+l. 

24 * 8 


Multiplying both sides by 8{56a; - 47), we have 

8(7a:2-4)=(a;+l)(56a;-47), 
or, 56a;2 - 32 ® 66a;‘* + 9a; - 47 , 
-32®9a;-47 


Hence, 

Example 4. 


9a;= -32+47=15, 


Solve 


25--l-a; ■ 16a;+4g _ 23 , 
a;+l 3a;+2 ’”a;+l’*^ 


6 . 
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By transposition, we have 

1600+4^ 23 25-^,. 

300+2 ” 00+1 £0+1 ■ 


ao-5|- ^00-2 

3flC+2 jc+l * 

Hence, 

(as - 5f )(a5 + 1) = {\x - 2)(3£C + 2), 

or. 

£0^ - (4|-)£C - 51= 00^ - (5i)£c - 4 

Hence, 

(5^-4|>=5|-4, 

or, 

«._9 V 1B„27_Q3 
*" — 6^ 8“8 — “T 


Example 5. Solve 

Since, 

we have 


8 


£C“2^£i;- 6 £C+d* 

8* 3 . 


cc+3 flc+3 vC+3’ 
5 3.5 


+ 


£c-2 cc~6 jc+S ac+3 
Hence, by transposition, 

_3 5 

£C-2 cc+S'^cc+S £C-6’ 

15 _ -45 

(a;-2)(a;+3) (a;+3Xa;-6)' 

Multiplying both sides by jc+Sj and dividing by 15, 

1 -3 


we have 
Hence, 


£C-2 £C-6 

£0-6= -3(a;-2), 

4£0=12, or, £C=3 

8 . 9 


Example 6. Solye^j+g— 2 =^^. 

8,9 4 . 


We have 


200-1 3oc-l Qo+1 ao+1 
4 


12 


or. 


(2£o - l)(ic + 1) (Ba - 1 }(£« + 1 ) 


12 


*0 
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Hence, 


1 

2a; -1 



Multiplying both sides by (2a;-l)(3a;-l); 
vre have (3a; - 1) + (2a; - 1) = 0 

Therefore, 5a; =2, or, a3=i 


Example 7. 


Solve 


a~c . b-e a+h-2c ^ 
2a+x~~ a+b+x * 


We have 


g-c , 5-c _ (g-c)+(&-c) 
2^>+a;'^2g+a; g+J+a; 


g-c , b-c 
a+h-^x a-^b+x' 


Hence, by transposition, 

(g ‘^^{26+35 g+6+a:}~^^ *^^{g+&+a; 2g+a;. 
or (g c) (26+a;)(g+&+a;)~^^ ^\g+&+a;)(2g+a;) 


Hence 


a-c _ b-c . 
2b+x~2a+x' 

{a- c){2a+x)=(b- o){2b + x) , 
xl(a -c)-[b- c)} = 2b{b -cS- 2a[a - c), 
or a;(g-&)=2(&2-a2)-2c(&-g) 
-2{&-gX6+g-'c) 
=2(g-&)(c-g-&), 
a;=2(c-g“&) 


EXERCISE 92. 


Solve the foUovnng equations . 

1. 3(a;+l)2+4(a;+3)2=7(a;+2)2 

2. (a;-g)(a;-&)=(ic-g-6)2. 

3. (a; - g)^ -J- (a; - &)3 + (a; - c) ^ = 3(a; - g)(a; - b\x- c) 


4. 


{x-T- a)2 T (a;+ &}2 + (a;+ c)^ 

= (a; - 2gj2 + (a; - 2b)^ + (x- 2c)^. 
93x-73 _ 14x-9 13a;-16 , 

21 3 15a;-9 


[CHAP. 


o 
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6 . 

7 . 

8 . 
9. 

10 . 

11 . 

12 . 

TIE 

15 . 

16 . 


95a;-159 19a;-29 17aj-47 


35 

91a?-21 


7 

24a; -93 


23a;-59 

13a;+9 


56 ^ 35a; -138 

117a;-26. 16a;-77 


8 

13a;+4 . 3| 
+27- 


135 ^ 23a!-110 15 

l+16®-dK 12i-8x 

3ir^+®!+ 24 — 3~ 


2a;+81 13a;— 2 ,_x_7x a;+16 
9 “■ 17a; -32*^ 3 ’^12" 86 ' 


41- 35a; 7-2a;2 _l+3x 2x~^l 
14(£C-l)‘ 


105 


21 


6 


a;-! a;+7“’7(.a;-l)* 
6 _ 7 


13 . 


5(3a:+4)'^2a;+3 3x+4 

9 


6 


8a;-5 7(4a;-7) 9(3a;-5)^4a;-7' 

11 . 7 3 2 

12(14a; - 19)*^ 9(13x - 14) “ 14a; - 19 ”l3a; - 14* 

50 37-^a;_ 35 .49-TVa^ 

3a;-l'‘'l2a!-l 12a;-l'^ 3a;-l ‘ 


(H')a;+19^ ^+8_20H-(14')a;,{H)a;-9 
2a;+5 " a;+8 2a;+6 2ia;+8) ’ 

(94i)a;-32 . 65a;+44|_75a;+5M . f444)a;-29 
4a;+7 8a;+29 “ 8a;+29 4a;+7 * 

IQ ^ . I ^ ^ • Of) 4 . ^ — 7 

a;-l’^a;-2'"a;-3 * 4a;+l’*'4a:+5 4a;+3* 

21^15 _a-.L-1 

3®+ll 3a!+17 3a:+6' 


99 6 4 _ _ 9 ( 

5a;+7 5a:+l3 5a;+13 5a;+19* 


oo 8 12 _ 5 9 

2a:+17’"2;c+25"‘2a+25‘“2a;+33' 

24 -A. . 1 , 9 4. -.f) 

3-4a;^4a;+l3 4a;+5 
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[OHAP 


25. 

27. 

29. 

31. 


6 ^ 13_ _ 7 .. 9,1 .8 

5-6^ 6rc+19 Qx+7 3 - 7a; **' 7a; + 15 

10 18 oQ 9 , 20 _ 8 

2a;-5 a;+5 3a;-5‘ 3a;-5'^4a;+l“a;+7' 

12 ^ 20 on a , b , 

3a;-8 4a;— Id a;+9' * x—a x^-ux^b 

j 

ax-b'^hx-a a;+c 


32. 


m(x-i-a) 

x+b 


njx-^b) 

x+a 


= m+n 


33. 


h-c.a-b a-c 

— . as--" ■ • 

a;+g x-¥h a;+c 


31. 


2a -35 25 -3a _ 5(a-5) 

x-a-i-b x+a-b~^ x+a+b’ 


OK 1 . 2 ■ 3 _ 6 

a;-6a’^a;+3a’^a;-2a a;-a' 


175. Solution of fractional equations f acilita- 
ted by the division of each numerator by its 
denominator. 


t? w a 1 ®+l . »+2 22a;+30 

Example 1. Solve 


We have 

”■ {l+5ri}+{i+sw2}=2+ra- 


or, 




66 


a;-l~a;-2 Ila;-18 
Hence, by transposition, 


22 


44 


or. 


a;-l lla;-18“lla;-18”a;-2’ 

-14 -16 

{x - l)(lla; - 18; “ (11a; - 13;(a; - 2) * 
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Therefore, 


or, 


•JT 8_. 

£C-1 a;“2’ 


7a;-14=8a;-8, 

£C= “6. 


r, t « o , 4a;2 4-7 , 6aj®-8a:+ll 4cc2 + 3a;+6 

EiampleS. Solve ^ + - 3 ^^]; 


We have 


x+1 

(4a;g-lH8 . 2a;(3a;-l)-2f3a;-l)+9 


203-1 


305-1 


_ 4a3(as+l)-(a3+l)+7 ^ 

03+1 

or, {2»+l+^:i} + {2®-2+^ri} 

=te-i+^. 


Hence, 


8 9 _ 7 ^ 

2x-iQx-l 03+1 


For the subsequent part of the solution the student is 
referred to example 6 worked out in Art 174 


Example 3. 

We have 


Solve 


703-55 

03-8 


203-17 ^ 603-71 3a3~r4 
03-9 03 - 12 '^ 03-5 


7(03-8)+! 2fo;-9)+1 ^ 6(o3-12)+l 3fo3-5)+l . 
03-8 03-9 03-12 03-6 * 

03 — 8 03 — 9 03 — 12 03 — 5 


Hence, by transposition, 

_i L_ 

fl3-8'"o3-5 a3-12''o3-9’ 

3 3 

(o3-8}(03-5) (03-12)(03-9)' 

* (o3-8)(o3-5) = (o3-12)(o3-9), 

or, 032-1803+40=032-2103 + 108, 

8o3=68, or, 03=8^ 
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EXERCISE 93. 


Solve the following equations : 

-f 2a;— 1 ■ 3a;— 4 _ 5a;-12 
x-± x-2 a;-3 ’ 

rt 2a;-f7 , 4a;+29 6a;-10_o 
a:+2 ' a:-r6 a;-3 

rt 25a;-40 7ic4-9 , 6a;-l ^ 
5x-6 ” a;-r2'*‘3x+4"^ 


4:. 2J- 


SB 214 

— IS 


oa-~ 


[See Ex 3 worked out m Art. 168] 


6 . 2 +' 


2x4-7 
2-J-x * 


1-fa; 


n 15x-7 , 4a;-f3 _ 8x-f 1 
5x - 4 4a; - d ~ 2a; - 1 * 

fi 4^"“ 7 , l9X-f ll _ 12x-fl 
4x4-5'^ 5x-f7 3x'f4 

q 4a;^-f4a:^-f8x-f l _ 2a;^-f2a;-fl . 
2a;'*-f2a:-f 3 ~ x-fl 

-tq 12a;® -f 16x^4- 29x-l 4a;®4-20x-l 

3x2 4-4x4-8 " ^ 

A x2-x4-1 , x2-2x4-1 2 . 

x-l ‘ x-2 ® x-3 

■so x2 4- 3 , x^-x-fl_ 2x2 -4x4-1 
x-l x-2 x-3 ‘ 

io 2x^ - 3x4- 7 , 6x® 4- 2x4- 21 3x®4-8x4-7 
2x-l ' 3x4-1 X4-3 ‘ 

^^/34-2x 5-f2x_- _ 4x®-2 
l-f2x“74-2x ■^“74-16x-f4x®’ 

2x-3 , 3x-20 x-3,4x-19 
yx-2’ x-7 ''x-4'^ x-5 * 

-p/ 3x-8 . 4x-35 _ 2x-9 . oy-34 . 

/ • x-d"^ x-9 x-5’^ x-7 
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17. 

18. 

19. 

20 . 
21 . 

22 . 


3g;-13 , 4a;-41 _ 2ag-13 . 5ag-41 
x-4l "^ac-10 aj~6 aj-8 
4ac+21 5a;-69 _^ 3a;-5 , 603-41 
05+5 x-2 x-7 

5-6aj , 2a;+7 31-12a: , 4a+21 
3a:-r aj+S" 3x-7 a:+5 ' 

a!^+3g;+3 , a;^-15 _ a;^+7a;+ll , x^ -4a;-20 , 
JI5+2 a;-4 aj+5 a;-r7 


2a;+ll 9a;-9 _ 4a;+13 15ag-47 
!b+ 5 3as-4 a!+3 3a;-10 * 


ag-2 ■ a;-3 „ a!-l a;-4 
a;-3'^a5-4 x-2'^x~-o 



Entr Paper, 1860] 
Entr Paper, 1887 ] 


176. IVHscellaneous Examples. 


Example 1. 


Solve 


, {2a + b)b^x ^ , bx 

i+6p + -K+FF 


a+b {a+b)^ a(a+&)^ 

By transposition, we have 


ah 

a+h 




3c- 


ab 


{a+h) 


.)■■{» ‘T-tsf 1 


=iot3c + 


i \ 

a (a+6)2j 


'ajjl 

“4' ■‘■(Hrlp}' 


Therefore, 
Example 2. Solve 
We have 


X=' 


ah 


a+b 

ax^ + hx+c ax+b 


px^ + qx+1 px+q 
x{ax+h)+c _ ax+b ^ 
x{px+q)+i px+q 
Hencej putting m for tt£C+& and n for px+q, 
mx+c _m. 
nx+1 n* 

mnx+cn~mnx+‘} m, 

* cn=im, 


we have 


1-23 
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or, c(i)aj+ g)=9 iax+ h\ 

x{cp-aj)-hf'-cg_^ 


Example 3. Solve [x - 2aY + (a: - 2h}^ =2(a; - ft - &)® 

By transposition, we have 

{x ~ 2ft)^ - (jn- ft - &)3 * (aj - ft - - (a; -2&)3, 

Putting X for a; ~ 2a, Y for a: - 2& and X f or jc - ft - 
we have X® - Y® = Y® ~ Y®, 

or, (X-X)(X2+XX+X2)-(X-Y)(X2+XY+P) 

But X-X=X~Y, because each of them— &- ft, 
X2+XX+X2=X2 + ^+Y2 


Hence, by transposition, 

X 2 -P = Y(Y-X) 

Removing the common factor X“Y, which =26 -2ft, 

we have X+ Y= - X, 

re, (ai-2ft)+(a;-26)= -(a:-ft-6). 

Hence, 3a;=3(ft+6} and *. x-a+i 


Example 4. 
Since 
and 

we have 


Solve 


a!;+ft _/ 2a;+ft+c \2 

a;+6~\2a;+6+c/ 


ft?+ft „ (ag+6)+fft"6) i ■ ft"& 
a;+6 aj+6 a;+6’ 


2a;+ft+c ,_ (2a;+6+c)+(g-6) _^ I ft'"^— ^ 
2a;+6+c 2a;+6+c 2a;+6+c 


14 


ft -6 

ai4-6 



ft -6 I 
2a:+64-c/ 


2 


2 fft- 6 ) . (ft- 6)2 . 

2aj 4- 6 + c ’** (2ir + 6 + c)2 


Hence, transposing and dividing by ft-6, we have 


1 2 _ ft — 6 

a:+6 2a;+6+c (2aj+6+c)2* 

c-6 ft-6 , 

(a;4*6X2x4-6 + c)'“(2aj+64-cl2* 
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• c-h _ a-h 

x+b 2x+b+c* 

2a:(c - 6) + (c^ - h^) = x{a - &) + b{a - b), 
x{a+b -2c)— -ab, 

. c^-ab 


Example 5. Solve 

4aj 125a;2-5 5 3aj^-l 95-4® 

3“(5®-l)(®+5) “ S’a+S" 3 

125®^ -5 ^ 6(25®^ -1) _ 5(6®+l) 
(o®-lX®+5)*(5®-lX®+5) ®+5 * 


Since 


and 


3 ' ®+5 ®+5 £t+5 ’ 


we 


, 427 5^5®+l) e„ 6®^-| 95 , 4x 

T"^+5-=®“''S+F'T+'3' 


Hence, transposing and dividing by 5, we have 

61. 

®+5 

Hence; x^ -5x-ll=x^ - (li)® - 3lf , 

(3|)®=30i, 

®=fT=Sn* 


EXERCISE 94. 

Solve the following equations . 

1 2® , 7®-3 _n Q ®+4g+& 4®+a+26 _e» 

®-4'^ ®+l ’ * x+a+h"^ x+a-b 

o 3®+5 4®+8 , 10®+1 A 6®+8_2®+38 - 
®+l“3^‘^6®+3 2®+l“®+12“-*- 

K g+18 27-3® _o « x-b ®-a _ 2{a-b) 

* ®-2 ~3®-19'” * x-a x-b~x-{a+b)' 

„ ®+2a ■ ®-2a , 4fl& __p 

2 &-®’^ 26 +®’^®® - 46 ® 

(x-a)(x-b )_ (x-c)(x-d) ^ 
x-a-b x-c-d 


8 . 
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[OHAP. 


q 1 . 2a; 1 60+ 4a ! 

a;®+3a;+2’**a;^+4a;+3’^a;*+5a;+6~'^^'" a;+3 

iq, ^ o>-^ 3a 

a^+flcc+a;® a^-tta;+a5^~a:(a*+a2a;2+a;*)* 

■n , a;-9_a;+l , jc-8 


12 J- . J. 1 . I 

(a;+ a)^ - 6^ jj 2 „ ^2 “* g.^ * ^,2 ~ - by 

IS 3g^+5a;+8 da;+5 58a;2+87a?+7 2a;+3 

5a!2+6a;+l2 5a;+6’ 87a;2+145a;+ll'*3a;+6‘ 


IS fl^(<^~2jS>) 2a&c 

16. (a7-23)3 + (a!-27}3=:2(a?-25}» 

4a!~17 3f-22aj 6/- a;2\ 


a2^ 

by' 


18 ^ x-2a~-2b a;+19 _/ 2a;+33 \^ 

\x+2bl a:+2a+2&’ ■*■ * a?+10 \2a;+24/ 

20. 

\a;+i/ a;+fl+2& 


1^7. A simple equation cannot have more 
than one root. If terms containing the unknown quan- 
tity DD transferred to one side of the equation and those in- 
volving known quantities to the other side, every simple equ- 
ation can ultimately by reduced to the form ax~b 

Thus, to make the equation true, x must be equal to ~ 
and to nothing else 

Hence; a simple equation cannot have moie than one root- 

Othei wise Every simple equation is ultimately reducible 
to the form ax=^ h Let this equation, if possible, have two- 
different roots a and 

Thus, we must have «a == hi 

and also 00= bJ 

Hence, by subtraction, a(a-0)=O 



TY VT] SIMPLE EQUATIONS AND PROBLEMS 


357 


But this IS impossible because a is not zero and by 
supposition also is not zero 

Thus, a simple equation cannot have more than one root 

178. Two exceptions in the solution o£ a 
Simple Equation. 

(1) li a simple equation reduces to the form 

0xa;=0j ze 0=0 

/ 

Evidently the equation is identically t) ue and has iherefot e, 
-any numbei of ? oots 

Example. The equation 

gives, on transposition, 

or. 0xa;=0, 
or, 0=0 

The equation is, therefore, an identity and is true for 
«very value of x 

(2) The equation 

/sc+5\ a;+4 a;-4 
V 3 /” 2 " 6 

leads on simplification and transposition to 
or, 0x05=1, 

or. 0=1, which is absurd 

This equation is, therefore, absurd and has consequently 
no root 

G-eiieially, if a mnple equation i educes to the foim 0X05=6, 
where 6 is not zero the equation is ahsui d and cannot, the) efo) e, 
have any i oot 

II. Problems leading to Simple Equations. 

179. The geneial process of solving such problems has 
been explained in Ohaptei XVII We shall in the present 
•section considei a few problems of a harder type than those 
treated of pre'viously 
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The folloTying examples will serve as further illustrations 

Example 1. At what time between 1 o’clock and 2 o’clock is 
there exactly one mmute-division between the hands of a 
clock ? ^ 

Suppose it is X minutes past one when the hands are one 
minute-division apart from each other 

Then, at the required instant the minute-hand is at a dis- 
tance of X minute-divisions from the 12 o’clock mark, and 
since the minute-hand moves twelve times as fast as the 

hour-hand, the hour-hand moves over jg^hs of a minute- 

division whilst the imnute-hand moves over X minute-divj- 
sions , therefore at the required instant the hour-hand is at 

a distance of (5+^) rainute-divisions from the 12 o’clock 
mark ‘ 

^ Hence, as the minute-hand is at the required instant one 
minute-division apart from the hour-hand, we must have 

a=(5+g)±l. _ 

The upper sign being taken when the minut6-hand is 
ahead of the hour-hand, and the lower when behind it, 

Tzi>5“5±l“6, /Or, 4 
'or, 

Thus the hands are one minute-division apart at 43 ^ or 6:^ 
minutes past one 

Example 2* The distance from a place P to another place 
Q IS 3;i' miles Two persons, A and o, start together from P 
to go to Q, the former by carnage which travels at the rate 
of 6 miles an hour, the latter wallcing at the "rate of 3 miles 
an hour If A remains at Q for 15 minutes, and then returns 
by the carnage to P, find where he will meet B . 

10 U Entr Paper, 1882] 
Let X miles be the distance of the place of meeting from P* 

Then, during the time that B travels x miles, A finishes 
the journey, remains at Q for 15 minutes, and then travels 
back (3i -a?) miles 

How, the time m which A does all these 
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.md the time in -which B travels x nules^-^ hours , 

3^- . 1 . 3^-a; _ x 
6 '^ 4 ’*‘ 6 " 3 ’ 
or, 7+3+(7-2ai p4aj, 

*. 6a5=17, £C=2f 

Thus'‘iL "Will meet JS at a distance of 2f miles from P 

Example 3. A landlord let his farm for £10 a year in money, 
and a corn-rent When com sold at lOv a hnshel he received 
at the rate of 10 shillings an acre for his land but when it 
sold at 13s Qd a bushel 13 shilhngs an acre Of how many 
bushels did the corn-rent consist ? 


Let a;— the number of bushels the corn-rent consisted of 


Then when corn sold at 10s a bushel, the annual income 
was SlO+lOac shilhngs or (200+103c) shillings , hence, as the 
income in this case was in the rate of 10s an acre, the 

number of acres must e-Tidently be » or, 20+ a; 


In the second case ii,e , when com sold at 13s a bushel) 
the annual income amounted to £10+(13i)3C shilhngs, 

or, ^ — shillings , but now the income was at the rate of 

> 


13s an acre Hence the number of acres must also be equal 


to 


400+27as 
26 ' 


Hence, 


20+05= 


400+ 27a; 
26 ’ 


or, 520+ 2605= 400+ 2705; .. a;=120 

Thus the corn-rent consisted of 120 bushels 


Example 4i A hare is eighty of her own leaps before a grey- 
hound , she takes three leaps for every two that he takes, but 
he covers as much ground in one leap as she does in two 
How many leaps -will the haie have taken before she is caught ^ 

Let 3a5=the number of leaps the hare takes 

Then 2a; = the number of leaps the greyhound takes in the 
same tune 

The distance of the place where the hare is caught from 
the first position of the greyhound (80+ 3a;) leaps of the 
hare and is also— 2a; leaps of the greyhound. 
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But, 1 leap of the greyhound being eq.ual to 2 leaps of the 
hare. 2a; leaps of the greyhound = 4a; leaps of the hare, 

. 80+3a;=4a5; a:=80 

Hence, the number of leaps Trhioh the hare takes before 
she IS caught=3>c80=240 


Example 5. A banker has tvro kinds of money, silver and 
gold, and a pieces of silver or b pieces of gold, make up the 
same sum s A person comes and wishes to be paid the 
sum s with c pieces of money ; how many of each must the 
banker give hun ^ 

Let a;=the number of silver pieces required, 
then c-a5= „ „ gold „ „ 

The value of one piece of silver—-^ 
and that of one piece of gold='|- 

Hence, since by supposition a; pieces of silver and (c-a?) 
pieces of gold are together equal in value to s, we must have 


s=x^+ic-x)j‘t 



and 

Thus, 

’ a-6 

will be required. 


X 


_ a{c~b) 
a-b ’ 


. „ _ aic-b)__b[a-c) 
C — X~C : 


a~b a-b 


pieces of silver and — pieces 


of gold. 


Example 6. AB is a railway 220 miles long, and three tram 
(P, Q, B) travel upon it at the rate of 25, 20 and 30 P® 
hour respectively, P and Q leave A at 7 AM 
respectively, and Jst leaves B at 10-30 A M When and wn 
ivill P be equidistant from Q and B ^ 

A Q P R B 
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Let P, Q B, as in the figure, he the respective positions of 
the trains at the instant when P is equidistant from Q and P 

Let this happen x hours after B has left P, t e j x hours 
after 10-30 A M 

Then since P left A 3^ hours before 10-30 A M , it has 
evidently been travelhng for (3i+a;) hours up to the instant 
in question 

Hence, clearly ^P=(3i+5c) 25 miles . 
and AQ = (2^ + as) 20 miles , 

also PP= 30a; miles 

Hence, PQ = IP - IQ 

= {(3^+ a;) 25 - (2^+00.20} miles, 
and PB = AB - AP - BB 

— {220 - (3j +a;) 25 - 30a:} miles 

But PQ=PB, 

(3i-+ x) 25 - (2^+ x) 20= 220 - (3i+ x) 25 - 30x , 
50(3H ») - (2^-+ x) 20=220 - 30x, 

60x= 220 -175+ 45 = 90, 
x=ll 

Thus, P utH be equally distant from Q and B at 1^ hours 
after 10-30 AM i e , at 12 A M 

Also as P left A at 7 A M , its distance from A at that 
mstant be 5 x 25, or, 125 miles 

Example 7. Two passengers have together 5 cwt of luggage 
and are charged for the excess above the weight allowed 5s 
2d and 9s lOd respectively, but if the luggage had all 
belonged to one of them he would have been charged 19s 2c? 
How much luggage is each passenger allowed to carry free 
of chaige ^ And how much luggage had each passenger , 

[C U Entr Paper, 1877] 

Letx cwt= weight of luggage that each passenger is 
allowed to carry free of charge 

Then (5s 2<? )+(9s lOd )= charge for (5-2x) cwt 

c? = charge f oi 1 cwt 
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Also, 

19s 2d “Charge for (5 -a;) cwt 

• 

• • 

= charge for 1 cwt 

Hence, 

15xl2_ 230. 

6-205 5-cc’ 


18(5-a;)=23(5-2a;), 


or, 28a;=115- 90=25, . 

te, weight o£ luggage allowed=|-|- cwt «= 11x4x28 lbs. 
=100 lbs 


Now, charge for 1 cwt 


230 , 230 , 


230 x 28 
■ 6x23 ' 


'i? ^md 


And since charge for excess luggage of the first passenger 
=6^ 2d =62d, and charge for excess luggage of the second 
passenger=9s lOd =118d , 


* weight of excess luggage of the first passenger 
*■11 cwt =||x4x281bs=1241bs, 


and weight of excess luggage of the second passenger 
= W cwt =>-^®x4x281bs =236 lbs. 


Hence, whole luggage of the first passenger = (100+ 124) lbs 
=224 lbs , ’ ’ 

and whole luggage of the second passenger® (100 +236) lbs 

=336 lbs 


Example 8. A peison buys some tea at 3 shillings a pound 
and some at 5 slullmgs a pound , he wishes to mix them) so 
that by selhng the mixture at 3s 8d a pound, he may gain 10 
per cent on each pound sold Hind how many pounds of the 
infenor tea he must mix with each pound of the superior 

Suppose X lbs of the infenor tea are mixed with bach 
pound of the superior , 

the price of x lbs of the inferior tea and one pound of the 
superior® (3aJ+ 5) shillings; ^ 


3a;+5 

the average cost per pound® shilhngs 


But by selhng the mixture at 3^5 a pound, he gams 10 
J3S1 cent on each pound i e , realises llOs for every 100« , or 
■^5 for every shilling. 
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Hence, 3|5 =17 of the cost per pound; 

02 11 .. 330+ 5 
'"^“10 a+l’ 


ll_11^3a;+5. 

3 10 £c+l* 

10(aj+l)=3(3a;+5) , 

*. x—b 

Thus, 5 ponnds of the infenor tea must be mixed with 
each pound of the superior 

Example 9t An officer can form his men into a hollow 
square 5 deep, and also into a hollow square 6 deep, but the 
front in the latter formation contains 4 men fewer than in the 
former , find the number of men [0 U Eiitr Paper, 1887 J 

[A number of men are said to be arranged in a solid 
square when they are arranged in parallel rows and the 
number of rows is equal to the number of men in each row 
The following diagram, in which At, Bi, Ci, &c represent 
men, will give the student a correct notion of such arrangement 

Aj Bi Cj Hi Ej El G"! Hi 


B. C. D. E. Fj G, H, 


As Bs Cg Dg 'Eg Gg Hg 

*■ I ^ 

A4 B4 C4 I)4'"' E4 F4 G4 H4 

As B5 Cs Ds ^Es Es Gg Hg 

Ag Bg Cg' Hg Eg“' Eg Gg Hg 

'I 

A7 B7 O7 Hj E7 E7 G7 H7 


Ag Bg Cg Hg Eg Eg Gg Hg 

The diagram represents an arrangement in which 
there are 8 rows, each containing 8 men This is a solid. 
square If the square CgEgEgCg be removed fr 6 m mside, the 
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remainder will be a hollow squaie two de^ having 8 men 
m the front rank ; if, however, the square D4 Ei Ms Dg be 
removed, the remainder will be a hollow square ih ee deep, 
having the same 8 men in the front rank 

Hence; the number of men in a hollow square two deep 
having X men in the front rank=a;^— (cc— 4)^ ; in one three deep 
=x^—{x—QY , and so on , thus the number of men m 
a hollow ' square n deep having x men m the front row 
«a;2-(a;-2n)M 

Let 33= the number of men in the front row of the first 
arrangement 

Then a— 4= the number of men in the front row of the 
second arrangement 

Hence, the number of men in the j&rst square 

^x^-ix-lO)^ (1) 

and thenumber of men in the second square 
=(a;-4)2-{(a:-4)-12}2 

But the men that form the first square are exactly those 
that form the second , 

x^-{x- 10)2 „ 4)2 > Ka; _ 4) ^ i 2}2, 

or, 20a! ~ 100 = 24(a; - 4) - 144, 

4a!=144+ 96-100=140, 

. £0=35. 

Hence, from (1) the total number of men 

= (35)2-C25)2=60xlO==600 

EXERCISE 95. 

1 . ^nd the time between 3 and 4 o’clock, when the two' 
lianas of a watch are coincident 

2. At what time are the hands of a watch together 

between 5 and 6 o’clock 9 [C V Entr Paper, 1886J 

3. Pmd the respective times between 7 and 8 o’clock 
when the hour and minute-hands of a watch are (1) exactly 
opposite to each other , (11) at nght angles to each other , 
(lu) coincident 

4. What is the fust hour after 6 o’clock at which the two 
hands* of a watch are (i) directly opposite, (u) at right 
angles to each other ^ 
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5. Two men set out at the same tune to walk, one from 
A to JB, and the other from B to A, a distance of a miles 
The former walks at the late of p miles and the latter at the 
late of q miles an hour, at what distance fiom A will 
they meet? 

6 . Two peisons walk at the late of 5 and 6 miles an 
hour respectively They set out to meet each other fiom 
two places 22 miles apart Havmg passed each other once> 
■find the place of their second meeting, supposing them to 
continue their 30 umey between the tivo places Also find 
the time when the second meetmg takes place 

7 . A man rides one-third of the distance from A to B 
at the late of a miles pei hour and the remainder at the late 
of 26 miles per hour If he had travelled at a uniform rate 
of 3c nules per houi he could have iidden from A to B and 
back agam m the same time 

Pi ove that — = — + . [C U Enk Papei 1889 ] 

cab 

8 . A and B stait to lun a lace. At the end of 5 minutes^ 
when A has run 900 yaids and has outstepped B by 75 yards,, 
he falls ; but though he loses ground by the accident, and for 
the rest of the course makes 20 yards a minute less than 
before, he comes in only half a minute behind B. How long 
did the race last ? 

9 . A person sets out to walk Horn a certain town, but 
when he has accomplished a quartei of his journey, he finds 
that if he continues at the same pace he will have gone only 
fths of the whole distance when he ought to be at his des- 
tmation He therefore increases his speed by a mile an 
hour, and arrives just in tune Eind -the rate of walking 

10 . A tenant hiied his farm for £80 a yeai in money and 
a coin-rent in rice When nee sold at £l 5s a bushel, he 
paid at the rate of £1 15a an acre for his land , when it sold 
at £l 10s a bushel, he paid at the rate of £2 an acre Find 
the numbei of bushels of nee in the lent 

11 . A footman who contiacted for £8 a yeai and a hveiy 
suit, was turned away at the end of 7 months and received 
only £2 3a and his hvery What was its value ? 

12 . A hare, 50 of her leaps before a greyhound, takes 4 
leaps to •fche greyhound’s three , but two of the greyhound's 
leaps are as much as three of the hare's How many must 
the greyhound take to catch the hare ^ 
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13 . A greyhound spying a hare at a distance of 60 of 
his own leaps from him, pursues her, mabng 4 leaps for 
•every 5 leaps of the hare , but he passes over as much ground 
in 3 leaps as the hare does in 4 How many leaps did each 
make during the whole course ^ 

14 . The St J ohn’s boat is ahead of the Cams by a dis- 
tance equivalent to 30 strokes of the former The Johnians 
puU 4 strokes to 3 strokes of the Cams, but 2 of the latter 
ure equivalent to 3 of the former. How many strokes must 
the Cams take to bump the St John’s boat ^ 

15 . A and B find a purse with shillings in it A takes 
out two shilhiigs and one-sixth of what remains, then B 
takes out three shillings and one-sixth of what remains, 
and then they find that they have taken out equal shares 
How many shillings were m the purse, and how many did 
each take ^ 

16 . A ship sails with a supply of biscuit for 60 days at a 
daily allowance of 1 pound a head , after being at sea ^ days 
she encounters a storm in which 5 men are washed overboard 
and damage sustained, that ivill cause a delay of 24 days, and 
it is found that each man’s allowance must be reduced to 
4ths of a pound !Pind the origmal number pf the crew 

17 . If 19 lbs of gold weigh 18 lbs in water, and 10 lbs. 
of Silver weigh 9 lbs in water, find the quantity of gold and 
silvei in a mass of gold and silver weighing 106 lbs in air 
and 99 lbs in water 

18 . A person rows from Cambridge to Ely, a distance of 
20 miles and back again m 10 hours, the stream flowing uni- 
formly m the same direction all the time ; and he finds that 
he can row in 2 miles agamst the stream in the ’ same time 
that he rows 3 miles with it Eind the time of his going and 
returning 

19 . A person passed ^th of his age in childhood, 
youth, |th+5 years in matnmony , he had then a son, whom 
he survived 4 years, and who reached only one-half the age 
of his father Eind the son's age when he died 

20 . There are two bars of metal, the first containing 14 
02 of silver and 6 of tin, the second containing 8 of silver 
and 12 of tin , how much must be taken from each to form a 
bar of 20 oz contaimng equal weights of silver and tin’ 

21 . Divide £607 Is 8d into two sums, such th^ the 
sunple interest of the greater sum for two years, at 3t pm: 
oent shall exceed that of the less for 2^ years, at 31* per cent, 
by £18 16s 
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22 * To remove four articles of furniture, I lequired for 
the 1st artiole two coolies, for the 2nd three, for the 3rd four, 
and for the 4th five After giving the 1st set of men one 
group of pice and one pice more, to the 2nd set an equal 
group and four pice more, to the 3rd an equal group and five 
pice more and to the’ 4th an equal group and tiiiie pice more, 

I f oiltid that each man of the 3rd and 4th sets had received 
the same number of pice, How many pice were there in each 
group , how many pice did each man receive, and how many 
pice did I distribute ^ 

23* Fifteen current guineas should weigh 4 ounces , but 
a parcel of light gold being weighed and counted, was found 
to contain 9 more guineas than was supposed from the 
weight , and a part of the whole, exceeding the half by 10 
guineas and a half, was found to be 1-g- oz deficient in weight 
What was the number of guineas in the parcel ? 

24 * A silversmith received in payment for a certain 
weight of wrought plate, the price of which was £10, the 
same weight of unwrought plate, and £3 16s besides At 
another time he exchanged 12 oz of wrought plate of the 
same workmanship as before for 8 oz of unwrought (for 
which he allowed the same price as before), and £2 16s m 
money What was the price of wrought plate per ounce, and 
the weight of the first sold ? 

25 . Two passengers are charged for excess of luggage 2s 
lOd and 7s 6d respectively , had the luggage all belonged to 
one of them, he would have been charged for excess 14s 6d ; 
how much would they have been changed if none had been 
allowed free ^ 

26 . How many bundles of hay at Rs 5 per thousand must 
a ghaswala mix with 5600 bundles at Rs 6 per thousand, in 
order that he may gam 20 per cent by selling the whole at 

II as per hundred? [C U Entr Paper, 1875] 

27 . A boy buys a certain number of oranges at 3 for 2d 
and one-third of that number at 2 for 1 d ; at what price 
must he sell them to get20pe^'«iertt profit, if his profit be 
5s 4d , find the number bought [0 U Entr Paper, 1885.] 

28 . Prom each of a number of foreign gold coins a person 
filed a fifth part, and had passed two-thirds of them, when 
the rest were seized as light corns except one, with which 
the man decamped, having lost upon the whole half as much 
as he had g^^^ned before How many coins were there 
at first? f 
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29 . Find a number of three digits, each gieatei by unity 
than that which follows it, so that its excess above one- 
fourth of the number formed by inverting the digits shall be 
36 times the sum of the digits 

30 . A number of troops being formed into a solid square, 
it was found there were 60 over , but when formed into a 
column with 5 men more in front than before and 3 less in 
depth, there was just one man wanting to complete it Find 
the number 

31 . An officer can foim the men of his regiment mto a 
hollow squaie 10 deep The number of men in the regiment 
is 2800 Find the number of men in the front of the hollow 
square 

32 . A company of men is formed into a hollow square 
4 deep and also into a hollow square 8 deep , the front in the 
latter formation contains 19 men fewer than that in the former 
formation; find the number of men 

33. A detachment from an army was marching in regular 
column with 5 men more in depth than in front , but upon the 
enemy coming in sight the front was increased by 845 men , 
and by this movement the detachment was drawn up in five 
hnes Find the numbei of men in the detachment 


CHAPTER XXVn 

HARDER SIMULTANEOUS EQUATIONS 
AND PROBLEMS 

180 . The process of solving easy simultaneous equafao n s 
in two variables has already been explained in Chapter XVHl 
"We propose now to consider the subject more fully 
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181 . Method of Gross Multiplication. 

If aiaj+6j?/+Cie:==0, and azX+hzij+CzZ-O,-^ to prove 
that 


X _ y ^ z 
&1C2 '“&2C1 Cittj ai 62“®2^i 

Multiplying the 1st equation by c^, and the 2nd by Ci, we 
have 

' aiCzX+liGzy+CiCzZ=0, 

and azCiX+hzCty+CiCiZ^^O 
Hence, by subtraction, 

(cia2 - C2ai)a!+ (62C1 -■ &iC2)2/= 0, 

/. (cia2 - C2ai)a;= (& 1 C 2 - bi,Cj)y ; 

__®_3=_£_. /n 

” 61C2-62C1 Cia2-C2ai* * •• w 

Again, multiplying the 1st equation by (*25 and the 2nd by 
fli, we have 

aia2X+hiaiy+ c^ttiZ-O, 
and a 2 <*i®+^’ 2 ®i?/+C 2 <»i 2=0 

Hence, by subtraction, 

{aihz - azbi)y + {c2ai - CiCt2)«= 0, 

(ai&2-<J2&i)v={cia2"C2ai)2, 




^1^2 ”” ®2®^l aj62’~®2^1 


( 2 ) 


t It 18 necessary to point out to the student the notation here 
used The letter is as different from a, as c is from d, or as any 
letter of the alphabet from any other , a similar remark applies to 
the pairs of letters (61, b,) and (ci, Cj) But it is very convenient as 
an aid to memory to use the same letter with different suffixes to de- 
note corresponding co-efficients in different equations , thus whilst 
ai denotes the co-efficient of x in the 1st equation , as denotes the 
co-efficient of x in the 2nd equation , and precisely a similar meanmg 
IS attached to the letters bx, bs and Cx, Cg Sometimes however letters 
with accents serve the same purpose , thus if a, 6, c denote the co- 
efficients of X, y, X in one equation the corresponding co-efficients in 
a second equation are denoted by a\ b', r' , in a third equation by 
a", I/', d ' , and so on. 

1-24 
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Hence, from (1) and (2), 


Si _ V _ z 
Cift2”®2®l ®l&2 

Note. This result can be easily remembered, writing down the 
eguations one above the other, 


ai»+6i7/+Ci»=0'l 

aa®+i2y+Ca»“0/’ 


we find that 


(ij the quantity under x=co-efficient of y m the 1st equation X 
co-efficient of z in the 2nd minns co-effment of y in the 2ndx co- 
efficient of z in the 1st, 

(ii) the quantity undei y^co-efficient ofz in the 1st equation X 
co-efficient of x in the second minus co-efficient of z in the 2ndx co- 
efficient of X in the 1st, 

(ill) the quantity under z=co-efficient of x in the 1st equationx 
co-effment of y m the 2nd minus co-efficient of x m the 2ndx co- 
efficient of y in the 1st. 


Cor, In the above equations af we put 2=1, we have 


a? - y _ 1 , 

^ 1^2 ^ 1^2 ^ 2 ®! df'\bn^ 

which gives the solution of the equations 
ttiX+biy+Ct^Ori 
and diX+b^y+Csi—Oj 


Note The above results should be thoroughly committed to 
memory, as ready applications of them will enable the student to solve 
with neatness not only simple equations involving ituo unknown 
quantities, but also a certain class of equations involving three unknown 
quantities The following examples are intended for illustration 

Example 1. Solve 3a: - St/ + 9 = 0\ 

55c--3t/”1=0J 

Here 0 , =3, hi=-5, Ci« 9, 

On^S, 6a = -3, C2=-l. 

Hence, we must have 

V 


V 


1 
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X „ V „ 1 

5 +^ 45+3 - 9+25 


32 48 16 ’ 

. «=fl=2, and?/=^=8 

Thus, we have £c = 2 , and y -3 
Example 2 . Solve* -Tjc+Sy^ 9 (I)] 

5a;_4^=»3 . (2)1 

Erom ( 1 ), - 7 a;+ 82 /- 9 = 0 '\ 

Erom ( 2 ), 5 aj - 4 ?/ + 3 = Oj 

Hence, 

12 / 1 
8x3-C-4)(-'^'"(-9)5-3(-'7)""(-7}(-4)-5x8’ 

a? V _ 1 

24 - 36 “ - 45+21 28-40 


or, 


X 1 / _ 1 . 

- 12 * - 24 * - 12 ’ 
£»=‘ 3 i 1 = 1 , and 2/='^-3 


Thus, we have a;=l, and y -2 


Example 3 . Solve 

(a;+ 7 )(i/- 3 )+ 7 =( 2 /+ 3 )(a;-l )+5 (i)| 

5 a:-llj/+ 35=0 . { 2 jj 

[C TJ Entr Paper, 18881 
Erom(l), xy-{- 7 y'~ 3 x- 14 :-xj/+ 3 x'-y+ 2 , 
6 x- 8 y+ 16 = 0 , 

. 3 a;- 4 ^+ 8=01 

also 5 a;-ll 2 ^+ 35 =Oj 

Hence, 


X y 1 

(- 4 ) 35 -(-ll )8 8 x 5 - 35 x 3 “ 3 (-ll)- 5 (-' 4 )’ 

^ V - 1 

’ - 140+88 40-103 - 33 + 20 ’ 


or. 

Hence, 


a? ^ 1 

- 52 “ - 65 " - 13 ’ 
£C= 4 ; and?/= 5 . 
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Example 4, Solve 0 ... ( 1 ) 

7x+2y’~Qz= 0 . . ( 2 ) 

ix+^y+ 2=37 ' . (3)^ 

JProm (1) and (2), we have 

X y z 

(-3)(-6)-2x4 4x7-(-6)2“2x2-7(-3)’ 


or, 


V_ ^ 

10 “ 40*25’ 


or, 


2-8 S'* 


Now, let /c denote the common value of these fractions 
which IS at present unknown 


, Then we have ^=-^s=-|.i= 7 (; 

. x=2k, ?/=87i:,2=5/c .. (4 

Substituting these values of x , «/, z in ( 3 ), we have 
fe( 8 + 24+ 5)=37, 
or, 37/c=37, .. fe=l 

Hence, from U), 2 , y=8^ z==b 

Example 5. Solve a+ 6 ?/=B 2 .. ( 1 )' 

7a; + 2 = 6 y .. ( 2 ) > 

Bas+S?/ -42=24 ( 3 ) 

Erom ( 1 ), a;+ey- 52 = 0 | 

Eiom ( 2 ), 7x~Qy+ 2 = 0 j 
Hence, 

» y z 

6xl-(-6){-5r(-5)7-lxa*l(-6)-7x6' 

or - ^ — y - 

6-30 -35-l“'-6-42* 

^ V z 

. X y z [Multiplying each 

•• 2“3‘“T’ fraction by-lS] 
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Supposing each of these fractions = ft, we have 




a;=2fc, y- 

=3ft, 0=4ft . 

U) 

Substituting these values of aj, y, z m (3), we have 




ft(10+18' 

-16)=24, 




or, 

ci 

II 

II 


Hence, from {A), 

a;=4, y- 

IJ 

II 

00 



EXERCISE 96. 


Solve the following equations 


1. 

2£C+32/-8 

= 0| 

2. 3a;-5?/+ 9 = 



3a;-%+5 

= 0 J 

6x+2y-16 = 

0 J 

E. 

4x~5(y+8 


4. -3x+2y+2 = 



2x-3j(+6 

= 0 J 

5a;-3?/-5 = 

0 J 

5. 

6aj-7y+12 

= 0| 

1 

II 

CO 

1 

14 1 


-7a;+42/+ll 

= 0 J 

6x-By ~ 

9i 

7. 

-6a;+6j/+2 

= 01 

8. -7a;+5?/+ll = 



13a; “% 

=19 J 

8x-5y 

19/ 

9. 

4a; -11?/+ 6 

= 01 

10. 8a; -7?/ = 

19 1 


9a; - 13?/ 

= 10 1 

lOx^By = 

23 J 

11. 

-12a;+l7i/+16= 0 \ 

12. 14a;^ll?/+18= 



Qx-lBy 

=11 J 

11a;- 7y+ 1= 

0 J 

13. 

llx-7y 

=52 1 

14. 9a;+ 5y — 124 1 


Bx 

-2?/ J 

7a; 

By ) 


I^From the 2nd equation (suppose) J 


15. 

15a; +7?/ 

=246 1 

16. 9a; - 

By] 


9a; 

=4v J 

10a;+23?/-287 = 

Oj 

17. 

4x-By 

= 01 

18. 4x-7y 



7x-lly+Q2 

= Oi 

10a;- 9?/-102 = 

0 J 

19. 

13a; -12?/ +15 

= 01 

20. lla;-10?/+82 = 



Bx- 7y 

= OJ 

14a; -'By = 

0 J 
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21. i(a;+«/)+K»^2^)=59 
bX'-dSy = 0 


23. 7/(3+ic)=a;(7+2/)'» 
4a;+9 =6j/- 14/ 


} 


22 . ^ 

?^+%=20 


24. = 2 

x+y 


8a;-5 


= 9 


26. 4aj'-52/+22; =01 

2x-7y+4:Z -oi 

H X + y-i- z =6j 
/ 28. 2a;-72/+lU= 0 ^ 
6x~8y-i- 7z= 0 
Sx+Ay-i- 00=35 ; 

30. £13- 2y+ 0= 0 1 

dx-Sy-i-Sz- 0 j- 
2a;+32/+O0=36 j 


5a3+62/+80=O ^ 
3x+4:y+6z-0 ■ 
fiC+5^+160=3 > 

29. 7a3+3?/-80= 0 ' 

/ bx-7y+8z= 0 • 

/ 3x+by+7z-Qi / 
W. 2(4r+9y) =7(2y+^}' 
7(a;+2y) =8(^+^) 

323+4^+50 =38 > 


25. {£C+5)(^+7)=(a:+l)(2/-9)+112'l 
2a5+10 =3y+l J 

27. 


[C U Entr Paper, 1887 ] 




32. 4(£c+?/) 

=3(2j-y) ] 


5(03-27/) 

=3(2i/-33) 


6(a3-2)+7(7y-3)+8(0-4) =67 j 

- 

33. 5a3=2|/, 7y-bz 

1 34. 1523=102/ =60 

4a?+5y+60=15O 

35. 4a3-13i/+80=O \ 
7x+ Qy^9z—0 

.£.+^+^«62, 

X y z ** J 

j 753+8^+90=332 


182. Equations of the form aiX+bty+CiZ-du 

CiX+bsy+CzZ^dif a^x^i-bsy+CsZ-ds. 

Multiply the first equation by and the 2nd by Cj ; then 
by subtraction, we have 

{aiC2-~a2Ci)x+{biC2~hCi)y=diCi-‘d2Ci ' • 

Similarly multiplying the first equation by and the 3r 
by Cl, we have 

{aiCs^ OzCiJx’i'ibjCs ’-bsCi)y=diCB- diCi. 


( 2 ) 
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Now, from (1) and ( 2 ), the value of x and y can he at once 
found by cross multiplication Then substituting the values 
of X and y thus found in any of the given equations, the 
value of z will be obtained 

Othei mse 

Multiply the 1st equation, by and the 2nd by di , then 
by subtraction, we have 

{aidi ~ a 2 di)x+{bidz - b 2 di)y+{cid 2 - C 2 di)z -0 (a) 

Similarly, multiplying the 1st equation by d^ and the 3rd 
by di, we have 

{Qi\dn'~ (Cid3 c^di'jz-- 0 (^) 

Now evidently (a) and fjS) together with any one of the 
given equations form a group which can be easily solved by 
the method illustrated in the last article 

Example 1. Solve 4a5- 3?/ +22= 40 ( 1 )' 

5as+9y -72=47 .. (2) ■ 

9a;+8?/ -32=97 . (3) > 

Multiplying ( 1 ) by 7, and ( 2 ) by 2, we have 

28a;-21?/+142=2801 
and 10aJ+18i/-142= 94) 

Hence, by addition, 38x - 3i/ = 374 (4) 

Again, multiplying (1) by 3, and (3) by 2, we have 

12fl5- 9 ?/ +62 =120) 
and 18 aj+ 16 i /-62 =1943 

Hence, by addition, 30a; + 7i/ = 314 ( 6 ) 

Now, from (4) and (5), we have 

38a; -3i/- 374= 0) 
and 3003+7?/ -314=03 

Hence, 

^ y 1 . 

3x 314-7 { -374) ( -374} 30-C-314) 38"38x 7 -30 (/-3)’ 

or ^ y - 

’ 942 + 2618 -11220+11932“ 266+ 90’ 

Therefore, x - 10 , and ?/ = 2 
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Substituting these values of x and y in (1), we have 
40 - 6+ 22= 40, whence z—B 

Thus, we have a;=10, «/=2, 2=3 

Example 2. Solve 2r- 4?/+92 =28 (1) ^ 

7x+ By-Bz = 3 (2) 

9a;+10i/-ll2= 4 (3) 

Multiplying (1) by 3, and (2) by 4, we have 

6aj-12^+272=84) 
and 28aj + 12y - 202 = 12 i 

Hence, by addition, 34a; + 72 = 96 

Again, multiplying (2) by 10, and (3) by 3, we have 

70a ; + BOy - 502 =30') 
and 27a;+ 30^-332= 12 ] 

Hence, by subtraction, 43a; -172 =18 . 

How, from (4) and (5), we have 

34a;+ 72-96=01 
and 43a;-172-18=0i 

Hence, 


(4) 


{ 6 } 


X 


2 


or. 


7(-18)-(-17)(-96)''(-96)43-(-18)34 

1 _ 

“34(-17]-4Sx7’ 

2 1 


X 


-126-1632“ -4128+612 -678-301’ 


VIj 2 ? 1 

Therefore, os=~ "^jg =2, and 

Substituting these values of x and 2 in (2), we have 

14+32/ -20=3, 
whence 3?/ =9, and *. y-B. 

Thus, we have a;=2, y-B, z=4: 

Example 3. Solve 12a; +9?/- 72=2 • 0)) 

8x-2Bij+ 92=1 ip\ 

23a;+2l2/- 152=4 w' 
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Multiplying (2) by 2, ure have 

16 a 3 - 52 y+ 18 s= 2 , 

also, 12jc+9j/ - 72=2 (1) 

Hence, by subtraction, 4aJ - 61?/ + 252 = 0 (4) 

Again, multiplying (1) by 2, we have 

24a;+18y“142=4 

also, 23aJ+ 21?/ - 152= 4. (3) 

Hence, by subtraction, x-By+z—Q (5) 

N ow, since we have 4® - 61?/ + 252 = 0, (4)1 

and x-^y+z=0 (5)J 

Therefore, by cross multiphcation, ’’ 


-61+75 ^-4 -12+61’ 


or, 


14 21 “49’ 


or, 


2 3“7 


Supposmg each of these fractions = fc, we have 
x—2k, ?/=3fc, 

Hence, from (1), J,(24+27-49)=2, 

or, 2fc=2, 
k=l 


Therefore, a!=2, 2/=3, 2=7. 


EXERGISS! 97. 

Solve the following equations 


1. 2a;-3?/+ 62 = 111 
5a:+2?j- 72= -12 V 
^ -4a;+3?/+ 2 = 5) 

x + y- 2= r 
8a;+3?/- 62 = 1 • 

32-4®- y= 1> 
5. 2®+3?/+ 42 = 16’' 
3®+2y- 52= 8 ■ 

5 ® - 6 ?/+ 32 = 6 , 

-^77. 8 ® -7?/- 52= 11 

-7®+5y+ 62 =- iV 
12®-8//-ll2= 2) 


2. 3®+2//+52= 321 
2®+5i/+32= 31 [ 
5®+3^+22= 27) 

4. 2®+3i/+ 42= 291 
3®+2?/+52= 32 r 
^ 4®+3 j/+ 22= 25j 
v^. 4® — 3?/+22= 81 

3®-47/+52= 6|- 

-6®+5?/+72= - ij 
8. ®+ 5?/- 42= 5^ 

3® -2y+2z= 14 ■ 
-10®+8^+ 2= 6, 

rC U Entr. Paper, 1867] 
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9 . 2 a;+ 4|/+ 52= 49^ 

3®+ 5i/+ 62 = 64 ■ 

4aj+ S?/"!' 42= 5o; 

11 , I2a;+ 8 i /- 11 ^=- 3 ' 
llx-lSy- 2^= 2- 
8 ib + 17 j / "■ 122 = ■" 2 > 

13. x- y- z=' 15'' 

y+ a;+22= 40 

42-5a;-6j/= - 150j 
[G U Entr Paper, 1886] 

16. dx+ 2y~ 2=20^ 

235+ 3y+ 62=70 ■ 

X- y+ 62=41/ 

17. bx+ 2?/+ 2= 30^ 
■^35+ ■ 5 i/“*TS’^ 

205+ 52/ +102= 129> 


10 . 06 + 3 j/+ 52 = 10 ' 

8a5 + 52/+72=14 ■ 

005 + 7^/ + 82 = 15> 

12. 5a;-4?/+ 92= 19' 
735+62/ —122 = 16 • 
— 935+8j/+152= -13> 

14. 2{x-y)=Bz -21 
x-^z^^^y -1 ■ 
2o 5+ 32=4(1 -i/)i 


16. 4(i/-£I 5)=52- 22 ' 
32+4a;=62/+ 2 • 
2 - 3 ^j= 14 - 10 a;J 

18. }fl5+^-2/' =12-i^' 

i 2 /+^. 2 -lir= 8 

'] 35 +J -2 =10 

[C U Entr Paper, 1868 ] 


19. 


I+ 5 __ 4 ^ 1 \ 
35 2/ 2 12 

05 y z 24 " 

_l + l.+ 6 = l 

35 y z ij 


21. 635+3?/= 65 ^ 
2?/- 2 = 11 f 
335+42= 57 ) 


23. ay+hx^c ^ 
CX+ a.z=b ^ 

bz + cy^a 3 


20. 

^ X ^y z 

1 + 1 + 1=102 
3o5^2?j 2 

r-r+4“^®*J 

bx z ! 

05 ^ ?/ 2 
2 

2 / 

1 . l-l 
24. 305+4?/ -11= 0 I 

5?/-62 - 1 

72-805-13= 0; 

[GU Entr Paper, 1877 i 


25. 3 ?/+a 5 - 2 = 0 

32-4?/ = 05+15 

235+72 = 7 


[G U Entrance Paper, 18^1 
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183. Miscellaneous Examples. 

Example 1. Solve 

Adding together the given equations, we have 



=3, 


a ,b , c , 
or, — r‘:7+T‘ 

’ X y z 

3 

“2* 

(«)■ 

Subtracting the 2nd equation from (a), we have 


a 1 . 
a;“2’ 

. . a=2a 


Similarly we have y—%b, and 2 = 2c 


Example 2. Solve 



w (“) .^=2- 

M yf=^ 


Prom (i), we have ”^=1 , 

xy 


... (4) 

f _\ Z 

« W) >? H 

1 J.1 1 

or, 7+7=1 

... (5) 

( \ ?/ + « 1 

” 

1 J.1 t 

or, 7+7=j 

. (6) 

Prom (4), (5) and (6), by addition, we have 


2(~+— + —)=!+ 
\(c y zf 

1,1.1 11 
'“ + — -1 — vv* 
X y z 1^ 

1.1 11. 
2“*'3“ 6’ 

... (7) 


Subtracting (6) from (7), 

L 11 1 » 1 - 

a? “12“ 3 12’ 
Subtracting (5) from (7), 

1 11 l-A* 

2 “ 12 ’ 

Subtracting (4) from (7), 

- 12 > 




«=-i2. 



m 


ALGEBRA MALE EASY 


[CHAP 


Example 3. Solve xyz=a{yz-zx-xy) 

-h{zx-xy- yz) - c[xy '-yz- zx) 


Since xyz - a{yz -zx- xy), we have 

J; ^ JL [Dividing both sides 

a X z ^ hyai^xyz] 


Similarly, we have 
and 


b y'~z X 
o'" z X y 


( 2 ) 


. (3) 


Adding together (2) and (3), we have 
2 1,1 b±c. 


Similarly - 


X b ^ G he ' 

2 1,1 a+c. 


y 


a 


ac 


aad -1=1+1-“:^; 
z a b ab 


X 

y 


-2bc 
b+c* 
-2ca 
c+a ’ 



Example 4. Solve x+y-\-z 

{b+c)x+{c+a)y+{a+b)z =0 | 
bcx+cay+abz =1 / 

Since (6+c)£C+(c+a)y+(a+6)«=0 \ 
and x+y+z-Q J 

Therefore, by cross multiplication. 


X y z 

(c+ a) - (a+ &) ” (a + &) - (ft+c)” (6+ c) - (c+ a}* 

X V z 
or, 

c-b a-c b-a 

Supposing each of these fractions— /c, we have 
03= ft(c - b), y^k{a - c), z=k{b- a). 

Substituting these values of x, y, z in the third eq.uation» 
we have k{bc{c -b)+ ca[a - c) + ab[b - a)} = 1 

But bc{c-b)+ca{a-c)+ab{b-a) 

= bc{c -b)+ o^(c - &) - a(c^ ” 

~{e- b){bc+ fl® - o(c+ &)} 
={c-b){a-c)ia-b) 
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Thus, 


1 c{c - 6 )(a - c)(a - &) = 1 , 
1 




{c-&)(a-c)(a“&) 
Hence, [a-'^a-b)’ 

EXERCISE 98 , 

Solve the following equations . 

1 . 

2 . 


3 . 

4 :. 


® 4 .X _1 ® J.A =1 V • ^ 

a ^ 

1 J .1 

— + — = a, 
a; y 

yz __ zx 
y+z ’ 


= 1 , -?-+-=l. 

Of C 0 c 

1 . 1 _, 1,1 , 

— + — ' = 0, — l-~ = c 

X z y z 




XIJ 


x+y 


= e 


z+x 

axy=c{bx+ay)\ 

Ixy- c(aa: - hy)j 

6. 3 a!i/= 4 (£c+!/), 2a;2=3(aj+g), 5!/2:=12(?/+2:) 

6* 2/+£i= 4, 0+a;=6, ic+2/=8 

7 . ?/+0-£ic= 6, 2+a5-?/=10, a;+i/- 0=14 

a;*- 4 |/+ 0 = - 10 'I 9 * ^+ 0 - 7 a;+ 16 -O \ 

i/- 42 +a ;=-15 ■ 0 +a;- 7 y+ 24 =O ■ 

2 - 4 a;+ 2^= -35 J £C+ 7 /- 7 g+ 40 s =0 / 

a^x+b^y =2a6(a+6) 1 

6(2a+ 6 )£c+ a{a+ 2b)y -a^ + a^+ab^ + b^ J 

11. x+ y+ z~A 

ax-V hy+ C0=O 
yi1i^x+b^y+ c^z=0 
1^. x+y+z =0 

(a + b)x + (a + c)y +{b+c)z =0 
abx+acy+bcz =1 

"L^y 'x + y + z =0 \ 14 . 


8 . 


10 . 


x-ay+a^z—a^ 

x-by+b^z-b^ 


a 


X- qi+c^z=c^ 
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. ax+htj+cz . =0 ^ 

{h+c)x+{c+a)y+ia+b)z -QT- 

d^x+h^y+c^z=a^{b-c)+b^{c'-a)+c^{a-b) > 

16. Emd the condition that the three equations, 

aiX+bty+ Ci~0, a2»+&22/+C2=0, a^x+b^y+Cs-^, 

maybe consistent 

17. Pind the value of a so that the four equations, 

2aj“3z/+ 5^=18, 3a!-2/+42=20, ^x+2y-z=h, 

(fl+l)a;+(a+2)y+(a+3)2=76, maybe consistent 

19. 2x-2z+w =41 ' 

ly-hz-t =12 

4!/-3a;+2w= 5 > 
3^-4w+3f = 7 

7z-5w =11 J 

^ab+bc+ca 
=3 

{c-b)x+{a--b)y+[c- a)z = 2a6c -ab^-b^c+ac^-ah - 


18. 3«J-2y= 2 ■ 
5aj-72 =11 
2a3+3j/ =39 
4?/ 1" 3^ = 41 j 

" 20 . x+y + z 

ab be ca 



H. Problems producing simple equations with 
more than one unknown quantity. 


148. In this section we shall consider a few problems 
of a harder type than those treated of in Chapter XVIH 

The foUowmg examples will serve as illustrations 


Example 1. A cask P contains 12 gallons of wine and 18 
gallons of water, and another cask Q contains 9 gallons of 
wine and 3 gallons of water How many gallons must be 
drawn from each cask so as to produce by their mixture 7 
Ifallons of wine and 7 gallons of water ^ 

Out of 30 gallons of the mixture of wine and water in P» 
there are 12 gallons of wine ; hence or fths of the mixture 
consists of ivine, and -|ths of water 


Hence, for every gallon drawn from P, there are taken 
out fths of a gallon of wine and fths of a gallon of water 

Similarly, for eveiy gallon drawn from Q, there are taken 
out Tths of a gallon of wine and ^-th of a g^lon of water 

Let aJ=the number of gallons to be drawn from P> 
and y— v » v « « « j> ” 


li 


« it 
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Then, since x gallons from P contain gallons of TTine 

and fic gallons of water, and y gallons from Q contain 
gallons of wme and \y gallons of watei, wi the new mix- 
ture there are (fx+ft/) gallons of wine and (|a+Ti/) gallons 
of water. 

Hence, by the conditions of the problem, 

|a;+^=7 . (1)\ 

and fa;+x2/=7. (2)J 

Multiplying (2) by 3, and subtracting (1) from the resul- 
ting equation, we have 

|a;=14; iij=10 

Hence, from (2), = 4(7 — | x 10) = 4 

Thus 10 gallons must be drawn from P, and 4 gallons 
from Q 


Example 2. The fore-wheel of a carnage makes 6 revolu- 
tions more than the hmd-wheel in going 120 yards , if the 
•circumference of the fore-wheel be increased by one-fourth 
of its present size, and the circumference of the hind-wlieel 
by one-fifth of its present size, the six will be changed to 
foul Required the circumference of each wheel 

Let X yards be the circumference of the four-wheel, 
and ,, y „ „ „ , » > hind-wheel 

Then the numbers of revolutions made by the wheels 


m gomg 120 yards are respectively ~ and^’ 


When the circumference of the fore-wheel is increased by 
•one-fourth, and that of the hind-wheel by one-fifth, tlie cir- 
cumferences respectively become 

(»+ j j and yards, or, ~ and ~ yards, 


Therefore, the numbers of revolutions made by the wheels 
respectively will be 


120- j andl20-|^, 


or, 


96 ,100 

— and — • 
X y 


Hence, from the conditions of the problem. 


X y 

96 lOOj. 
X y 



and 
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Multiplying (1) "by o and (2) by 6, we have 

600 ^ 600 ... 

, 576 600^0^ 

“>« -=-+24, 

24 


by subtaractaon; ~ *=6 , 

3 / 


x-i 


Hence, from (i), -6=24 ; 2/=5 

Thus the ciroiunferences of the wheels are respectively 4 
and 5 yards 


Example 3. A pound of tea and three pounds of sugar cost 
SIX shiilmgs •, but if sugar were to rise 50 per cent , and tea 10 
per cent , they would cost seven shillings Ihnd the pnce of 
tea and sugar 


Let X shilhngs be the price of a pound of tea, and {r 
shillings, the price of a pound of sugar; then we must have 

a;+3j/=6 ... (1) 


When the price of tea rim 10 jper cent , the price of a 


pound of tea becomes (x+^t or, shillings; 

and the 

price of sugar iimgWper cent , the price of a pound of sugar 

becomes 

I, or, ^ shillings. 


Hence, 

^a;+3^*7. . 

... ® 

Prom (2), 



and from (1), 

3a;+9g=18; 


m 

(3 -■V')iU='4 ; 


or, 

^=4; /. a!=6 



Hence from (1). y~ • 

Thus the price of a pound of tea= os and that of a pound 
of sugar=-J-s 

Example 4. A certain sum of money is to he divided 
among a certam number of men , if there were 3 men less 
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each mau ■would have £150 more , hut if there were 6 men 
more, each man would have £120 less Pind the sum. of 
money and the number of men 

Let a;=the sum of money m pounds, 

and t/=the number of men. 


Therefore, each man gets 



if 


there were 3 men less, 


each would get 


37 

£ — and if there were 6 men more, each 


would get £ ~ 


Hence, from the conditions of the problem, 



as oc , -ka 

— 5» — + lo0 

2/ -3 y 

• ** • • 

(1) 

and 

~-~12Q , . 

y+Q V 

• ft 

(2) 

Erom (1), 

150=a;(7~--) 

\y~6 yJ 




3a; , 


■By) 

Erom (2), 

120=a:(- — X«) 

\y y+Qf 





.*. x-20{y^+Gy) 

Hence, 50(^' 




or, 

30i/2*={150+120)y=270?/, 




*. a=20(81+54)-20xl35=2700. 

Thus there are 9 men and a sum of £2700 

Example 5. A man has to travel a certain distance 
When he has travelled 40 miles, he inci eases his speed 2 
miles pei hour If he had travelled with his increased speed 
dunng the whole of his journey, he would have arrived 40 
minutes earher , but if he had continued at* his ongmal 
speed, he would have arrived 20 minutes later How far had 
he to travel^ 


Let a;=the number of miles the man had to travel ; and 
suppose his ongmal speed was y miles an hour, 

1-25 
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Hence, the time actually taken to complete the journey 




The time he would have taken if he had travelled at 
the increased speed dunng the whole of his journey 

ea— -TT hours, and the time he would have taken if he had 
y+2 


SO 

travelled all the way at his onginal speed hours 


Hence, from the conditions of the problem, 
sc _ 80+ccy 2 

y+2 t/(y+2) 3 
a; _80+a:i/ , 1 
V “i/to+a)’'' 8 • 

Subtracting (1) from (2), 



or, 2x=>y{y+2). 

Also from (2), 

Bx{y + 2) = 3(80 +xy)+y{y+ 2), 
or, Bx-24D^y{y+2). 

Hence, from (3) and (4), 

6a; -240= 2a;, 

or, 4a;=240; a;=60 


( 1 ) 

( 2 ) 

(3) 

(4) 


Thus the man had to travel 60 rmles 

Example 6, If there were no accidents, it would talce h^ 
as long to travel the distance from A to J5 by rail road as by 
coach , but three hours being allowed for accidental stoppaps 
by the former, the coach wiU travel the distance all but 
fifteen miles in the same time; if the distance were two- 
thirds as great as it is, and the same time allowed for railway 
stoppages, the coach would take exactly the same time. 
Required the distance 


Let X miles be the distance from A to H 

Suppose the coach travels at the rate of y miles an hour , 
then evidently, the rate of the tram is 2y miles an hour 

The time in which the tram can travel the distance 
3 hours = the time in which the coach travels only {a;-lDy 
miles. 
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Hence, 

X , o a;-15 

y ’ 

» 

% • 

... (1) 

and 

fm, „ I® 

or, 

II 

CO 

... (2) 

Prom (2), 

— =3 
^y ' 

or, 

05= 9y 

(3) 

Prom (1), 

a:+6y=2a)-30, 

or, 

Gy~x-B0 

.. (i) 

Hence, from (3) and (4), 6i/= 

~-Qy- 

•30, 



■whence ^—10; 

and a;=*9xl0— 90 

Then the rec[iiired distance =90 miles. 


Example 7. A boat goes up stieam 30 miles and do-sra 
stream 44 mdes in 10 hours , it also goes up stream 40 miles 
■and down stream 55 miles m 13 hours ; find the rate of the 
stream and of the boat. [C IJ. Entr Paper, 1880 ] 


Suppose the boat will travel x miles per hour if there 
were no current, and that the current flows at the rate of p 
miles per hour. 


Then it is clear that with the cm > ent the boat travels cc+i/ 
miles per hour, and against the cm i ent, ic-y miles per hour 


Hence, the time taken to travel 30 miles up stream 
30 ' 

— : hours, and the tune talren to travel 44 miles down, 
x-y 


44 

5 tream= — hours , and by the 1st condition of the 
x+y 

problem, we must have 


30 . 44 


= 10 . 


x-y x+y 
Similarly, by the 2nd condition we have 


40 . 55 


=13- 


x-y x+y 

Multiplymg (1) by 4, and (2) by 3, we have 

120 . 176 

+— t“=40 

x-y x+y 


120 165 

x-y'^x+y 


=39 


... ( 1 ) 


... ( 2 ) 


and 
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ICHAE. 


Therefore, hy subtraction, 


• 

(C+V^’ 

Hence, from (1), 

^=10-.4=6; 

t « 

a?-ys=6 

Thus we have 

x+y~ll\ 

and 

ic-yeS / 

Hence, by addition, 

2a;“16, •. a;=8 1 

and by subtraction, 

22/==6, J 


Thus the rates of the stream and the boat are respectively 
3 miles and 8 miles per hour 

Example 8, A challenged B to ride a bicycle race of 1010 
yards He first gave B, 120 yards' start, but lost by 5 
seconds , he then gave B, 6 seconds' start, and won by 120 
feet How long does each take to ride the distance ? 

[0 TJ Entr Paper, 188L] 

Let the times which ^4 and B take to ride the distance be 
X seconds and?/ seconds respectively 

Then, the times they take to travel one yard are respec- 
seconds. 

Let PQ represent the given distance, and let PB, 
respectively represent 120 yards and 120 feet (or, 40 yards)* 

R S 

F 5 

In the first race B is at P, and A at P when they start, hut 
S reaches Q, 5 seconds earlier than A ] therefore;^tlie tuno 
talcen by B to traveljBQ=(a;“5) seconds 


Hence, a -5= (1040- 120) 

In the second race B starts from P, 5 seconds earlier t a 
A, but arrives at S when A arrives at Q] therefore, tee tun 
taken by B to travel PB= (ai+D) seconds 
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Hence, £c+5“(1040--40)x ^ 


= ( 1 — — ••• ••• ( 2 ) 

Subtracting (1) from (2\ we have 

^=10; 2/=130 

Hence, from (1), a;=5+f|-xl30 

=5+115=120. 

Thus the times required by A and B to nde the distance 
are respectively 2 mmutes, and 2 minutes 10 seconds. 


Example 9. If the sum of the digits of a number is divi- 
sible by 9, so IS the number (BOS 1923 ] 

If the number consists of one digit it must evidently be 9. 
Thus, the problem is true for a number of one digit 

If the number consists of two digits, let x and y be the 
■digits in the unit’s and ten’s place respectively 

.’. The number=10^+a;. 


How, 


10if+x _^^ , y+g. 

9 9 


Hence, the number is divisible by 9 if x+y is divisible by 
i e, if the sum of the digits is divisible by 9 

Proceeding similarly, the proof follows for a number with 
more digits 


EXERCISE 99. 

1. There is a certain number consisting of 3 digits which 
IS equal to 25 times the sum of the digits, and if 198 be added 
io the number, the digits wiU be reversed , also the sura of 
the extreme digits exceeds the middle digit by unity ; find 
■the number 

2. A shop-keeper, on account of bad book-keeping 
-knows neither the weight nor the pnme cost of a certain 
article which he purchased He only recollects that if he had 
sold the whole at 30? per Ih , he would have gained £5 by it, 
and if he had sold it at 22s per lb , he would have lost £15 by 
it What was the weight and prime cost of the article ? 

3. Two persons, A and B, played cards After a certain 
number of games, A had won half as much as he had at first 
and found that if he had 15 shillmgs more, he would have had 
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3 ust tliree times as much as B But B afterwards won 10 
shillings hack, and he had then twice as much as A. What 
had each at hrst^ 

4# A and B can do a piece of work together m 12 days,, 
which B working for 15 days and G for 30 would together 
complete , in 10 days they wo^d finish it, working all three 
together , in what time could they separately do it’ 

5# A has twice as many pennies as shillings ; B, who has 
8d more than A, has twice as many shillings as pennies , 
together they have one more penny than they have shillings 
How much has each ’ 

6. Two persons, A and B could finish a work in m days ; 
they worked together n days when A was called off, and B 
fimshed it in p days In what time could each do it ? 

7. A, B, 0 compare their fortunes, A says to B, ‘give 
me Rs 700 of your money, and I shall have twice as much as 
you retain’ , B says to C, ‘give me Rs 1400, and I shall have 
thnce as much as you have remaining’ , G says to A, ‘ give me 
Rs 420, and then I shall have five times as much as you 
retain ’ How much has each ’ 

8t A man walks 35 miles partly at the rate of 4 miles 
an hour, and partly at 5 , if he had walked at 5 miles an hour 
when he walked at 4, and vice vet sa, he would have covered 
two miles more in the same time Bind the time he was 
walking 

9. A train travelled a certain distance at a uniform rate. 
Had the speed been 6 miles an hour more, the journey would 
have occupied 4 hours less , and had the speed been 6 miles 
an hour less, the journey would have occupied 6 hours more. 
Bind the distance 

10. Two vessels contain mixtures of wine and water; m 
one there is three times as much wine aS water, in the other 
five times as much water as wine Bind how much must bo 
drawn off from each to fill a third vessel which holds seven 
gallons, in order that its contents may be half wine and hali 
water 

11. A number consists of 3 digits whose sum is 10 The 
middle digit is equal to the sum of the other two , 
number will be increased by 99 if its digite be reversed Bina 
the number 

12. A man has one pound’s worth of silver in half 
shillings and six-pences ; and he has in all 20 coins. R b 
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changed the six-penoes for pennies, and the shilhng or six- 
pences, he would have 73 coins How many corns of each 
kind has he ’ 

13 . A sum of money is divided equally among a certain 
number of persons ; if there had been four more, each would 
have received a shilhng less than he did , if there had been 
five fewer, each would have received two shilhngs more than 
he did , ^d the number of persons and what each received. 

14 :. There is a cistern, into which water is admitted by 
three cocks, two of which are exactly of the same dimensions. 
When they are all open, five-twelfths of the cistern is filled m 
four hours , and if one of the equal cocks is stopped, seven- 
ninths of the cistern is filled in ten hours and forty minutes, 
in how many hours would each cock fill the cistern 9 

15 . A person exchanged 12 bushels of wheat for 8 bushels 
of barley, and £3 16s , otfenng at the same time to sell a 
certain quantity of wheat for an equal quantity of barley, 
and £3 15s in money, or for £10 m money Required the 
prices of the wheat and barley per busbel 

16 . A wine-merohant has two* sorts of wine, one sort 
worth 2 shillings a quart, and the other worth 3s a quart ; 
from these he wants to make a mixture of 100 quarts worth 
2s 4d a quart How many quarts must he take from each 
sort 9 

17 . The rent of a farm is paid in certain fixed number of 
quarters of wheat and barley ; when wheat is at o5s. and 
barley at 33s per quarter, the portions of rent by wheat and 
barley are equal to one another , but when wheat is at 65s 

barley at 41s per quarter, the rent is increased by £7, 
What is the corn-rent ^ 

18 . A tram 60 yards long passed another *fcrain 72 yards 

long which was travelling in the same direcbon on a 
parallel line of rails, in 12 seconds Had the slower tram 
been travelhng half as fast again, it would have been passed 
in 24 seconds the rates at which the trains were 

travellmg 

A farmer with 28 bushels of barley at 2s Ad a 
bushel, would mix rye at 3s per bushel, and wheat at 4s per 
iT s® that the whole mixture may consist of 100 bushels, 
and be worth 3s Ad per bushel How many bushels of 
rye, and how many of wheat must he mix with the barley 

20. A person has £27 6s in guineas and cxown-pieces : 
out of which he pays a debt of £14 17s , and ^ds that he 
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has exactly as many guineas left as he has paid away crowns, 
and as many crowns as he has paid away guineas How 
many of each had he at first and how many of each had he 
left? 


21 . A waterman finds that he can row with the tide from 
A to a distance of 18 miles, in an hour and a half, and 
that to return from B to A against the same tide, though he 
TOWS back along the shore where the stream is only three- 
fifths as strong as in the middle, takes him just two hours and 
a quarter Find the rate at which the tide runs in the middle 
where.it is strongest 

22 . A and B run a mile First A gives B a start of U 
yards, and beats him by 51 seconds , at the second heat A 
gives B a start of 1 minute 15 seconds, and is beaten by 83 
yards Find the tunes m which A and B can run a mde 
separately. 

23 . A and B run a race round atwo-mile course In the 
first beat B reaches the winning post 2 minutes before A In 
the second heat A increases his speed by 2 miles an hour, and 
B diminishes his by the same quantity, and A then arrives 
at the winning post 2 minutes before B, Find at what rate 
each ran in the first heat 

24 . A railway tram running from London to Cambridge 
meets on the way with an accident, which causes it to 

diminish its speed to ~th of what it was before, and it is 

in consequence a hours late If the accident had happened 
b miles nearer Cambndge, the train would have been c hours 
late Find the rate of the train before the accident occurred 

25 * A lailway train after travelling for one hour, meets 
with an accident, which delays it one hour, after which it 
proceeds at ‘three-fifths of its former rate, and arrives at the 
terminus three hours behind time , had the accident opourreu 
50 miles further on, the tram would have arrived 1 hour i'J 
minutes sooner Required the length of the journey 

26 . If the difference between the sums of the odd an^ 

even digits of a number is zero or divisible by 11, th®_’^^']??Q i 
is divisible by 11. [BOS 1923 J 

27 . If the sum of the digits of a number is divisible by 3, 
so IS the number 



CHAPTER XXYin 
GRAPHS AND THEIR APPLICATIONS 


185. "We have explained m Chapters VH and XIX how 
alsebraic expressions can be represented graphically by 
points and lines 

We shall now give some illustrations of the way in which 
graphs may be used to solve algebraic equations and 
problems Graphical solutions are generally in the nature of 
approximation, but in many cases they are obtained more 
easily than the corresponding exact solutions by algebraic 
processes explained previously 

186. Graphical Solution o£ Equations. 

Example. Solve graphically 

2a;-7?^-i*12= 01 

-32 J 

Let us draw the graphs of the two equations 

We find that 

a;=-6l a;=ll are points on the graph 

y= OJ y~2] of the 1st equation ; 

whilst 

x= 01 a;=6i are points on the graph 

7/= 16j ’ of the 2nd equation. 

Hence, taking the length of a side of a small square as 
the unit of length, the two graphs are as shewn on the next 
page. 

Let P be the point where the two graphs intersect, P 
being common to the graphs, its co-ordinates iviU satisfy 
both the given equations. 

Now the co-ordinates of P are found to he 8 and 4. 

Hence, is the required solution. 
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Verification: Sabstaiuting a; =8 and 2/=4 m thegiven 
eq^uations, we have 

2aj- 72/+ 12=2x8-7x4+12=0, 

and 3a;+22/-32=3x8+2x4-32=0. 

Boiih the equations are satisfied when and y-L 



Example 2. Solve graphically 

AH that we have to do is to draw the graphs of the ex* 

pressions and and take the abscissa of the 

point common to the two graphs. 
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oiy= 


The graph 
2a:+12 


of the function - - y is the same as the graph 
i e , 2a;-7y+l2=0 , and graph of the functioa 


— 2 ~ ^ s™® as ^^at of y^^~, i e , 3a;+22^=32 

Drawing the graphs of 2a-T?/+12=*0 and 3x+2^«32 
(see example 1 abo?e), we find that the abscissa of the 
common point, P, of the graphs'* 8 

33=8 is the required solution. 


Example 3, Solve graphically m - 5 = 3 

Let us draw the graphs of the expressions 33-5 and 3 
The abscissa of the point common to the two graphs is the 
required solution 


Now, the graph of the expression a;~5 is the same as the 
graph of y>=x-6) and we find that 


£C= 0 

y- “5 


and 33=5 
?/=0 


are pomts on this graph 


Also, the graph of the expression 3 is the same as the 
^aph of tf =3, which is a straight line parallel to m-axis at a 
distance of 3 units from the ongin. 
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Hence, taking the length of a side of a small squpe as 
the unit of length the two graphs are as shown m the figure, 

Let P be the point where the two graphs intersect. We 
find that the abscissa of P“8 

, , £C = 8 IS the required solution. 

Example 4. Find the oo-oidinates of the vertices !)£ the 
triangles whose sides are given by the equations a?- 12=0, 
n;+^+3=0 and bx-y-2L=0, and calculate its area 
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We find that a? *= 0\ and a;® -121 are points on the graph 

6J of of a;-2^/+l3“0j 

whilst X- 01 and »= - 31 are points on the graph 
?/=-3l Oj 

and a- 41 and 6l are points on the graph 

ij=> ~'lj y== 4j of 

Hence, tabng the length of a side of a small square as the 
■unit of length, the straight lines PQ, QB and MP represen 
the graphs of the 1st, 2nd and drd equations respectively 
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We find from the diagram that the co-ordinates of th& 


vertex P are a? =6 


of Q, £c= - 6 \ and of B, £C= 


of Q,£C= -6') 

i/=9j y= 3J 


= 31 
= - 6 / 


Drawing lines parallel to the axes (as shown ur the dia- 
gram by dotted lines), we have 

APQE=the reot ^ABDJP-AQAB- AQBB- ABDF 
^ABxBD QBxBU PDxDP 


2 2 2 
^ ^ 2 

=180 - 36 -•^5^- “•^=81 units of area 
sample 5t !Find graphically the co-ordinates of the- 
vertices of the quadrilateral whose sides are a;+ 2 /- 10 = 0 ,. 
a;~y+10=0, a!+?/+10=0 and ic—y — 10=0 Prove that the* 
q.uadnlateral is a square and find its area 


■■■■■■■■■■■■■■^GiEimaBHHBBBBB 

■■■■■■■■■■■■■^■■^■bbbbbbbbbbbb 

BBgKBg aagggggBBBgaaM 

BBgBBBgggggggggBgggggggL 
ggSggggggggggBggggggSSggggggg 
BBBgBggggggggggggSSriBg 
BgBaBB8SSB»!»"""-»ggg 

■■■■■■■■■SSSSSSSSSSSSSSSSSSSSS 

gggggggggggggggggg gggggggggggg 

gggggggggggggggggggggggggggggg 
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We find that 


x= 30 1 anda;= 01 are points on the graph of 

y= Oj y= 10} aj+2/-10=0, 

x= 01 and£i;=-10l are points on the graph of 

y— 10 J y~ OJ a;-«/+10=0; 

x= 01 and a;= -10 1 are points on the graph of 

«/=-10J y- Oj x+y+10=0] 

■whilst 

x= 0 1 and x- 10 1 are points on the graph of 

y=-10} y= OJ x~y-10=0 

Hence, taking the side of the small square as the unit of 
lengthi the four graphs are represented by the straight lines 
PQ, QP, JRS and SF [See the diagram, page 397] 

We notice that the oo-oidmates of the vertices P, Qt 
and S are 


31=101 31= 01 31 = -101 , 3?= 01 , . 

A I’ in M rtf Hrtf respectively. 

y= OJ y==10jy= Oj «/=-10j 

It IS obvious from the diagram that OF=OQ=OJS—OS, 
•each being 10 units long and the diagonal PP is perp to QS 

Hence, it follows from geometry that the quadrilateral 
JPQRS is a square 

The area required = APQP+ APPP 

_PPxOp,PPx05f 
" 2 2 

^20xW_^20xig^200 units of area 


EXERCISE 100. 

Solve the following equations graphically 

1. x+y=0,Bx-2y=7. 2. 4 a 3 + 3 y= 13 , 3 a!+ 22 /=ll 

3, |+-|= 4 , 431 - 52 ^= 2 . 4. 7 /- 3 ;= 2 , 331 - 2^=5 

6. 6»-8!(=ll,2»-3a!+4=06. 

^ 2£c+7_33;-7 o 4a!-3_6®_^ 
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9, a-12=-3. 10. 5aj-13=7 


11. Find the vertices of the triangle whose sides are given 
by “ sc + 3?/ = 18, £C + 7«( = 22 and y + Sac - 26 and calculate its area 

12. Show that the straight lines 4sC'-2/=16, Sac -2^ =7 
and ao+2/=9 meet at a point Find its co-ordinates 


13. Find the vertices and the areas of the quadrilaterals 
whose sides are given by (i) sc+2/=3, “ -Ij 

andsc-?/+3=0, (ii) sc=l, ^=5, sc=12 andt/=10, (m) aJ=0 

3 '^ 6 ”^’ 8 ’^ 12 “^ 


14. Find the vertices and the areas of the tnangles whose 

sides are given by (i) £C-0, •^ + ^=1; (ii) 85-2=0, 

^-l=0,a5+?/=6, (m) ac-2?/+8=0, aj+?/+2=0,Ba;-«/-14=0. 

In each of the following examples, show by solving the 
equations that they are satisfied by the same values of x and y. 

Find these values and verify graphically; 

15. £c+?/= 2, a;=l,y=l 

16. 7a5+5y=24, a5+y=2, 2a;+^=9. 

17. 2®— «/=7, 2^-£c= 2, llac=9^ 


187. Application of Graphs to Problems. 

Example 1. Given that the pnce of a seer of nee is three 
annas, show that a graph in the foim of a straight line can be 
drawn such that if any pomt be taken on itj the abscissa of 
the point will represent the quantity of rice of which the 
pnce IS represented by the ordinate 

Determine from the graph (i) the pnce of 12 seers and 
(u) the number of seers that can be had for 27 annas 

In the figuie on the next page let the length of a side of 
a small square measured along OX represent one seer, and 
let an equal length measured along OY represent one anna 
Then the meaning of the figures along OX and OY is clear. 

Since, the pnce of a seer is 3 annas, the pnce of 8 seers 
must be 24 annas Clearly therefore P is a point such that 
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jts abscissa OM represents a quantity of wee of which the 
price IS represented, by the ordinate JPM 



Join OP and produce it Then this is the straight hue 
every point on which will satisfy a condition similar to that 
satisfied by P 

Q IS the point (10, 30} , consequently its abscissa represents 
a quantity of rice of which the price is represented by 
ordinate M is the point (3, 9 ) , its abscissa therefore repre- 
sents a quantity of nee of which the price is representea 
by its ordinate Similarly this is true of every point on 
the line OP. 
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Hence OP is the requiied straight line 

The giaph enables us to determine leadily the puce 
oi any given number of seers of rice Por instance, if the 
asbcissa be taken to be 12, the ordinate is immediately found 
to be 36 , thus we Imow that the pnce of 12 seers of nee is 
36 annas Similarly, for any other abscissa the coirespond- 
ing ordinate can be immediately found 

The graph also enables us to determine qmcMy the 
numbei of seers of nee that can be had for any given pnce 
Poi instance, if the ordinate is taken to be 27, the correspond- 
ing abscissa is immediately found to be 9, which shows that 
we can have 9 seers of iice for 27 annas 

Note The line OP is called the giaph of the pi ice of nee, or more 
simply the price-graph of nee 

Example 2. A person, named B, starting from a given 
place, travels at the rate of 5 miles an hour Show that a 
graph in the form of a straight line can be drawn such that 
if any point be taken on it, the abscissa of the point will 
represent the number of miles that B travels m the time 
lepresented by the ordinate 

Determine from the graph (i) the distance travelled in 
3 hours 24 rqinutes and fii) the time to travel 13 miles 

In the figure on the next page let the length of a side 
of a small square measured along OX represent one mile, 
and let an equal length measured along OY lepresent 12 
minutes Then the meaning of the figures along OX and OY 
IS clear 

Since B travels 5 miles in one hour, he travels 10 miles 
in 2 hours Clearly therefore P is a point such that its 
abscissa lepiesents the number of miles that the person 
travels in the time represented by its ordinate 

Tom OP and produce it Then this is the straight line 
every point on which will satisfy a condition similar to that 
satisfied by P 

Let Q be any point on the line Its abscissa represents 
6 miles and ordinate represents 1 houi 12 mmutes , but we 
knoiu that the person travels 6 miles m 1 hour 12 minutes 

Hence Q satisfies the condition mentioned above 

1—26 
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LetK be some other point on the line Its abscjss* 
lepresenls 20 nules and ordinate represents 4 hours , but ve 
know that the person travels 20 miles in 4 horns 

Hence, R also satisfies the proposed condition 

Similarly for any other point on the line 

Hence, OP is the required straight line 

The graph enables us to determine readily the time lo 
which B travels any given number of miles l^or instance, i 
the abscissa^ be t^en which represents 13 miles, j” 

ponding ordinate is immediately found to be 
represents 2 hours 36 minutes ; thus it is known that 
time taken by the person to travel 13 miles m 2 hours ■? 
minutes 

The graph also enables us to determine leadily 
numbei of miles that the person travels in any given n 
For instance, if the ordinate be taken which represen • 
hours 24 minutes the corresponding abscissa is 
found to be that which represents 17 miles ; thus it is 
that in 3 hours and 24 minutes the person travels It nine 

Note The line OP called the giaph of B’s motion, of the 
graph of B. 
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lixaBiple If one inch be equal in length to 25 oenti- 
aetres, show that a straight line can be drawn such that the 
ibscissa of any point on the hne will represent the number 
)f inches that are equivalent to the number of centimetres 
:epresented by the ordinate 

Determine from the graph (i) the numbei of centimetres 
n 10 inches and (ii) the numbei of inches in 16 centimetres 
In the figure below let the length of a side of a small 
^quaie measured along OX. represent one inchj and let an 
Bqual length measured along OY represent one centimetre 
Then the meaning of the figures along OX and OY is clear 
Since 1 inch=25 centimetres, we have 8 mohes =20 
centime ties Clearly therefore P is a point such that its 
abscissa represents the number of inches that are equivalent 
to the number of centimetres represented by its ordinate 


Join OP and pro- 
duce it Then this is 
the straight line every 
point on which will 
satisfy a condition 
similai to that satis- 
fied by P 

Let Q be any point 
on the line Its abs- 
cissa represents 12 
inches whilst its 
ordinate represents 30 
centimetres , but we 
know that these two 
are eqmvalent Hence 
Q satisfies the condi- 
tion above mentioned 

Let P be some 
other point on the 
Ime Its abscissa 
lepiesents 2 inches, 
whilst its ordmate re- 
presents 5 centime- 
tres , but we know 
that these two are 
equivalent Hence JR 
also satisfies the pi o- 
posed condition 



5 INCHES 


10 


IS x 
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Suiiilaily for any other point on the line Hence OF is 

the requiied stiaight line 

The graph enables us to deteinune leadily the number of 
ceiitunetees that aie equivalent to any given number of 
inches Foi instance, if the abscissa be taken which 
represents 10 inches, the conesponding oidinate is imme' 
diately found to be that winch lepresents 25 centimetres . 
thus it IS known that 10 inches are equivalent to 25 ceiib* 
metres • 

The graph also enables us to determine leadily tlie number 
of niches that are equivalent to any given number of 
centimeties for instance if the oidmate he taken winch 
represents 15 centimetres the corresponding abscissa is 
immediately found to be that which zepresents 6 inches , 
thus it IS known that 15 centimeties aie equivalent to 
6 inches 

Note The line OP ts called the graph for converting inches into 
centimetres and vice versa, or more briefly the converiion graph 
for inches and centimetres. 

Example 4. A and B aie two stations 30 rniles^^ apart. 
F starts fiom A and travels towaids B at the rate of 5 miles 

tin horn, at the end of 2 hourshe takesiestfoi onehour^ 

and then resumes his jouiney at the rate of 3 miles an hoiu. 
Q leaves B, 2 houis 40 minutes aftei P leaves and travels 
towards A, ivithout stoppage, at the late of 4 miles an bom. 
When and where will the two travelleis meet ? 

Let the length of a side of a small square measuied hori- 
zontally represent one mile, and let an equal length measurea 
vertically lepiesnt 10 minutes Then the meaning of the 
figures along the lines mtJie diagiam on tlie next page is 
cleai 

(i) P starts fiom A and tiavelling at the late of o miles 
an horn, completes 10 miles m 2 horns Hence if the pomt 
C be taken such that its co-oidmates respectively lepresent 
10 miles and 2 horns, AC is the giaph of P s motion for the 
fiisttwo hours 

The giaph for the 3rd houi must be such that the absmssa 
of any point on it may represent 10 miles, because P js 
supposed to be at rest throughout this houi Hence LiJ 
drawn! vertically to represent one hour as in the diagiao^ 
utH be the graph of P'fe rest 
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After the 3rd hour P travels at the rate of 3 miles an 
hour Hence if DJI be taken to lepiesent 6 miles and ME 



to represent 2 horns the stiaight line DE is the giaph of 
P’s motion aftei the 3rd hour 

Thus the broken line ACDE is the complete graph of P's 
motion 

(ii) Q starts fioniB, 2 horns 40 minutes after P leaves 
A Hence if BF be measured vertically to represent 2 hours 
40 minutes BF may be regarded as the graph of Q s rest 
atP 

AVhen Q leaves B, he moves towards A at the rate of 4 
miles an hour Hence if PN” be taken to represent 8 miles 
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and NG to represent 2 hours, the straight line FG \nll be 
^0 graph of Q’s motion 

(m) Let the two graphs intersect at H, and diaw SK 
peipendiculai to AB Produce FN to meet SK at 7 

hTow it IS clear that at the end of time HK, P will have 
gone a distance AK towaids B and Q will have gone a 
distance BK {i e , J’F) towaids A Hence they will meet at 
this instant Thus the required time of meetmg = that 
lepresented by SK =^ hours 40 minutes after the com- 
mencement of P’s motion 

Also, the distance of the place of meeting from A = that 
represented by AK = 18 miles 

Note 1 As HV repiesenfs 3 hours it is clear that P and Q meet af 
the end of 3 hours after Q starts from B 

Note 2 The hoiizontal line through L meets the graphs at the 
points S and T AL represents 4 hours 10 minutes and ST represent 
10~ miles, it is clear that at the end of 4 hours 10 minutes from the 
commencement of P's motion, P and Q are at a distance of 10^ miles 
from each other 

EXERCISE 101. 

1. If milk sells for 4 annas pei seer construct the 
price-graph of milk, giving the price of any quantity oi 
milk up to 5 seeis Prom the graph read off the puce ot 
‘d seers and 5 ohattacks of milk, and also the quantity ot 
milk that can be had foi 10 annas and 9 pies 

2. If Fazh mangoes be worth one rupee two annas 
a dozen, construct a pnce-giaph foi mangoes, giving the 
pnee of any number up to 30 Read off from the graph 
the puce of 17 mangoes and also the number of mangoes 
that can be had for Re 1 12 as 6 p 

3. If a man walks at the rate of 4 miles an houi com 

struct a graph of his motion Read off from the graph the 

time in which he travels 13 miles, and also the numbei oi 
mdes he travels in 4^ hours 

4:. If one cubit be equal to 1 5 feet, construct a coiivei' 
tion-graph for cubits and feet Read off from 
the number of feet that are equivalent to 5r cubits, a 
also the number of cubits that are equivalent to 63 - feet 

5 . A starts from a place and walks m a S^ven diiection 
at the rate of 3 mdes an hour ; B starts from -if 

place one hour later and moves in the same direcn 
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the rate of 5 miles an hour Draw the motion-graphs of 
A and and find when and where B overtakes A 

6. A and B aie two stations 20 miles apart P starts 
fiom A and travels towards B at the rate of 3 miles an hour , 
whilst Q starting from B travels towards A at the rate of 2 
miles an hour Construct the motion-graphs of P and Q, and 
find when and wheie they meet 

7 . Fifty articles of the same kind cost Rs 3 2 as 
Construct a graph fiom which you can read off the cost of 
any number of articles upto 50 Hence find the cost of 
19 ai tides, and the nulnbei of articles that you would get for 
Rs 2 7 as 

8. G-iven that 1 kilogramme =22 lbs , construct a graph 
which will enable you to read off the number of kilogrammes 
that are equivalent to any given number of lbs upto 15 lbs 
Read off the number of kilogrammes in 11 lbs 

9. A man travels for 3 houis at the late of 2 miles an 
hour, at the end of which he takes lest for an hour and a half, 
and then starts to walk at the rate of two miles and a half per 
hour Construct the graph of his motion 

10. A man starts from a place B to walk towards C at the 
late of 4 miles an hour After 3 houis he changes his mind 
and walks back towaids B at the rate of 3 miles an hour 
At the end of 2 hours again he suddenly changes his mind 
and begins to run towards C at the rate of 7 miles an houi 
Draw a graph of his motion 

11 . A, B and C are three stations in order on the same 
load, the distance between A and B being 6 miles Q starts 
from B at noon to walk towards 0 at the rate of 3 miles an 
hour, and at 1-30 P M P starts from J. to lun towards C at 
the rate of 6^ miles an hour Di aw giaphs of their motion, 
and find when and where P will overtake Q 

12. A man spends Rs 620 in 40 days Draw a graph to 
give his expenditure in any number of days Determine from 
the graph the amount spent in 28 days 

13 . At what time between 3 and 4 o’clock are the two 
hands of a watch together ^ 

14 . An income-tax of 5 pies per rupee is in force Draw 
a gi aph to show the tax on all incomes from Rs 3000 to 
Rs 5000 and determine the income corresponding to a tax of 
Rs 85 and the tax corresponding to an income of Rs 4350 

15 . The following table shows the timings of two trains, 
one an express fiom Calcutta to Ranaghat, and the other a 
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local from ^aihati to Calcutta Pind by graphical methods 

when and Avhere the trams meet, assuming that all runs are 
at constant speeds and that the local tram waits one minute 

at each station between ISaihati and Calcutta 


Distance porn 
Calcutta 


46 

Ranaghat 


24 

Naihati 

dep 

22 

Kakinara 


19 

Shamnagai 


17 

Ichhapur 

1 

15 

Palta 

j 

14 

Barrackpui 

ff 

13 

Tittagaili 


12 

Khardah 

ff 

10 

Sodepur 


9 

Agarpara 


8 

Belghurna 


5 

Dum-Dum 

f 


Calcutta 

?? 


17'5G 

16-24 

16-29 

16-86 

16-42 t 

16-45 

16-49 

16- 53 
r 16-57- 

17- 2 
17- 6 
17-11 
17-19 

17-31 16-42 

[B C S 19^21 


CHAPTER XXIX 

ELEMENTARY LAWS OF INDICES 

188. Deiinition. The pioduct of m factois each 
equal to a is represented by a’" [Art 10] 

Thus the meaning of a'” is clear when ni js a posiUvc 
'integei 


Index JLaw and the truths nece- 
ssarily following from it. 

Topiovethdta’''xo"=fl«-'', wheie j« and n are anj two 
positive integer^- 
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Since a!"=aaa 
and a''=aaaa 
a"‘x«’‘=(aa« 

• X (a a a ff 
= a aaa aa a 
=a“+” 

This lesult IS called the Index Law. 


to m factors 
to n factors 
to m factois) 
to n factors) 
to (m+n) factors 


Cor, I. fl”'Xa"Xfl^=fl”''''"+^, when in n and ^ aie positive 
integers 

For, a'” X a" = , a"‘ x a" x = a’"+" X oT = 

= a’"+’“^^ 

Hence, a’'‘Xa’' xa'’Xa®X :=a”'+"+i^9+ 


Thus, the pyoduct of any niinibei of poweis of a given 
quantity ts that poioe) of the quantity lohose index is equal to 
the sum of the indices of the factois 

Cor. 2. (a"')"=a’"'', when m and n aie any two positive 
integeis ' 

For, (a”)"=a’'*Xa’’'Xa’'‘X to i? factois 

=a™+"''^”"^ [byCoi 1] 

and == a™" 

Cor. 3. a”' -a" = a’""", when m and n are positive integers 
and m is greater than n 

Foi a’""" X a” = a^"“"’'^" [because m—n is a positive integer] 
=a”*, 

a"'-a’'=-a’"'’' 


190. Assuming the formula a’''xa’'«a'”+" to be 
true for all values of rtt and n, to find meanings 
for quantities with fractional or negative indices. 

(i) To find the meaning of a ® , when ju and g aie any two 
positive integeis 

Since a’"Xa"=a’’"^" foi all values of m and v, putting 


£ 

<1 


for each of them, we have 


JL Z, JL^IL 

a9Xa«=a'* 


A' 
a « 
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JL JL JL ?£, K 21L 

•SiniilarJy X«®=a*^, and so on 

JLE.IL 

Hence o^Xa^Xa^x tog factors 

* 

=aF 

Thus, IS equal to the g"' root of a!' and is, therelore, 
equivalent to 


y 1 

Cor. Hence a^= ija a^’ — Va, a* = tja , and so on 
Henerally, a” = 

X X 

Note. From the Index Law it is also easy to see that a » X o * 
E. JL 

y a s X top factors=n i. Thus as may as well be regarded as 

1 z. 

the /?"' power of a s~ ,ie, equivalent to {%jdy Thus a ® mag be in- 
terpreted either as the q^ root of the /?"' power of a, or as the jF' 
power oj the loot of a 


(^n) To find the meaning of a® 

Since a"*Xa"=a”''^ is true for all values of m and w 
jiutting m—0 we have 

fl0xa”=a'’'^'' = 01 * , 

Thus, any gmnhitj laised io the power zeio is equivaleni 
to 1 

(ill) To find the meaning of o“" where n is any positive 
integer 

Since fl”‘Xo"=»rt”'‘^" IS true for all values of and »/, putting 
? 7 ? - — n we have 


1 1 
. =~i,, and 0 "= 

a” a 

Cor. Hence a''’—a"=a”‘~” foi all values of in and n 
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Example 1. Find the value of 8 
8^ = (V8)®=2®=32 

5 

Example 2. Fmd the value of 4 “ 
-A 1 1 11 


Example 3. Multiply togethei 
s/a® a* t/a~^ and 


a 


The lequired piocluct=fl“ Xa* Xa ^Xa’’ 


5.3 5 I 


■^14 4 

* * 


> I q 

1 > • * o J q ■! 

=a ■ =a-^‘*=a'’ 


EXERCISE 102. 

Express the following avoiding fractional 01 negative 
indices 

1. aJ 2. 3. -S. 

X ■5 

4. X ®x3a “ 5. 8m“"Xm ^ 6. a; ^-8a ^ 

7. 8. Mx^-lf^ 

2m / f„ / 4 ft j Oft y 

9 . yja-‘y.^a? 10. 

Bxpiess the following avoiding radical signs and negative 
indices 


11. (^aj)' 

la. (*/«)'“ 

13. 

1 

Vx-^- 

14 ^ 

(=ya)-= 

16. Hx'-iVxV 

16. 


Find the value of 



17. 4~^ 

18. 8« 


19. 9^ 

20. 16'' 

21. 81“^ 


22- ^ 
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23. (125)"^ 24. (^)"- 25. 

26. Simplify — g,„-6,. — • [C U Entiaiice Papei 1874] 

191. To prove that (a”*)"«a’'‘'' is true for all 
values of m and n* 


(i) Let n be a positive miegei 
the value of m, we have 


Then, whatevei may be 
to n factois 

to n term 




mn 


(ii) Let n be a, positive fi action equal to wheie p and 
g are positive integers Then we have 

( n”')" := = y(a"' ) '' [Ait 190, (i) ] 

[by(i}] 

= a [Art 190, (i) ] 

(ill) Let « be aiM/ jicflraitvc quantity, equal to — ji, wheie 
p IS positive Then we have 

[Ai* ISO. 

= i [by(i)and(ii)l 

[Art 190 (ill)] 

Thus the pioposition is established 

192. To prove that a”b"-(abY for all values of ». 

(i) Let 11 be a positive iniege) Then we liave 
«”i’'=(cr a a to « factors) 

X (& & & to w factors) 

={ab at) ah to ii factois) 

=(«&)" 
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(n) Let 11 be a pQS^twe fi action equal to wheie p and 

tj; aie positive integeis Then putting a; foi «*&’*, we have 

JL JL f JL JL\^ 

x~a « 6 « , x^~\a « & « J 



[by (i) ] 

= X 

[Art 189] 

11 

[by (i) ] 

a;=(a&)9 ,te,a’‘6''= 

= (a6)" 

(ui) Let 11 be any negative quantity, 

equal to — p, wheie 

p is positive Then Ave have 


aV=a~^b-^ 


II 

[Alt 188, (m)l 

- .1 
{aby 

[by (i) and (ii) J 

~(ab)~^' 

[Art 188, (in) ] 

=(a&)" 


Thus the proposition is established 


Cor, 1 |;'==a”6-''-a"(6'' )” = («&-')" = 

(«■ 


Cor, 2. a”&”c”=’(ft&)"c''=(a&c)" , 

generally, ~[ahcd Y 

193. Applications of the results proTed in the 
last two articles. 

Example 1. Simplify ^ 

=a~®i> ^ 

Example 2. Simplify s/ai^'xVaF^ 

tJcT^ = (a" - 6)^ = (a~ ® X &^ = a ■ ^ 6 2' 

and ^ab~^~{ah~^)^=ia'^ x(&“'®)^=a^i>‘'^ 
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Hence, the given expression 

Example 3. Simplify ^ a^lr^c^ 

1 1 7 

=a2& -^c 
mid 

4 15 

=an 

Hence, the given expression 

1 \ -J. + -3 

=ft‘*6'3c **0^' 

'l -1- _ 7 _4 1, L 

=0,^1) '^c ^b'^c 

i_i _i+J -J L. 

=a^‘'& ® ** c 
=a^c~'^ =a^c~^ 

EXERCISE 103. 

Simplify 


1. 

(«--)“ 2. 

{a%^^ 

3. (ff'-rO ' 

4:. 

(<i“!i^)"' 6. 

i\/aWy 

6. {yxhr^) 

7. 

sf¥^' 

8. 

i 

9. 

y a;-V?X\/ 



10. 

{Sx^-27a-^f' 

11. 

(efe'-arn-*)"’ 
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12 . X ifcT^W^ 

13 . a 

14. 16. (^) -(p^) “ 

19^. Miscellaneous Examples. 

Example 1. Dmde a+b+c+Ha^^+Sc^l?^' by a^+b^+c“ 

Let us proceed by arranging the dividend and the divisoi 
according to descending powers of a 

a^+(&^+c®)\a+3a**&^ +Bci^P +(i+c) / +a^{2b^ — c^} 


a+a^(&®+c®) 


+ — Mc^+c^) 


a^{2b^~ + Sa** 6 ® + ( 6 + c) 

a^2.b^'- d- a®~( 2 &^+ — c^) 

a^{b^— bK^ + + (ft + c) 

--&®c^+c^+(&+ 1 ) 

Thus the 1 eqd quotient = a® + 2a^b^ - a^c® + — 6® c® + 

Note In multiplication as well as in division the ariangement of 
ihe expressions concerned accoidmg to ascending oi descending powers 
■of some common lettei should never he overlooked Suchairangements 
invariably give neatness to ihe lequued opeiations, if not always 
indispensable 

J L J- i L J -Li 

Example 2, Dmde a:+?(®+s®— 3a;®^®c‘-' byar®+v^+ 2 :“ 

i J i 

Putting a lor a;®, b foi ?/® and c for s®, we have 

a:+^/“ + 2 ^— 3a!^VV= a® + 6® + c® - Babe 

=(a + &+c)fa®+&®+C“-a6— &c— ca) 

= fa;® + + s®){{ a;^) ® + )® + (z — a;®^'® — 

, i J 12 - i i i J. i i i A 
=(t:®+ 7/® +c®)(a;® — a;^?/^ — -2®a;®^) 
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Hence, the required quotient 

2 11 L I J 1 1 1 

= £C'^ + 7 /’’ + 2 “ —x’^if^—y'^z^—z'^x^ 

=x^~x^ + {y^ - 7 /^i® + 


Example 3. Divide 

« «— 1 «— J M »t— 1 7i— J 2 1 

x^ +a^ x^ +a^ by X“ —a® X“ +fl“ 

11-2 «— J 

Let m=x^ andj?=fl^ 


Then 

and 


/ rt— 2 \ 2 «— 2 «“! 

m^ = {x^ ) =x^^- =x^ , 

/ \2 f n— 1\2 »«— I « 

Iwv =\a;® } —x- 


Sirailarly, 2>~ = and^"^ = a“ 


Hence, 


» W— 1 11—1 >1 

x^ +a~ x^ +a^ 

II— I «— 2 «— 2 «“J 

l2 _/,2 ~2 1 „2 


a;" a;" +a" 

_ jm^ +p^Y—m^p^ 

_ {m^+p^ + mp)['mr + — mp) 
m^—mp+p^ 
=m--^mp-\-p^ 

n*-l 7J— 2 /i-2 w-l 

=£C“ +£C“ -Va^ 

Example 4. Pmd the H C F of 

ft=+ 26 H(a+ 2 &) ^ and a^-b-+{a-b)^db 
The 1st expression 

= aHah^+'2aW-¥2b^ 

= d^(a^+ b^) + 26 ^(a^+ &^) 

= (d- + b^){d^+ 2 &H 

The 2nd expression =a-+a/db- bJdb - b“ 


=a“+a^b^-a^b“-b^ 

3 1 1 11 -1 
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Hence, since a^+2h- and a^ — h^ have no common factoi, 
the H C F leqiiired 

= + /s/o+ Jb 

Ejiample 5 . Simplify 

J 2 2 J. 

The mimeratoi =x+x^y^ 

!/■ 2 z. i r\ 

and tlie denominatoi = (x^ + iy^)^ 

= (x^+y^){ (a;^) ~ (a*" ) (?y^) + G/^) ^ 1 

= (x^+y^Jix^- x^y^-hi/^) 

1 

Hence, the given expiession= -j — -j 

aj^ + y^ 

Example 6 . Show that 

1 . 1.1 




1 +£c”*-”+a;’"-'’ +a;"“”*+a?’‘-'' 1 +a:''-"+ x^‘~^ 


:-l 


The 1st teiin='-^ 


x^ 


a;-"'(l+a;”‘-''+a:™'-'') 


X 


»n 


x-”^+x-'‘+x--' ’ 

X-” 


the2mlteim 


X 




.indth^ 3rd term = a;- 2 >(f+ ^i.-. i.+a)P-..) 


X 


r-P 


a;-^+a;“”+a;-'‘ 

Hence, the given expression 

ar"* " x~ 


+ — 
t li 


ar>‘ 


aj-’"+a;"’‘+a;-^’ aj-‘"+a;-"'+a;"^’ a;-''+a:-’"+a;-" 

.a;~’''+ar"+ai2’_i 
1 > ^ 


x-”'+x-''+x-‘’ 
1-27 
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Example 7. Solve the equation (a®+ 


Wehave a ® & *=1+^^, 

or 1 +(»&)“*=!+«" 

Hence, («&)“*= (a&)~" , a; =2 

Example 8. Solve a*a®"^^=a' (1)1 

(2)1 

[Calcutta University Entrance Papei 1879] 


From the 1st equation, we have 




x+y+l=7 

Fi om the 2nd equation, we have 

^2>J+I3x^5)^^2 0 

27y+3a;+5=20 

Now irom (3) and (4), we have 

x+y- 6=01 
and 3a;+2v~lo=0) 

Therefore, by cross multiplication 

X _ 7 / ^ 

-15+12 -18+15 2-3’ 


-3 -d 


Hence. 


a=3 and y-3 


Example 9, Ifa''=&“ show that 

fl=2&, show that 6=2 , 

Since a*'=6", 

* a = 6 , [exti acting the 6th loot of both sides ] 

TT / a\^ _a^ 

Hence, =“=-—=«' 

’ \ 6 / y~ a 

If a=26, from the given relation, ve have 
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Example 10. If aj=(a+ + + show 

that £ii®+36a;— 2a=0 

Putting m for a+ -s/a® + &®, and ?? foi a- we have 

ajS = 

— (mi^) + (w^) + 3 wi® ® (wi'* + ?7 ® ) 

= jji + « + 3 (nr^ + n^) 

=m+M + 3 (wn)^a: 

But m+?i=2a 

and {mnY={a^ — (a® + &®)r 

=C-& 3 )^=-&, 

£c®=2a— 3&a: £c®+36a;— 2cr=0 


EXERCISE m. 

Multiply 

1. a:®^+2jc^+3ic^+2a:^+lhy cc^— 2a;^+l 

2. +3ah^+Qb^ by fl^-3&^ 

3. + by + 

4. a: + 2?/^+ 32^ by aJ ~ 2?/ + 32^ 

5. cc“' +£C ^ij by — sc ^+7/~^ 

6. +1— (i ^ + by a^+1 +a”^ 

_ 2 22.11 11 J.J 111 

7. a3*+?y® by a;® +7/^+2^ 

8. fl"' + S&’' -2c'' by o’" - 3&" + 2c'' 

9 . a^+8a&+4aV+2o2&^'+32&^+16a4'^ by a^-2&^ 

10. ft^+o^aj’^+rc'^+o^a: ^+a^aj~^+a?ar® by 


^ 1 _i _a 1 _j 

tt^’+a^a; ■‘-a; a^a; ® 
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Dmde 

11. a;'^“-4a;®-2jc''+63C“£c- % £C^+2-4a;^ 

12 . 8+12x~'^ +2ar^ +2x~^ by ar--2a;‘'^+4 

13. xij~^+2x^y ^+B+2x ^ip-^x~^y by 

-i. 1 

jc'^+cc ^tj ^+y 

14. a^ — a^b+ab^~2a^b^ + h^ by a^—ab^+a^b—b“ 

16. 8ar''— 8it’‘+oa;®"-3a;~®’' by 5a;"— 3aJ"" 

16. Sx^+y '-z-i-Qx^i/^-z^ hy 2x^-\-y~^~‘Z^ 

L j? A ^ 3 i 

17. Show that x^+a^+x~a^ is divisible by x*-\-a^+x^a 

1>— 1 T»“l «— 1 11—1 

18. Multiply X- +fl^ by x^ —or 


19. Divide x“ ~v“ hj x^ +y‘ 


[C U Enti Paper, 18791 




1 

t)»+l 


20. Simphfy 

21. Divide 2x ^+3x* —7x^+x—2x^hy x^—2x ^ 

1 X -X 1 

22. Find the square of a;^ -x^y ’’ +y‘ 

23. Divide x^—a^ hyx^-a^ 

1 I i 

24. h^nd the square of cc*— 2a:‘^+a;'' 

1- _} _i J ^ 

25. Divide fla;“^+u“’a;+2 by a^a; ^-¥0 ‘‘a;“-l 


a- 

■b 

1 

1 

ai- 

1 “ 

a—h I 



1 


-I 


26. Simplifj'' 


on ct x^¥8y^ ,x^ -8xhi^¥8if^ 

27. Simplify — h¥~x y^r '5.* 

x^-8y^ a:*'*'+3a;^V**+9//'* 


28. Simplifj” 


A t J 4 
O" —ax^^a^x—x^ 


J -a^x^¥ 8a^x- 8ax^ +a^x^-sc^ 


5' 
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29. 


Simplify 


a^ + b^-a (a— fl 6 

a^h^-a--h-- ah->rorH~^ 


30. 


Simplify 


X 1 

x-y x^+v^ 

> i 1 JL i 1 J * 

x^+x^y* x-1/* +x*y' 


31. Simplify 

(a + 6 + c)(a“^ + &~^ + c~^ ) - a"’ h~^ c~^{b+ c)(c+ a){a + b) 


Solve 


32. 

9®^ 7 ^ 2 

33. 


= {3/3)2.-l 

31. 

(^4)4r+7, 




35. 


=(^125)*^® 



36. 

23X-I = 4 ./ 

37. 

g 2 -c— 3 

=(^/3P" 


Sx—y^l 

J 

23® 

=4" 

38. 

43j/-i=ie^n 39, 


=8“+--M 


— 02 : 

c+3 J 

53 "+- 

-=25=^* f 




S^2’e+2s+y 

— QSx+y \ 

4:0. 

1 Jar" 


1 



{xjbr--'- 





ii/O" 


) 



CHAPTER XXX 
ELEMENTARY SURDS 

195. Definition. Any loot of any aiithmetical nunibei 
which cannot he exactly found is called a surd or an irratio- 
nal quantity. Thus ij2, sJQ, yi and aie all suids 

Note Quantities which are not sards aie called rational quanti~ 
ties Hence, every loot of an aiithmetical niimbei is eithei rational 
oi irrational Thus ^8, and ijje aie rational quantities, 
whilst a/2, XIo and ^IQ ai e all irrational quantities 
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^ ajgebiaical expression also, such asjx is called a surd, 
although the value of x may be such that Ijx is not m reahiy 
a surd Por instance ifa:=4, >Jx— jj4:~2 and is therefore 
not really a surd 

To express in the form of a surd the 
product of a rational Quantity and a surd* 

Example 1. 5^/3= x 3^ 

=^( 52 x 3 )^ [Art 192] 

= J% 

Example 2. 2^9 =( 23 )^'' 

= ( 22 x 9 )^ [Art 190] 


EXERCISE 105. 

Expiess as a complete surd 

3 Vo 2. 2^8 3. 2y6 4. iVo 

5- aVb 6. cc^Vz/ 7. 


sometimes be expressed as 
the product of a rational quantity and a surd. 

Example 1. 

=(4^x2)^ 


=( 42 )'^ X2^ [Alt 192] 

=4x2^=4V2 

Example 2. 


=(2®x5p 

= (2^pxo3 

=2xo’*s=2Vo 


[Art 192] 
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EXERCISE 106. 

Simplify 

I. v/l8 2. V80 3. V250 

4. 5. V305 6. 

7. ^6 8. 9. 

10. V^^2560 11. V-l92a®F' 12. 

198. Similar Surds. Two or moie surds are said to 
oe similai when they can '^so redi^d as to have the same 
irrational factoi Thus /45 and JSO aie similar surds for 
they are respectively equivalent to 3»y5 and 4/^/5 The sum 
of any numhei of similar surds may he found as follows 

Example 1. JW+ ^/27 

=> V 9 ^= 7 n/ 3 + 3 ^/ 3 = 10 v /3 

Example 2. 

=* Vl25x5- ^27^5+^^ 

= VE^~ VFX5+ ^2^ 

= 0 Vo - 3 V5+ 2 Vo = 4Vo. 

EXERCISE 107. 

Simplify 

1. J\2+J% 2. V^8+^^ 3. V^+Vl80 

4. V98-V50 5. tra-VM 6. V80+V405 

7. 8. 2^/^-^/’^^-^/T2 

9. 2VM-3Vi^+ V® 10. 4Vl^“-4S^+2V^ 

II. 3V40+2V^-4V320 

12 . 51 /'^- 2 V^+ 4 V 686 


13. V45a3®+ \/80a!®+ 

14. xl/x^a+ ijy-8y^a-zl/-^1z^a. 

16. 2V3^+3V5l2a^-4aVi6^ 

199. Surds of tlie same order. Surds aie said to 
he of the same oi dc) oi eqtm adical when they have all got the 
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same root symbol Thus a/ 5, and {a+x)~ aie all suids 
of the same {viz the second) oidei 

A smd of the second oidei is often called_n quadratic 
surd ; whilst one of the thud order, IJA oi called a 

cubic surd. 

Surds of dilfeient oiders may be leduced to equivalent 
suids of the same ordei 

Example 1. Reduce Jb and l/i to surds of the same oidei 

The given surds aie respectively of the 2iid and Bid 
orders , and the L 0 M of 2 and 3 is 6 Hence, we can at 
once reduce them to surds of the 6tli oidei, thus 

^4 = 4-^ =4'^ ^47^^15 

Thus the lequired surds aie ^/5S5 and ViG 

C* 

Example 2> Reduce ^3 and 1/2 to suids of the same oidoi 
The L G M of 6 and 8 is 2d 

Thus we have Vd= 3'^ = 3^^^ = V3^ = " V® , 
and 

Thus the requiied surds are and “ 

Example 3. Which is the greater i/d 01 

We have \td = 9''^= 

and V^=20'^=20T= = ^^20^‘==-^y8000 

Thu s the g iven surds aie lospectively equivalent to 
^^6561 and ^?,/8000,3nd as the lattei is gieatoi than the 
f 01 mei, therefore V20> X'd 

EXERCISE 108 . 

Reduce to surds of the same oidei 

1 , JS and lj 2 2* Vd and V'o 

4, y3 and 1/6 6. s/d and ®/f) 


3. 112 And V’’ 
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Which IS the gieatei 

6. ^/2 01 ^3 9 7. XIS 01 V-i 8* oi t/lO^ 

Aiiange accoidmg to descending oidei of magnitude 
9. t/6 -s/2and^4 10. ^8, ^and'V2o 

200. Multiplication and Division of Surds. 

Example 1. V6x^T0= 6”’xlo’^ 

={6xl0)‘^=^ 

Note In thts example the qioen suids aie of the same oidei 

Example 2. x ^8 = 5^ x 8^ = 5^^^ x 8’”- 

= fe®y^x(80'^ [Alt 191] 

= (5®x82y^ [Alt 192] 

Note In this example the given suids aie of different oidei s 

Example 3 V2x^'2=2'^"x2’‘ 

= 2 ’^ =2T“ = '^2« = ^V^6 

Note In this example the given siiids have got the same quantitg 
iindei the ladical sign They may as well be regal ded as suids of 
diffeient ordeis and heated like those in the last example 

Example 4 . 4 ^/I8 x ^75 

=4372x5>s/3=60^/2 v/3=60^/6 

Note In this example the given suids have been lediiced to simplei 
foiins befoie multiplication 

Example 5. 1/4 - ^/6 = 4^ -6^= 4"^ - - 6 ^ ^ • 
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( 

{ Ooi 1, Alt 192] 

^72 

'^V27* 

Example 6. Expiess ^/S—S a/3 as a fraction with a rational 
denoininatoi 

We have V5-3V3=3-J=gftJ 

"3x3 9 

Note Foi At lihmetical calculations it is alioays most convenient to 
reduce the quotient of one said by anothei to the foim of a fiacUoit 
with a lational denominatoi Hence, even when the numeiical value of 
a surd fraction is not leqiiiied it is usual to expiess it in the above foiin 


EXERCISE 109. 

Sini])lify 


1. 

a/5x VtO 

2. 

\/8 X ^6 

3. 

a^7X a/3 

4:. 

a/ISXa/G 

5. 

/s^X M 

6. 


7. 

^6flaiX 

8. 

^2x^/6 

9. 

^2x1^6 

10. 

V4xV8 

11. 

V9x^7 

12. 

^2x^3 

13. 

ySx V3 

U. 

»/2xV2 

15. 

V4X^4 

16. 

5^8x2 ^/6 

17. 



18. 

4V^x5^76 

19. 

^5^27& 


20. 

8\/i0-^4v/l5 

21. 

3^/i§-6^^. 


22. 


23. 

V8-^6 



Given a/ 2 =1414, *y3 

=1732, A/5= 223f 

>, find 

to 3 places ol 

decimals the numeiical value 1 

of 



24:. 

^/2-*/6 

25. 


26. 


27. 

10 
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201* Compound Surds. An expiession consisting 
of two or more simple surds connected by the sign + oi- iS 
called a compound surd. Thus, 5 a/2 and 4 a/3 are simple 
surds, but 5 V2+4 A^S and 5 are compound surds 

Two or more compound surds are multiplied togethei in 
the same way as two or more compound algebraical expres- 
sions 

Example 1. Multiply A/a;+2A/3by Jx— iJS 

(3^/£c+2v/3)( Va:- V3)=3^/a; ^/a:+2^/3 sfx-^^x V3-2^/3 v/3 

=‘3£C+2 fMx—S iJ§x—Q=dX’- iJ^x—Q 
Example 2. Multiply 7 2+ a/3 by 7 a/2- a/3 

(7 a/2+ a/3)(7 a/2- a/3)=(7a/2)=-( a/3)2 

=492-3= 98- 3=95 

Example 3, Find the squaie of sjBa+x+ a/ 3ft -a 

( fJZa+x+ s/Ba—xy 

“( /s/3ft+a;)^ + ( A/3ft— a:)®+2 jBa+x jBa—x 
= (3ft+ic)+(3fl-a;)+2A/9a2-jc2 
= 6ft+2A/9ft* —as® 


EXERCISE 110. 


Multiply 

1 . \fa+ Jbhy Jab 2 . ija+ Jbhy sja— tjb 

3. S\/a"6hy 2^/a 4. •Iijx+Bfjyhy4:ijx—B sjy. 

5. 2A/aj— 5+4 by 3 a/sc-S— 6 

6. 3A/5-4A/2by2A/5+3A/2 

7. a/2+2a/3+ a/ 7 by ^2+2 JB- 

8. 3— a/3+ a/8 by 3— a/5— a/8 

9. A/n+ a/6- a/ 3 by a/H- a/6+ a/3 

10. Vl+?/9+V48by V2+1/3 
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l^incl the sqiiaie of 

ll» »Jx—(t 12» 

13. 2sJ6+SJ7 14, ^/PTW~ Ja^2P 

15. ^ Jx~+ij^+b Jx^ —y^ 

202. Rationalisation. Tf two suids be such that 
then pioduct is lational, each of them is said to be lation* 
aJised when multiplied by the othei Thus 2^/5 and 
ij‘6 + aie rationalised when lespectively multiplied bA 
/Jo cincl \/3“ ij2 

foi 2V5 x^5=10, 

and (V8+ V2)(^/3- ^/2)=3-'2=>l 

Two binomial quadratic suids which diffei only in the 
Sign winch connects then teims aie said to be conjugate 
or complementary to each other Thus sl2 and 
respectively mijnfjaic (oi compkmenim y) io 
VO — ^2 and 2*75+ fj7 

Evidently theiefoie every binomial quadiatic suid is 
lationalised when multiplied by the complementary suid 

Hence, a fi action with a binomial quadiatic suid foi its 
cienominatoi can be easily i educed to an equivaJent fraction 
with a lational denominatoi 


Example 1. Given Ay2=1414 find to tliiee places of 
decimals the value ot * 

jm+2j2 ) 

(3-2^2X3+23) 

_3+33+23+d 

~ 9-8 


=7+5s/2 
=7+5x1414 
=7+7070=14 070 


Example 2. Rationalise the denominatoi of 
fjl+x~— >Jl~X“ 
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ibe pveii expression 


"Ui-r-T— vl-xV sa-ra=- s^l-cr^ 
_>'l— a”'— '1— x"j— 2 v‘l— x" 

(l-x=>-d-.r=« 

_ 2— 2 v'l— y 1— Ul— a*^ 

" 2.T- " .r= 

feampleS SimpIA- 

Tne denoimiiatoi =5.^/d— 2x2,^?3— 4s^2-r5v'2 

= 10 
— \ O V — 

3— 'd 

Hence, the given fivciion = 

_ i3-s6\^<3-s^2j 
« v'dd- s'2H ^/3- ^^21 

_3^>3-^3v2-3^2-2^/3 


3-2 


_ '■' 
= VO 


Sample 4. 

Tne Isr term 


3U2 

^6 Jb! J2-l> 

v^3 1- ^^2) 

s/2-rl is2-lVs2-li' 

The 2nd term 


1 

_ 2^/6 _ 2^'6u/3-1^ 

s2\3-li 

s^3-J-l l\/3-M'. ^3-1^ 



The on3 term 


_ 

_ ^^3^vd-^2> 

^•'2- y/S 

U'a- V2'i^'3-^2i 


Hence the ^ven expression 

=«2^f3- v6'-i3^^2- v^6‘-^i3v'2-2v'3'» 

= 0 . 
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EXERCISE 111. 


Reduce to an equivalent fraction n ith a rational deno- 
minator . 


4^/3+2V7 


o 3v5+2y3 4+3s/2 

8/72 •'2^/3 3-2/2' 




6 . 


3 75d~ y/B 
75-^ 

7cc^Ti+ 


^5. 

7. 


/a-fjg+Ja-a: 
Ja+x- fja-sc 




Given 72=1414 J3=1732 75=2 236. find to thiee 
places of decimals the value of 


8. 

72+1 

v/2-r 

9. 

s/3 

3-^/3• 

10. 

8-572 

3-272' 

11 

3 

19 

3+ JT 

1^ 

75+ s/3 

XJLa 

76-72 

JLw. 

3-75' 

AO« 

4+ 71 ^ 

Simplify 





14. 

^ - + 

a!+ 7x®-l a?- 

— 

'/a;®- 

1' 




<{• 

7l0+ 720+ 740“ 75- /T^’ 

72(73+l)(2“73) . 
f72-i)l373“5)(2+72) 

0+V2rHP-27r 

19, 

jc-f Jo*”! 

20 7^^+l+ 7ag^— 1 sfx^-j-l- Jx^~l . 

7a;®+l~ 7a:^Tr+ 75^"! 

Rationalise the denominator of • 

1 1 

ww 

203. The square root of a rational quantity 
can not he partly rational and partly a quadratic 
snrd. 
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If p 0 ssible let ^Jn=a^- ij m 

Then, squaring both sides, we must have 
n=a^+m+2a fjm, 


whence, 


^/m= 


11— a —m 


Thus a surd is equal to a rational quantity, which is im- 
possible 


204. If fl-j- ^/6=Jc+ VjVj where a and x are ra- 
tional} and ^jb and ^Jy are irrational} then will 
a=xa.n6. b=^y. 


For if a be not equal to x, let a=x+m , 
then we have 0!+m+ •/&=££+ Jy, 

m+ ijb= Jy 


Thus *Jy IS paitly rational and paitly a quadratic surd, 
which IS impossible by the last article 

Therefore a=x, and consequently tjb= \fy, or &=?y 


Note It should be distinctly home in mind that the results pioved 
above aie tiue only when Jb and Jy are really ii rational Foi ins- 
tance, from the lelation 5+ J9= 9+ we cannot conclude that 5=3 
and 9=23 


205. To find the square root of ^Jb, where 
^b is a surd. 

Let Ja+ ^/6= ijx+ Jy 

Then, squaring both sides, we have 

a+ v/&=‘3J+?/+2»/jc7/ 

Hence, by the last article, 

and (1) 

Hence, a® — &=(»+?/)"— 4a!?/ 

= (x-yy, 

tja^-b^x-y 

Thus we have x+y—a 7 

and x—y—i^a^—b} 

Hence, by addition and subti action, 

2a!=fl+ Ja^—b, and 2y=a— \la- — b, 
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Thus, y a+ ^b^ 

Note . Fiom the values of \ and y found above it is clear that unless 
ija"-^b IS rational the squaie loot obtained is by fai moie complicated 
than the oiiginal expression Thus the process given above is of no 
gieat practical value except when a^ — b is a perfect squaie 

Cor. Prom (1), we ha ve a - = £c + ^ - 2 <7 ^ 

) 

•Jo,- Jb= Jx- Jy 

Thus li ‘Ja+ Jb^^ fjx+ tjy, then will 

fJo— tjb= /Jx— Jy, 

Example 1. Pmd the square loot of 7+2 VlO 
Let ij7+2ijl0= Jx+ ijy 

Then squaiing both sides, 

7+2VIO=a:+v+2Ay^/ 

Hence x-\-y=7 1 

and a;?/=10/ 

_ These lelations aie evidently satisfied by the lumibers 
0 and 2 


Hence the lequiied root= \/o+ /J^ 
Example 2 . hhnd the squaie loot of 19 — 8 /s /3 
^/i9^^^=/v/a;-/s/y 
Then 13— 8/s/3— £C+?/— 2 /s/aji/ 


Hence, 


'»'W/=19 

2Jxy—8jS, 01 xij-^ 


How, (1) and (2) are obviously satisfied by the mimbers 

16 and 3 


Hence, the reqmied root= /s/IB- s/3=4- >/3 

Example 3. Pmd the squai e i oot of 16 - i ^/7 
Let JlQ-b J7= sjx— sjy 

Then 16~5y7=a:+;/~2^^// 
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Therefore, {ic+?/=16 1 

and 

Hpnce, {^-yY-^ioa-^yY-^y 

*(16)2-(5V7)‘*=256-175=81 , 
. a;~?/=9. 

Thus ■\re have a;+«/=16\ 
and x—y== 9| 

Hence, x = and y-i 
Thus the required root= a/^— a/I 

Example 4. Find the square root of \/§7+ 
a^+^I5=3a/3+V3 a/S 

Hence, a/ a/27+ s}q. 

Now, proceeding as in the last example, we find that 
Ay3+ a/ 5= Ayi+ a/I 

Therefore V ^27 + v/15 = d aTD 


Example 5. Find the value of 
1 + 05 . 1-05 


1+ a/I+o; 
We have 


1'-' *71-05 


> when 








Hence the given expression 

= ^(2+ 73) . 1(2- a/3) _2+ ^3_^2- a/3 

l+i(Ay3+l) l-i( a/3-1) 3+V3'^3-a/3 

_(2+ a/3)(3- J3)+(2- a/3)(3+ a/3) 

(3+ a/3}{3- a/3) 

_(6+ a/3-3)+{6- a/3-3)_ 6 

9-3 -6“-^ 


1-28 
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Example 6, Pind the value of 


H(v/-f V-i)' 


_ 2aVi+a;‘=(a;- Jl+x^ ) 
sc+Vl+a!® x^-{l+x^) 

«-2aa;^/l+^c2+2a(^+^c2) 


IToav, since fl;= 






••• yi+iK*-;-®) 

Hence, the required value 

■'■7+2) 

7)=“+*’ 


EXERCISE 112, 

Pind the square root of 


1. 4-2V3 
4. 8+2/v/l5 
7. 21-8^5 
10. 37-20^/3 
13. 47+4a/ 33 
16. ^/I8- >s/l6 
19. 6^/5+^/i20 


8. 7+4^y3 
6. 14-6^/6 
8. 17+12^/2 
11. 31+4 /ii^1 

14. 4-V7 
17 . fj^ — 


11-6^2 
8. 28+10^/3 
9* 41+12^5 
12. 73-12^/35 
15* G-v'SS 
18- -^y^+V24. 
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an o If 2+ \/3 , 2"“ ;^3 

2®- SimpHy 

21. Knd the value oifA^+ 5 ^i^,whena;=f. 

22. !Find the value of when a: “ . 

rja+x— »Ja~-x o^ + l 

Find the squaie root of 

23. a^+2x^a^~x^ 24. 2a+2jW^ 

25. a+x+ fj2ax+x^ 26. 2a;-l+2^/a;2-a;-6 

27. !K>+y'i'Z+2 ijxz+yz 

206. Equations involving Surds. 

Example 1. Solve Jx+U= a/x+2 

Squaring both sides, we have 

a;+12=aj+4+4/»ya: 

Hence, iJx=S, 

or, iJx-2 , a;=4 

Example 2. Solve 2(a;+2)=l+ V^^+9a:+14 

[0 U Entr Paper, 1877 ] 

By transposition, we have 

2a;+3= */4a;2+9a:+14 

Squaring both sides, 

4a:® + 12a; + 9 = 4a;^ + 9ic + 14, 
or, 3a;=5, £C==| 

Example 3. Solve Va;+6+ ijx-b=ll 

By transposition, ViC+6=ll'' Jx-b. 

Squaring both sides, a;+ 6 = 121 - 22 ^x - 5 + " 5) 

22 Jx-b = 110, [by transp osition] 

or, Jx-^-^ , 

a; -5=25, . a;=30 
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Example 4. 'Solve Va/^+lla;^20“ \/£c^+5a;-l-3 

[0 U Entr jPaper, 1881.} 

By tiansposition, 

7a!^+lla;+20=3+ Jx^+hx-l 


Squarmg both, sides, 

x } + llic + 20 -9 + (a:2 4 - 5a; - 1) + 6 

or, 6a;+ 12 =6 + 5a; - 1, 

or, a:+2= hjx^-\-bx-l , 

. a;^4-4a;+4®=a;^+5a;-l, whence a? == 5 

Samples. Solve 

Since Sa* - 1 = ( + 1)( ijbx - l)i 


Hence, from the given equation, we have 


or, i^Bx- 1)(1 - i) *= 1, [by transposition, J 

or, — «1, 

or, ^/^-l=2, 

, 0 T, >7^=3, / 3a;.=f9; x-B. 

^iEx^ple 6. Solve Va^+yaPx==b 
Since {ya^x+Va^Y 

- (a + a;) + (fl - a;) + 3^a'2::^{ 

~2a+Bya? -x^ &, 

, therefore, cubing bqth sides of the equation, we have 
,or, =h->-ia, .. = 
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x^-a^ 




Exa3ibpl6 7. 


a , , £c~8 , £i 4-26 4a;-5 

V^+5 V4aJ-r+2- 


flg-8 _(a;-8)(_^+Jj^) 


A/as+l'B 

(a;+l)-9 

a; “26 

_(a;“26)( ^/^l-5y 

is/x" 1+5 

(a}-l)-25 ’ 

4a3-5'v 

_{4a!-5)(-s/4£C“l^-3) 

Ay4a;-1 1 3 

{4«“l)-4' 


" a/jc+I+S , 
T /s/^- 5 ;* 
- \^ 4 £c- 1“2 


i'^nce, fif6]li’ the giv^n' equa'lliori', we ha^e i 

' (\/£^+ 1 + 3 )+(/s/xij- 1 - 5 )'= a/ 4 £C- 1 " 2 , 

or, Vi+l!+ Jx-l^ V4a?"l» 

(aj+l)+(a;-rl)+2.*{/^nri=^4a;-l, 

01, 2vy»2-l=‘2a;-l, 

or, 4(fl;2 - 1) = 4a;** - 4aJ+ 1) 

6r, ^ 4a;=5 , * a;=f. 

8. Solve V2S^+ ^/2^c2-9=9+3’^/7. 

We haVe, foi^ dll values of a?, 

(2a;^+9)-(2a;2-9)=18, ‘ 

a)rid heA'ce, iJhis relation is als6 tru4 for the partiiculai' value' 
'v^hich X ha's iri the given eghaiiion' 


Therefore, the re4'uired ialu^ of x will also satisfy the 
Equation 


(2a:2+9)-f2.r2-9) ^ 18 
y/2x^+2+ 9+3^7’ 

6r, 
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Adding together the given equation and this, we have 

2v/2ira = 18, 

or, s/2£cH9=9, 

2a;2+9=81, 

a!^=36, 01=6 


EXERCISE 113. 

Solve the following equations 


1 . 

3! 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 

18. 

19. 

21. 

22 . 

23. 

21 . 

26. 


2. A/3a:+16= Ay3a;+2 

ijx 1, ^/3x“4= ^/3a;+4 

JEx+TO^ \/bx+2 6# Va:-16+ /s/a;®=8 

A,/&r9+ ^/2a;=9 8. ,^ 3 ;+ 11 - /yaJ=l 

/j8x+‘6b’~^—2 aJ^x 10. {c+ ij2ax-¥x^~a 

~ 1) 12. a/co— 4+3= Vic+ll* 

\/a;-5=6- Jx-Vl 14. ^^+9— a/jc+2=1 

fj6x+X— »j6x~\l~^ 16. A/5a;+6+ a/5x-14:~10^ 

n/ 7^4+ V7^2=8 
V^^-Sos+S— ^/a^2-ac+l=l 

Va+l 2 7^1 4 + -—. 

[C U Entr Paper, 1885]' 

-1 

tjax-^h c 

tjia^x— Ja+x-'2'tJx-2a 

7^+13=-^^. 

^/^= 
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2 ’- 88 . 0 ,=! 

29* /yjc+ ^/8— Aya;^+8a;=2/y/2 

30. hJl-x-\- 1JI-X+ sjl+x— hjl^x 

31. ^ fJa‘\'X-\‘^ J (i-Vx=^tJ^ 

a X 0 

32. V»+8="VicH64a;+36 

33. (H-a;)^+(l-ic)^=2^ [C U Entr Paper 1885] 

34. {a+x)^+{a-xy^Bia^-x^)^ 

* 5 . 

QR a;-47 a;-19 _ 4a; -124 

/y«+2-7 sfs^-l V^3-ll' 

37 2a; -49 18g;+22 _ 8a;+191 

is/2a;+l5— 8 /v/l8a:+31+3 2/v/2a;+64“5 

38. a;= s/a^+XiJh^+x^ — a 

39. A/a^=4+ v'Si 

40. i^da;2 + 16 - ^/3a;2 - 16= 8 - 4 a/2 


CHAPTER XXXI 

EVOLUTION; SQUARE AND CUBE ROOTS. 

207. Evolution. The process of finding the roots of 
quantities is called Evolution. 

Thus, evolution is the inverse of Involution [Art 127 ] 

208. The ordinary method of finding the 
square root of a compound algebraical expres- 
sion. Prom our previous knowledge of formulje the follow- 
ing lesults are obvious 
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“ {a+h)^=‘a^+{2a-¥h)h , 
la+ b+ c)^=a^ + (2ft + h)b+ (2ft+^6+ c)c , 

■(■ft+ &+ c+ = ftU &) 6 + (^a+ 2J+ c)c ' 

+ (2ft+2&+2c+d!)dI; 

and so on 

Clearly therefore we must have 

+ &aj+ c)2 = +{2ax^ + 6a3)&a;+ (2fta;2 +ihx+ c)e, and 
this latter, when ari*anged according to the descfending Jiow- 
'ers oi m,=ft^ftj*+2(i&a;®+{6^+2ftc)a?^+2&ca;+c^ 

' Now if*it is proposed to find the squdre root of tli'e dbove 
'exj^j^esSion, let lis See i^hat medhs we hdve of dis'coVering 
successively the several terms of the root, 

The first term 'of the root, viz, ax^, iS evideiitly the 
square root of th'e first term of the given exjiression iVhich 
is a^x ^ ; 

if we Subtract a^x^ front the given exjiression, the le- 
mainder is {(2ax^ 'i-bx)bx+{2ax^+2bx+c)c}, in which the term 
containing the highest j^ower of x=^ax^xbX, tc,= twice the 
first term of the root into the second term ; this enables lis 
to get th'e s'econd term after having obtained the first, 

if now frord the above remam^ei we subtract (2fta:2 + lx) 
x&ar, the s'econd itemainder is (2fta;2 + 26a;+c)r, m which the 
term containing the highest power of x^2ax^xc, le, 
= twice the first terni of the root into the third ; this shows 
how to get the 3rd terni After havirig obtained thfe 1st 
and 2nd 

Thus we are furnished with a clue for successively iis- 
'covering the terms of the expression ajc^+ids+c wheii itg 
s'quareis given 

The operation may Be performed as follows 

ft^a;^ + 2abx^ + (6^ + 2ftc)a;* + 2bcx fax^+bx+c 

a^x^ V ^ 

2ftas^ + bx\2abx^ + {b^ + 2flcla!^ + ^bcx+ a? 

rlahx^ + b^x^ 

2ox2 + 2bx+ c\ 2acx^ + 2bcx+ 

/ 2acx^ +2bcx+ . 

(1) Piiid tlie Square rdot of ft^a;^, the firiSt" terni of the 
pioposed expression, and Set it down aS the first teim of the 
required root , 
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(2) subtract from the pven exjJression, dnd briUg 
'down the reniainder 2ahx^ + (b^ + 2dc)x^ + 2bcx + f 

(3) set down 2flr®®, i e , twice the 1st term of tlie rpot, oii 
the left of the above remairider AS thfe firSt teritt of a divisor ; 

(4) divide the first teriii of the reniairider by 2fl±2 j^d 

set do\Vn the quoheiit, bx, as the secoiid terni of the loot arid 
also as the second term of the divisor ; i 

(6) ifiultiply the diviSor thus obtaiiied'* by the second 
term of the root and subtrAct the ^roddet from the first 
temaiilder ; 

(6) bnng doyni the secoiid renlamder 2tid:®+2&caj+c^ 

and piit 2ax^+mx{ie, twice the SUni of me, two tends of 

the root already obtAiiied) oil the left df ihiferenlaiitder foi 

the first two teriii& of a divisor: ' i 

* • 

/ 

(7) divide the first term of the new/eniamder b’y thfe 
first terni of the new dmsor and set doii^n the quotient, c, as' 
the third term of the root Arid also ds the third term of-^ the 
divisor; 

•“ (8) nidltidly the coriiplete divisor thiis obtdiried by the 
third term df the root and siibtrAot the product from the 
second reniairider 

After this ndthirig reniains, and we obtain (kc^ + bx+c for 
the required root. 

Note. The expressioA considered above stands arranged according to 
descending powers erf x Similtrlff, everg expression of which the 
square root is sought must he arranged accordihg to descending oi 
ascending order of the power of the siihe letter 

Example 1. Extract the square root of ' 

x^+Bx^ -2x^+lQx^ -8a;+l. 
x^+8x^ -2x^-i-lGx^ -Bx+lfx^-\-4d^^i 

^ \ 

22;3 +4a; W -2a;3 + I6a:2 -8a;+l 
)Sx^ + 16a;^ 

2aj®+8a;-l\-2a;® -8a;+l 

J-2x^ -Sx-^l 

Thus the reddired ro6t=d)^+4x~l 
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Example 2 . Extract the square root of a;^+ 2 (y-^z)x^ + 
{By ^+ 2 yz+ Bz^)x^+%y^ yz^+z^)x+y^ + 27 /^ 2 ^ +z^ 

[C XJ Entr Paper, 1888 ] 

The giYen expression 

= £0^ + 2 ( 2 / + 2)a;® + + 27/2+ 32 ^)sc^ 

+ 2{y + z){y^ + z^)x + {y^ + z^)^ 
which stands arranged accoiding to descending powers of 
X ; so we can at once proceed thus 

+ 2(7/ + z){y^ + z^)x+ (7/2 + /x^ +{y+ z)x 

jc^ + 2 ( 7 /+ 2 )a;® + ( 37 / 2 + 27 / 2 + 322 )a ;2 \ +(^24.22^ 

x^ 

" 2 x^+[y+ z)x\ 2 {y + z)x^ + {By^ + 2 ^ 2 + 322)332 

/ 2 (y+z)x^ + ( iY + 2 yz+ z^)x^ 

2£C2 + 2(y + 2)a; \2(^2 + 2;2ja;2 + 2 ( 7 / + 2)(772 + ;g;2)3;+{?/2+22j2 

+ (^/^+ 2 ^) / 2 ( 7 /^ + z^)x^ + 2{y + 2 )( 7 /^ + z^)x+ [y^ + z^Y 

Thus the required root= cc® + £ci/ + 0:2+ y^-Vz'^ 

Example 3 . Emd the square root of 

^ + 4 a:^+^ +^“2a:®-^^* [C U Entr Paper, 1889 ] 

Arrange the expression according to descending powers 
of a; and then pioceed thus 

-2*»+4:.»+'f -^+^(1 -a„+| 

4 

a;^-2a;\ -2aj® + 4 £c 2 

/ -2a;^+4a;^ 

a; ^^3/3 3^9 

ax^ iax . 

3 3 “^9 

Thus the required root=^ ~- 2 x+'^ • 

Example 4. Extract the squaie root of 
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The expression when arranged according to descending 
powers of x stands thus 


iyi y 




X* 


for now the indices of the powers of xm the successive terms 
are respectively 4, 2, 0,-2 and -4, which numbers evidently 
are in descending older of magnitude fience, we proceed 
as follows . 


y'‘ 


X‘ 


\2i/^ 




X* 


4y^ 




+ 1R+3 


iy‘ 


+1 




+ 2 + 


x^ 


T 


2y^ 

x^ 


Thus the required root=^ 3-2 +1+ 2 

dy X 

Example 5> Extract the square root of 

1 -1 U- i i _i it 1 J _8 

a:®-2a ®a; ® +2a®£c^+a ®£c® -2a®£c® + a® 

[C U Entr Paper, 1880] 

Let us proceed by ananging the expression according to 
descending powers of x, thus 

' li -3 11 1 17 X A 8/ -47 4. 1 

a -2a ®a;® +a;® -2a®£C® + 2a®a;® + a®Va ®a;^-a;® -a® 
-114 

a^x'^' 


2a^a:®-a;^]-2a ^m’^+o:® 

_4 11. 8 

-2a ®a;^ +a^ 

ITT 4 *\ i~7 4 4 8 

2a ®a;^ - 2a;® - a V - 2a^a;^+ 2a®a;^+ a^ 

X 7 44 8 

~2a^x^+2a^x'^+a^ 

—3 1 i i 

Thus the required ioot=a ^a;®-a;®-a®. 
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Find the squaVe root of 

1. Axh^+12xnjz+2y^ 2. a;^-4aJ® + 10a52-12£ij+9’ 

3. jc® -2a;^+2aJ®+a;^ -2aJ+l 

4. 4sc*-l2!B3+25a:2-245c+16 '/ 

5'. 4ic^+8fwc®+4a^a;®+16&^a!^+l6a&^aj+16&^". '* 

[0 U Entr Paper, 1870 ] 

6. “ '2x^y + H-xhj^ - 2a!2/^ + 9/y^ 

[0 U Enti Papbr, 1874 ] 

7 « 4 ‘_ 0«3 

7. a; 2a; + 2 2 ^16 


8; ■^^^-^-^-^■F49a34 + 9 


9. a;* + ^ •-2+ 4a; “3;^+^. 


X 


nn 0 ® , a;* s' a* , a® o’ 

10* 2 *t* ^2 "Cki; 

a;2 4 a; 


11 — - 
Xi» 1 TO 


2 a . 4&2 


462 6 


a'’ 


-i+a 

a 


12 . 

13. 


14. 


9^2 6a ,t 101 - 4a; -4aj2 
a;2 ■"5a;'^2o‘'l5a'^9fl2* 

ix^ ~Ssi>^y^-^^j^+y^. 

?/2 - 42a; 6«/ „ 
iy2 49a;2 ~^"^7a;'^ 



^ iVl jlIL 
y^ ***a;2 y^x 



16. 

17. 

m 

18. 
19. 



0-3 20a;,.9?y2 .15v,-4a;2 
"^^■“7«y‘^16a;2'"2a;'^4^2‘ 

£c2-2a;*'+3a;-2a;^>l 

35^-4#+ 2a; +435^ + a;’® ' 

a^x~^ + 2aa;“^ + a'~lx'^ + 3 + 2a“l x 

» I 

ai"^ + x\f ^ ^ 2x^iJ~^ -23^?/** -l^ + y 
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21 . 


22 . 

23. 


3 3 

9a;® e I ■? , V(9oohj ’ 

^2m_4^«+»+4^2n 

+26,0®*^^ -30fl’'‘c’^2 + ^4»»+2 -i0a2«+ig™-2^ 


209. Extraction o£ square ro,ots by the anpll- 
, cation ,pf tlie formula a^±2ab:irb^^{a±b)^* 

Examplp 1 . Eind the square r 9 ot of 

4r4c+2&+c2'-6c + j. [C p Entr Paper, 1876] 


The given expression according to pojvers of &, 

«y-&(c-2)+(c2-4c+4; 


Tl]^ei;efoie the reqd root --c+2 
Example 2. Extract the square root of 

The given expression 

Ther,efore the required root= 9 ;^ “ 2+ ' 

* vC 


^ample 3. Extract the square root of 

P Pap, .r, 18861 

The given expression 

, iah „(a^ + &^P+4d&fa®-J2) 
"(a2-&2)2 *^02-62^ » 
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of which the niimeratoi={(a2-&2j2+4^2j2j^4^j^^2_j2) 

= (a2 - 62)2 + iah{a^ _ j2) + 4^2 j2 
={(ft2-62)+2a6}2, 

the given expression 

Therefore the leqd ioot= - " . 

Example 4. Extract the square loot of 

[ab +ac+hcY- iabc{a + c) [C U Enti Paper, 1888 ] 

The given expiession 

= {b(a+ c) + ac}2 - 4a6c(rt + c) 

= b^{a+ c)2 + -2ahc{a+ c) 

= {b{a+c)-ac}^ = (ab-ac+bcy 
Therefore the required ioot=«6-ac+6c 

Example 5. Extract the square root of 

a* + 6H cH -2(a2 + c2)(62 + ^2)+ 2a2c2 + 2b’‘d^ 

Arranging the given expressions according to descending 
powers of a, we have 

- 2aHb^ + - c2) + {6 * + + # - 2c^b^ + d^)+ 2b’^d^) , 

and the expression within the braces arranged according to 
descending powers of b, 

= b^ -2bHc^ -d^)+ic^ + d^ “2c2d2} 

= 6^“262(c2-(?2)^.(g2_f^2)2 

= {&2-(c2-d2)}2 

Hence, the given expression 

= - 2 a 2(62 _ c2 + ^2) 4, ^J2 _ g2 + ^2)2 

= {a2-(62-c2 4.^2)}2 
= (a2-62 + c2-.^2)2 

Therefore the required root=a2 _ ^2 4.^2 _^2 

Example 6. Emd the square loot of 

4{(o2 -b^)cd + a6(c2 - d2))2 + {(^2 _ J2)(c2 „ ^2) „ 4^ 

The given expression 

= 4{(ft2 -62)2^2^34. 2a6cd(a2 -62)(g2 _(^2)4.^2j2^g2 _^2)2) 

+ {(fl2 - 62]2(c2 - d2)2 - 8abcd{a^ - b^){c^ - d ^) + 
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-{4(a2 -&2)2c2^2+4a2&2(c2 -£?2)2} + {(a2 -62)2(c2 -£^2)2 

+ 16 ft 262 c 2 (? 2 } 

= (£i2 -&2)2{(c2 -<^2)24.4<^2^2}+4^2J2{(c 2 _^2)2 + 4g2^2} 

= {(a2 - &2)2 +4a2&2}{(c2 - d2j2 + 4c2^2} 

= {a^ + 2a^b^ + b^){c^ + + d^) 

==(a2 + 62)2(02 + ^2)2 

Therefoie the leqtured iOQi={a^ +b^)[c^ + d^) 


EXERCISE 115. 


Find the square root of 

1 . 25 aj 2 ^^- 40 £cy +16 

2 . 49 a 2 £c^- 42 £i 62 a; 2 + 9 J 4 

3. 49a®68 + 126aU;7 + 81a86» 

4 . 

e 25 a 262 , 5 a 6 c^ 

o* 4 3 ’ 

6 . a 2 + 62 + c^+ 2 a 6 + 2 ac+ 26 c 

7. fl2 + j2 + o2-2a6+2flc-26c. 

8 . 4 a 2 + 62 + 9 o 2 + 0 ^o_; 12 ac- 4 a 6 


9. a^+46^ + 9c^ +4fl262 — 6fl2c2 _ j9&2o2 

10 . 4 a^ + 96 ^ + 25 c^ - 12a^b^ + 20 fl 2 c 2 _ 3062 c 2 


11. 


2 1 2 ® 2 J 

a:2+__to+_-_+_. 


12. (*+!)» -4(^-1). 

13. !>!‘+Jj+2(a;2+j5)+3 

14. 2!+L“+^+L»+3 

b^ b a 

16 . 

\y x/^ 
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9x^ , a® o a; , o 


17. a,?+i,+ 4(*+|-}+6 

18. T2+(.^^+a"^. 

U # 

19. a 2 + j? + c? + ^2 _ 2«(& - c+ (^} - 2&(c - <i) - 2c«2 

20 . (a r &)^ r 2(aS + b^)(a - hf + 2{a^ + ¥) 

21. ai + ¥+d+ T2aH¥ + i?) - 2hHc^ - d^) + 2cHa^ - d^l 

22. (j4+2fl®-:a+i- 

23. 2a^{b + c)^ +2&^(c+ a)^ + 2c® (a + 6)® +4(i&c(^i + 6 + c) 


210. The ordinary method of finding the cube 
root of a compound algebraical expression. 

Evidently we have (a®® + &®+ c)® 

r (a®^ + &®)® + 3(0®® + &®)®c+ 3(fl®® + &®)c® + c® 

= 0®® ® + 3(o®®^)(6®) + 3(a®®)(6®)2 + (6a:)® 

+ 3(a®® + 6®)® c + 3(o®® + bafjc^ + c® 


Hence, if are asked to %d the cube root of the 
aboye expess.ion we see that we have the following 
mpans of digpoyenn^ si^ccessively the several terms of 
thp root . v , 

\ 

The first term of the root, mz, o®®, is evidently the 
cube root of the ^st term of the given expression, which 
is a®®* ' ‘ 

If we subtr^pt a®®® from giyen expression the term 
^^ig^est power of ® m the remainder m 
3(a^®TX6®}, 2 6, ppual to three times the sgu^rp of the first 
term of the root the second term , the ' second termiis 
therefore discovered * * r r 

nov subtract |3(®V) 
+3(o®®)(6®)+{6®j®}(6®), the secopdremainder 1$ 8(0®® + 6®!®^ 
+3(«®ii+Mc? + c= , the Jera oontoim^g 'the higfiest power 
of a in this remaipdpr is Ba^x^c, i e , equal ^0 three times the 
square of the first term pf the root mt,o thp third ^ 

Hence the third tprip is discovpre^^ 
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If from the second remainder we now subtract {3(aa:^+6a;)^ 
+3(a£c^+&a;)c+c^}c, nothing is left and we obtain the required 
root=fla;^+&a;+c 

Let us illusta’ate the process by an example. 

Example. Ibid the cube root of 

a;® -* 6a;®2/+ 24is^y^ - 66x^y^ + 96x^y^ - 2Qxy° + 64y ® 

The given expression stands arranged according to des- 
cending powers of a?, we need not therefore change the 
order of the terms 

The second term of the root, mz,~2xy as shewn on the 
next page, IS obtained by dividing -6a;®?/ by Sai* (^e, three 
times the square of the first term) 

Then the divisor, dx^ -Qx^y+ix^y^, is formed as shewn 
on the next page 

The product of this divisor by (Sxy), vis,~Bx’^y+ 
12xUj^ -8a;®?/®, is now subtracted from the expression which 
stands above it and the remainder is put down below the 
hne 

ITow take three tunes the square of the part of the root 
abeady obtained and put down the result, Bx^-12xhj 
+ 12a;®?/®, as part of a divisor 

The third term of the root, mz , 4?/®, is obtained by dividing 
12x^y^, the first term of the remamder, by 3a;^ the first term 
of the divisor 

The complete divisor is then formed as shewn on the next 
page, and the pioduct of this divisor by the third term of 
the root is subtracted from the expression which stands 
above it 

t 

As no remainder is now left we find the required root 
=a;® -2a;[/+4?/®. 

1—29 



— 6a;'‘2/+24£i;^7/* — 56a;®2/°+96'rj“2/'* — 96a;?/® + 642/®^'c“ —2'ty-\- Ay 
— + 2A'c*y^ — 56a;“2/“ Ar^bx^y * — 963/?/® + 642 /“ 
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nr-* - 12r^y + - 2Axy^ + lQy* |l2a,•«/y»-48a;^?/°+9Ga;^?/^-96a;^/" + G4/y ° 
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EXERCISE 116. 

!Find the cube root of • 

1. a;3+27aj2+243a;+729 

2. 27a;3-216a;2+576a!-512. 

3. 64a3-144fl26+108a!&2_27&3. 

4. 33a;*-36a;+a:®-63aj®+8-9aj®+66ic® 

5. 8a;®+12a;®-30a;*-35a;3+45a;2+27a5-27 

6. l-9aj^+33a;^ -63a;® +6003® -SGaj^^+Saj^^ 

7. c®-63c®aj®+8a;® -9c®a!+66c^a;^-86ca;®+33c^a;*. 


CHAPTER XXXn 
RATIO AND PROPORTION 

211. DeRnitions. The ratio of one quantity to 
another of the same kmd is defined to be the abstract number 
{integral oi fractional) which expresses what multiple, part oi 
parts, the former is of the latter Thus, 

since 2 hours is a portion of time which is three times as 
large as 40 minutes, the ratio of 2 hours to 40 minutes =3 

since a length of 9 inches is a fourth part of 3 feet, the 
ratio oi 9 inches to 3 feet-i 

since the sum of £1 4s is obtained by dividing 18s into 
3 equal parts and takmg 4 of those parts, the ratio of £1 4s 
to 18s =4 j 

and so on 

Hence, it is clear that the ratio of one cona ete quantity 
to another (of the same kmd) is a fraction, of winch the 
numerator and denominator are respectively the measmes 
of those quantities {i efe) red to one and the same unit) , and 
the ratio of one absti act quantity to another is a fraction of 
which the numerator and denominator are respectively the 
quantities themselves. 
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The latio of any number a to any other number b is 
usually expressed by the notation a h ; thus a & is the 

same as -r • The quantities a and 6 are respecfeiTely called 
b 

the antecedent and the consequent (or the fiist teim and 
the semid te) m) of the ratio a b 

A ratio is called a ratio of g) eatet tnequahty, of less tn- 
eqiiakiy or of equality ^ according as it is g) eaiei than, less than 
or equal to 1 

Note’ Since a ratio is only a fiaction, theie is no difficulty in 
seeing that the value of a ratio remains unaltered if its terms be 
multiplied or divided by the same number Thus the latios 3 4,6,8, 
15 20 and 3n 4n aie equal to one another Hence also two or more 
ratios can be easily compared with one another, for instance, the ratios 
2 3,4 5 and 7 10 being respectively equivalent to 20 30, 24 30 

and 21 30, we see at once that the second of them is the greatest and 
the first the least, 

212* A ratio of less inequality is increased and 
a ratio of greater inequality is diminished, by 
adding the same number to both its terms. 


Let Y aiiy given ratio, and let be the new ratio- 


formed by adding x to both its teims 


Then, 


a+x a_ x{b-a) 
b+x b b{b+xy 


and therefore it is positive or negative according as a is 
less 01 greater than b 

Hence, if «< 6, 

and if a > &, 

’ h+x b 

which proves the proposition. 

Note Similailg it can be pioved that a latio of less inequality is 
diminished, and a ratio of gi eater inequality is inci eased by subtracting 
from both its tei ms any niimbei which is less than each of those terms, 
^\his IS left as an exercise for the student 



XXXII] 


RATIO AND PROPORTION 


453 


213. Composition o£ Ratios. The ratio of the 
product of the antecedents of any number of latios to the 
product of their consequents is called the ratio compounded 
of the given ratios 


Thus, the ratio compounded of the three ratios 
3 4, 8,9, 2a; 3^ 

is 3x8x2a! 4x9x3?/ 
or, 4a; 9y 

When the ratio a: bis compounded with itself the 
resulting ratio a® is called the duplicate ratio of a 6 
Similarly, a® 6® is called the triplicate ratio of a* 6, 

±1 . i JL 

ijr • Ir IS called the sub-duplicate ratio of a 6 ; and 
is called the sub-triplicate ratio of a* & 


214;. Approximate values of Ratios. If a; is vo y 

small compared with a, to show that the ratio (a + a) ^ is 

approximately the same as a+ 2x a 


and 


2^ 

appi oximately =l+-^» 


2x 


since ^ ^ which = — x — j is veiy small compaied with — 

and smaller still than 1 

Thus approximately we have 

(fl+a;)^ _ ^ ^ 2a;_ a+2a; . 

a a 

Cor, From (1), we have ^ 

very small compared with flj we have 

c 

Ja-^x *ya=a+^ a 


.. ( 1 ) 
Hence, if x is 


Note By a similar mode of reasoning it can be shewn that when x 
IS very small compared with a, (a+r)® . a®=a+5A ‘ a, (a+v)^ a* 

~a-i-4x a , (a+a:)^ a^=a+ix . a , and so on 

215. Incommensurable Quantities. If two 

quantities be such that their latio cannot be exactly 
expressed by the ratio of two integers, they are said to be 
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incointnensurable quantities. Thus and 2 are incom> 
mensurable quantities, since no two integers can be found 
whose ratio is exactly equal to a/S 2 

Although the ratio of two incommensurable quantities 
cannot be exactly expressed by the ratio of two integers, we 
can always find two integers however, whose ratio diffeis 
from such a ratio by as sm^ a quantity as we please 

Eor instance; g ” 86602 . . . 

and therefore -g- > 555555 and < jggggg; 

thus, \fB 2 differs from either 86602 100000 oi 86603: 
100000 by even less than a hundred-thousandth part 
of unity A further approximation might evidently be 
ariived at by calculating the value of sJB to more places 
of decimals 

Note Any number which cannot be exactly expressed as the latio 
of two whole numbers is also sometimes called incommensurable. Fiom 
this point of view every surd is an incommensuiable quantity 


Examples 

Example 1. Two numbers are in the ratio of 2 to 3 , and 
9 be added to each they are in the ratio of 3 to 4 Find 
the numbers 


Since the numbers are in the ratio of 2 to 3, evidently we 
can represent them by 2 a; and 3a! respectively. 

Hence, by the second condition, we have 


231^- 9 _ 3 
3a!+9 4 * 


Hence, 8a;+36*9a;+27, whence a!=9. 

Therefore the numbers aie 18 and 27. 

Example 2 . What is the ratio of x to y, if 
10a;+3^ 5x+2y-9 5 ’ 


We have 


9 _10aj+3t/ 
5 " 5a;+2v ' 


10^+3 

.. V 


5^ + 2 

y 
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Hence. 45- +18 = 50- +15; 

y y , 

5— =3, .• 

y ' !/ 5 

Example 3. What is the greater {x and y being positive) 
ajs+^s x^+y^, or, x^+y^ x+y^ 

vxr 1 x^+v^ _ x^+y^ xy^ + xh/ -2x^y^ 

® x^+y^ x+y {x^+y^){x+y) 

_ xyjx-y)^ 

{x^-^y^){x+y)* 

which evidently is a positive quantity, since (x-y)^ is posi- 
tive whether x is greatei or less than y 
Hence, x^+y^ x^+y^ > x^-^y^ x+y 

Example 4. Two armies number 11000 and 7000 men 
lespectively , before they fight, each is leinforced by 1000 
men , in favour of which army is the increase ^ 

[C U Entr Paper, 1879] 

The new strength of the 1st army its original strength 

=12000 11000=12 11, 

whilst, the new strength of the 2nd army its original 
strength 

=8000 7000 = 8- 7 
Now since 12 11 =84 77, 

and 8 * 7 = 88 77, 

it IS clear that 8 7 >12 11 

Thus, compmed with the original strength, the new 
strength of the second army is greatei than that of the first 

Hence, the increase is in favour of the second army 

EXERCISE 117. 

Which IS the greater 

1. 4 5 or 7 89 2. 7.10 oi 11 14? 

3. 9 5orl3 8’ 4. 22.27 oi 32 45? 

5. 28-39or49 65? 


Pind the ratio compomided of • 

6. fl &, & c and c d 7. 8 5, 7 9 and 15 28 
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8. a+aJ a“£Cj *• (fl+aj)^ 

9. 16 5, the triplicate ratio of 5 4 ancUlie sub-cluplioate 
ratio of 9 . 4 

10 . 25 : 18, the sub-duplicate ratio of 81 49, the tiiphcate 
latio of 2 . 3 and the duplicate ratio of 7 5. 

11. If2fl;+57/ 3a;+5?/=9 10, find a; y 

12. If a?* «/=3’ 4, find the value of 5a; +9?/ 16a; +57/ 

13. Two numbers are in the ratio of 7 • 8, and then sum 
is 135 Find the numbers 

14 . Find two numbers which aie in the ratio of 5 3 and 
whose difference is 34 

15 . Two numbers are in the latio of 4 5, and if 7 be 
added to each, the sums are in the ratio of 5 6 Find the 
numbers 

16 . Two numbers aie in the ratio of 7 9, and if 10 be 
subtracted from each, the remainders are in the latio of 8 11 
Find the numbers 

17 . For what value of a; will the ratio 23+ a; 19+ a; be 
equal to 2 ^ 

18 . What numbei must be added to each term of the 
ratio 25 37 that it may become equal to 5 6 ^ 

19 . What number must be added to each term of the 
ratio 29 38 that it may become equal to 4 7 ^ 

20 . What quantity must be added to each of the terms 
of the ratio a that it may become equal to c d? 

21 . Show that i£ a > x, the ratio a^-¥x^ is greater 

than the ratio a~-x,a+x 

22 . Show that the latio a^ + b^ • a+h is less than the 

ratio a-b 

Find approximately the values of 

23 . (226)3 , (225)3 24 . ^(3546) . ^(3542) 

25 . Ai B, G are three school boys getting monthly allow- 
ances of Rs 15, Rs 20 and Rs 25 respectively , out of 
these amounts they respectively spend Rs 8^, Rs ll-J and 
Rs 15|- per month Which of them is the most frugal ^ 
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PROPORTION 

216. Befinitions. Pour quantities are said to be 
iw honals when the ratio of the first to the second is equal 
to the ratio of the third to the fourth Thus a, 5, c, d are 
proportionals if a h-c d This is often expressed as 
« & c.d and is lead “a is to 6 as c is to d" 

The terms a and d are called the extremes and the terms 
b and o, the means. The term d is also called the fourth 
proportional to a, h, c 

Three or more quantities are said to be m continued 
proportion when the first is to the second as the second is 
to the third, as the third is to the fourth , and so on Thus 
«, &, c, d are m continued propoition when a h—h c-c d 

If three quantities a, b, c are in continued proportion 
(a ‘ 6 6 c), then b is called the mean proportional between 

n and c, and c is called the third proportional to a and b 

217. IS a: b:: cidf then will ad^bc. 

Since -T » 

b d 

multiplying both sides by bd, we have ad~bc. 

Thus, t/" fow quantiUes aie p) opo) honals^ the pioduct of 
the extremes is equal to the pi oduct of the means 

[Conversely, if 5c, then a b e d This is obvious 
by dividing both sides of the equahty by bd ] 

Cor* IS a b b c, then ac=b^ , le, if thiee quantities 
c/i e in continued pi opoi tion^ the pi oduct of the exti ernes is equal 
to the squai e of the mean 

Note From the result above established we can at once find a third 
proportional to, or a mean proportional between two given quantities as 
well as a fourth proportional to three given quantities 

EXERCISE 118. 

Find a third proportional to 
1. 9,6 2. .8,12 


3. 6, 15 


4. 16,24. 
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!Find a fourth proportional to 

5. 6, 8, 15. 6. 14, 24, 35 7. '0014, 1 4, 02 

^lind a mean proportional between • 

8. 4,9. 9. 7,28 10. 6,54. 

218. Itaibiibic, then atciia^ ib^. 


a h _ a ^ a. 


Thus, i/ thiee qnaniihes me in contmned 2)ioporiwn, the 
fiist IS to the thud in the duplicate i aiw of the first is to the 
second 


Note Similaily, if a c=c d, it can be easily proved that 

a d=a® . 6®, which is left as an exercise for the student 


219. 


Ua:b:i 

For, 


c : df then b : a 

it JL 


d\c* 


« • 



whence 


b^d 
a'~ c 


Thus> if font qiiantities he ptopotkonals^ they me also 
pi qpoj tionals when taken iwoei sely 

This operation is called Invertendo. 


220. Ji aibiictds then at ciibid* 

For, 


a 

6 “d’ 


vA- vA 
b c d c ’ 


or. 


it 

c 


b 

d 


Thus, if four guaniities he pi opoi tionals, they ai e pi o- 
portionals when taken altei naiely. 

This operation is called Alternando. 
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221. Maibixctd, then a+& : & : : : d. 


For, 




?L 

b 



i 


or, 


a+b c+d 
b ~ d 


Thus, wlienfoM quantities ate piqpoitionals, the fiist to-- 
getlw with the second is to the second as the thii d together with 
the fowl th IS to the fow th 

This operation is called Componendo. 


222. It a i bit a d, then a-^bibttc-did^ 


For, 


6“d’ 



or, 


a-b c-d 
b ~ d ^ 


Thus, when fowl quantities ai e pi qportionals, the excess of 
the fb St over the second is to the second as the excess of the tlm d 
ovei the fom th is to the fom th 


This operation is called Dividendo. 


Cor. Ji ai bit Cl d,then a: a-b ii a c-d. 


For inversely, 

Hence, or, 

’ a~b b c-d a ’ 


5 d 
a-b~c -d“ 

a c_ 

a-b~C’-d‘ 


Thus, when fom quantities ai e pi opoiiionals, the fiist is to 
the excess of the fiist ovei the second as the thud is to the 
excess of the third ovei the fom th 

This operation is called Convertendo, 


22B. If at bit 
d. 

c t d, then 

a+b : a-b Si c+d t 

From Art 221, 

a+b c+d 
h ~ c ' 

(1) 

From Art 222, 

a-b c-d. 
b d 

••• •• (2) 
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Hence, dividing (1) by (2), 

tt+& c+d 
a-b^c-d' 

Thus, when foul guanUties ai e p opoi Uonals, the sum of the 
fi}st and second %$ to their diffe) ence as the sum of the tJm d and 
foul th is to their difference 

This result is often spoken of as Componendo and 
Dividendo. 

Note The result proved in this ai tide is of great use in solving a 
•certain class of equations This will be illustrated in some of the 
following examples 


Example 1. Solve =b 

Va+a;— ifa-x 


By componendo and dividendo, we have 

2 Ja^-x &+1 
^ija-x b-l‘ 


Hence, 


(i+aj_ /&+l\2 +26+1 

a'-x~[F^ll ■" 62 - 26 + 1 ’ 


Again applying componendo and dividendo, 


2'a_2(62+l) a _b^ + l. 

2a;“ 46 ’ ai" 26 ’ 


a;(62+l)=2fl6, 

Example 2. Solve /i±^=l. 

l+fla5 V l-6a; 

We have 

Vl-6a; 1-ax' 


X 


l+hx _ l+2ax+a'^x^ ^ 
1-bx l-‘2ax+a^x^* 


2ab 

62+1’ 


Hence, by componendo and dividendo, 

1^^1+flV. 
bx 2ax ' 

bil+a^x^)=2a, or, 
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Example 3. Find 


the value of 


x+2a ■ x+'2b 


when 


[Allahabad University Entrance Paper, 1892.), 

From the given relation, we have 

X 2& , a; _ 2a 

2a“a+&’ 2&"a+&‘ 

Hence, by componendo and dividendo, 

Q;+2a a+Bb , a;+2& _ 3a+& 

a;-2a 6-a’ a;-2& a-b' 


Hence, the given expression 

_ "'(a+3&) , 3a+& 
a—h a—b 
_ 2(a-&) _» 
a-h 

Note, For a different solution of this example see Art 111, Ex 2^ 

Example 4. H (a+i+c+d)(a-&-c+d) 

“(a- J+C“dXa+&-c-d), show that a c 

From the given relation, we have 
a+6+c+c i!_ fl--5+c-d ^ 
a+b-G-d a-b-c+d 
Hence, by componendo and dividendo, 
a+b _ a~-b . 
c+d c-d’ 


[Alternando] , 
a-b c~a ’ 

whence by a second apphcation of componendo and dividendo,. 


a 


&“d‘ 


Example 5. If 


Vm-l’ 


show that 


x^ - %mx^ + 3a; - iw^O, 

From the given lelation, by componendo and dividendo,. 
we have 


a;+l „ ^w+l . 
a;-l Vm-1^ 
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m+1 (a;+l)^ . g;3+3a;H3a;+l . 
m-1 (aj-1)^ -3a;®+3a:-l 

Hence, by a second appbcation of componendo and dm- 
dendo; we have 

ffl_ a;^+ 3 a? , 

1 3 a;^ + 1 ’ 
w(3aj^+l)=a;®+3a;- 
whence, a;® - + 3a; - m - 0. 


EXERCISE 119. 

Solve the following equations 


1 . 


3 . 


5. 


7. 


a;+?/ 
x~tj 

2a;+3?/=36 
1 

8a;-5^=18 
2a;+ ^ 

2aj- ^ 

^/36a;+l+ JSQx 


2 . 


dx-bu 1 


Sx+bij ^ 
4a;-% = 19J 

4. 

\fl+a:/ a~ 


6 . 


=9 8. 


a+a; 
a;' 

[C U Enti. Papei, 18S6 ] 
1- \/l-a ;_ 1 
l+Vl-a; 3' 
l+a;+a;® 62 1+ic 


9. 


11 . 


10 . 


l-jc+a;^ 63 1-a;* 
a+a;+ Ja^—X" b 


a+x— ^a“-x- 




v36a;+l~ v36a; 

/s/5+ ijb—x _r. 
fjo— ijb-x ^ 

d^-{a-{a^~ ga;) ^ ^ 

Prove that a b c d — 

12. If (fl+3&+2c+6d)(a“36—2c+6d) 

= (o-3&+2c-6d)(a+3&-2c-6£?). 

13. H(2a+&+4c+2d)f2(i-&-4c+2d) 

= (2fl - & + 4c - 2d)(2fl+ & - 4c - 2d), 

-I if tj: ^ \/2a+36+ ^/2a-Bb ^ j, , 

Mi- “ 

36a;2-4fla;+3&=0 


a; 



XXXII] 


EATIO AND PEOPOETION 


463 


16. If a:= ‘he ™lue of 

fj^+ aJo a;-v8 x- Jli2 

224. An Important Theorem. If f =y , then 

each of these ratios=(||~||^„j'^, where p, g, ?, n 
are any quantities whatever 

Supposing each of the given ratios =^S:, we have a=6A., 
c-^A:, e-fk 


Hence, 


whence, 


$a!" — v[bkY - pJf k"^ 
qf==q_[dkf^qdrie ■ 
ie''=‘i(fkY-if^]^' 

; p 5 ’‘+ 2 ^Z"+ 7 /■"’ 


-iph”+qd'*+if'')Jf , 


and . &= " » which pioves the proposi- 

tion 


Cor. As a particular case, if 2, 7, w be each equal to 1, 

C”)" 6 

we have each of the given ratios 


Similaily, giving different sets of values to p, q, i, n 
several particular cases may be at once deduced. 

Note What is proved above for three equal latios is obviously 
true for any number of equal ratios, the same reasoning being appli- 
cable to all cases It is always a veiy good exercise foi the student 
however to work out independently every fresh example of this class 
applying the mode of demonstration illustrated above Hence an 
exercise is added below with a recommendation to the student that he 
should find the result in each case without using the formula 
established in this article 


EXERCISE 120. 

If -r prove ’that each of these ratios is equal to 

U (v / 


^ (i-c+e o fl+3c-5e 

&+3d-5f 


a. 


5a--7c-13e 

5&-7d-13/-* 
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n fta+te+we K /a2+c2+ji^\| fi ( a^ ■"2cH3e^ 
mmmf ®' W+d^+f) ' W'2d3+3/’V ‘ 

[ 0 U lg75] 

’• CC tJEnir Paper, 1882] 

Tl? ^ ^ ^ •MwrtwjFk 4^V%n4- An/>I« A-P J-T* AfifA ie< 


H 4= 


=yj prove that each of these ratios is 


XJL ^ piUYO uxicvM v/CbVJ^ vx uxiw*av xa 

equal to 

Q foT^ + c4+ Q ^ - 2c* + 3e* - 

Ir^c^'i+r^+rv * vF^2fFW“ 

in //3a' 2 - 7 c- 2 - Sr^ + 

V l36-2-7r2-8r2+15rV ' 


-4g* 

-4/1*' 


225. Miscellaneous Examples. 

Example 1. II sc • y ' w®, and 

m n \/p®“2/®} thenp^ tcy £C+^ fC"*/* 

We have £-=!^=Sj+2?; 

. [Art 217] 

or, j)^(x-y)=>xy{x+y), 

■^“1^5 tArt 217, Converse] 

«e gjy 

Example 2, If a b c.d^ show that 

ma+nc mb-i-nd fa^+c^p {b^+d^)^. 

[C U Entr Paper, 1880 
a,„„„ a c . ma nc 

®”“ I “I’ • ST^d’ 

and therefore each of [Art 224] 

Again, sn»e |4; 

' and therefore each of them=p^j> [Art, 224] 
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Thus we have 


ma,+nc _ma__^ 
mb+nd~mb &’ 


j a^ + c^ 



Hence from ( 1 ) and ( 2 ), 

ma+nc _ (a^+c^)^ 
nib+ncl 


which was to he proved 


^(a-b)(Lb-2i)' find the value of 

[C U Entr Paper, 1889] 

Let each of the given ratios =fe 

Then, x= k{h - c)C&+ c- 2a)= k{{h^ - c^) -2a(6 - c)}, 
y=k{c- a){c+ a-2b)- k{ic^ ~ a^) - 26(c - a)}, 
z= Jcia - b){a+ i -2c)= - b^) - 2c(a - b)) 

Hence, x+y+z 

’=k[{{b^-c^)+{c^-a^)+{a^-b^)} 

^ -2{a(6“c)+&(c-o)+c((i-6)}] 

Example 4. H 


show that — — . 

a b c 

Let each of the given ratios = A: 

Then, we have {ay -bx)c= kc ^ , 

{cx-az)b=kb^, 

{bz~cy)a=^ka^ 

Hence, by addition, 

A:(a2 + &2 + c2)=0, 

A:=0 

Hence, ay-bx=0, ' ay—bx, * (1) 

also, ca;-a 0 =O, * cx-az^ -^*- 1 . , ( 2 ] 

a c ^ 

Hence, from (1) and (2), — ss-^=^i 

’ ' a 0 c 


1-30 



466 


AIjGBBEA made easy 


[ohAp 


Examples. If then will 

(a - = (& - c)2 + (c - a)^ + (fl5 - &)® 

From the given relations, we have 

(i) J)^=ac, (ii) c^=bd\ (ill) be- ad [Art 217] 

Now,(&-c)2+(c-a)2+(i?-&}2 

= (&^ + - 26c) + (c^ + - 2ac) + [d>^ + 6^ - 26i?) 

= 2(62 - + 2(c 2 - 6«^} + a2 + ^2 „ 2&g 

^bc [ from (i) and (ii) ] 

-a^+d^~ 2ad [fi om (in).] 

s=(a-fl!)2 


Example 6. If a . 6 c • d,.show that 


Since 


[C. TJ Entr Paper, 1874 ] 
o+6_c+d. 


j j -1 [componendo ] 

dearly therefore, ?+^+«^=2(^_2fc^. 


d 


Hence, 


4(a+6)(c+d). 

■ U » 


bd- 


,{o+6^C+i|2 


Example 7. If a 6 -i? : g, show that 


a^ 


Prom the given relations, we have 


a p' 


and 


62 


tt2 ^2 


Hence, (i) mi{n) 

W (£ Q& 
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Multiplying together (i) and (ii), "we have 
{a^ + h^){a+ h) _ ip^ + q) 

o “* O ^ 


a‘ 


or, 


a^ + h^ p^ + o^ . 
\a+h/ \p+g} 


Example 8. If m n ' p j, prove that 


We have 
alternately, 


m p . 

w g ’ 

p g’ 

Hence, fa-«X»»-j>) „( P-gXf-i) 

wp g^ 

(m-n){m-p)_{p-q){n-q) 

or, ^ n 

> Avt/y rtb 


[C U Entr Paper 1859 ] 
m-n _ p-q . 
n g ’ 

m-p _ v -q 

i? ' “ g ' 


[ np=mq.] 


mg g‘ 

(m-?i)(m-p^ _ pw-g(w+p)+g^ 
m g 

= (m+g)-(w+p) 

Example 9. If show that 

{a^ + b^ + + d^) = {ab + &c+ cd)^ 

[0. U Entr Paper, 1887 ] 

Let each of the given ratios = ft 


Then kH^ -a^ 
ft2c2 =J2 
kH^ =c2 
also, ft6 — fl ; ftj* s= ah'] 
kc=b , .*. kc^=bc 
kd=c, .* kd^-cd 


• ft2(&2 + c2 + d2) = a2 + 62 + c2, 

" “j2 + c2 + d2 

• k{b^ + c^'\-d'^)—ab+bc+cd, 
ab+bc+cd 


. ft= 


&2 + c2 + d2 


( 1 ) 


(2) 


• ft 
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Hence equating the value of Ic^ from (1) and (2), we have 
a® + _ (ab+ bc+cd)^ . 

(fl2 + &2 + C2)(&2 + + d2) - (flH &C + Cd)2 


a li 


Example 10. If show that 

J{a+c+&)[b+d+f I = {ah)^ + {cdf + {ofjK 

Let each of the given ratios ~/c 
T^ena-hk] . a+c+e=Hb+d+f), 


c-dk 

e=fk 


{a+c+e)(]b+d+f)-kib+d+f )^ , 


ij{a+c^ejb+d’\-f)=‘ib+d+f)tj]c 

1, 

Also, we have ah- Pk , {ah)^ ^bjk 

cd = d^k , [cdy = d tjk 

(ab )^ + 4 (e/ - (i+ d+ f)>Jk 
Hence, from (1) and (2), 

fj{a-i-c+e){b+d-\'f}^ (a&)^+ {cdf^ + [ef)'^ 

EXERCISE 121. 


if fl be the gieatest of the four quantities a, &, c, d and 
if a b c d, show that • 

1 . /;andcareeaoh>d 2 . a~b> c-d 3 . a+d>b+c 
li a b c' d, show that 

4. ma+nb b mc+nd d 

5. ma+nb mc+nd pa-qb pc-qd 

G» a h ft+c 6+d 7. a- b^ a^+c^ h^+d^^ 

8. j-Q u 

9. (fl-c}2 (b-d}2-a2 b2 

10 . (a+c)3 {b+cl)^=^a{a-cY h{h-df 

[C U Enti Paper, 1888 J 
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11. a^-'b^-ac+hd ac-bd 

12. a(ft+c) c2 b{b+d) d^ 

13. c' d— \/b^+d^ 

14. a+& . c+dJ= tjc^+d^ 

16. ft+& c+<? \/Sa^+bb^ tj'dc^+bd^ 

16. a^-ab+b^ c^+cd-¥d^ c^--cd+d^ 

17. +ttc+ - ac+ + M+ • 6^ - &d+ d^ 


Ha b=^c d=e f, show that 


18. 


ma+nh _ b^c 
mc+nd d^a' 


[0 U. Entr. Paper, 1876 ] 


19. «c bd 2a2+3c2+5e2 2b^+Bd^+&r^ 

20. a^+c^ + e^ b^ + d^-^p ce df [0 U Entr Paper,! 876] 
21* jpa+gc+« e .Jp6+g(2+^ /“ l/acei }}bdf 

22. a^ b^ ac+ce+ae bd+df+bf 

23. ft® + c® + e* &®+#+/^ ace hdf 

24. i>Ja^c^-irc^e^+a^e^ iJWW+d^pTWp ace.bdf 


26. If fl, &, c, d, e be in continued proportion, show that 

a e .a^ b^, 

26. If yr r^ n ~7 Z7 '~ h '^nnr~:.* 

o+c—fl C+tt—0 ft+ 0 — c 

{b-c)x+{c-'a}y+{a-‘b)z [0 TJ Entr Paper, 1878] 


27. If a h ' c d, prove that 

a^+c^ b^+d^ Ja^+c*^ tjb^+d^ 


28. If a h-C'd^e f, show that 
27(ii+5Xo+<J){c+/')=Mf(®|^+^+*-^)'‘ 

29. If a & c d, show that ad +&C 26d! a^+c® ab-\-cd 

30. If a b . c d, show that 

+ ab+ad-bc. c^ + d® . cd-ad+Jc 


If a : 6 & c, show that 

31. a^+db+b^ b^ + bc+c^ = a c 


32. 


a-‘2b+G~ 


{a-by _ {b-c)^ 

a c 
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33. fl'i)2o2^ij+^+^)=aS+5s+(!>. 

IE fl • &=& G=c‘d, show that 

34* (J+c)(&+ti)=(c+aXc+d) 

35. {a+d)ib+c)-{a+c){b-^dh{b-c)^ 

37. « j4+7+H+H- 

38. a d a^+P+c^ b^+c^-i'd^ 

39. If a • 6 * c d, show that 

a^+ab c^+cd . : &®-2ab d^-2cd 

40. Ifo h~c:d^e /*, show that 

(a2 + &2)(cg + == (c2 + + J/')2 = (^2 +/2)(flC+ M)2. 


CHAPTER XXXni 

ELIMINATION, MISCELLANEOUS THEOREMS 
AND ARTIFICES 

I. Elimination. 

226. If there be two equations involving one unknown 
quantity they will geneially not be satisfied by the same 
value of it Foi instance the same value of x vnll Jiof satisfy 
the equations a:+3«7 and a;+4=9 But tins cannot he strictly 
said of the two equations a;+a-7 and a:+b==9, where a and b 
have no fixed numeiical values j the appiopriate lemaik m 
this case would be “the two equations ioill be satisfied by 
the same value of a: if 7“a=s9“b, oi, Thus if one 

unknown quantity occuis in two equations which ako involve 
othei algebiaical sifmbols^ theie always exists a particular 
.leldtion between these othei symbols for which, and foi 
which alone, both the given equations aie satisfied by the 
same value of the unknown quantity The process of finding 
this lelation is called the Elimination of the unlmown 
quantity from ^the given equations, and the lelataon obtained 
is called the Eliminant of those equations. 
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Similarly there may be a question of eliminating two 
unknown quantities from three given equations For instance, 
the three equations x+y—a^ x+^— b, x+3y—c, cannot he 
all satisfied by the same values of x and y unless the quantities 
a, b, c are connected with one another in a certain way, and 
tins connection may be necessary to investigate 

A few simple cases of elimination will now be presented 
to the student, calculated to give him a tolerably clear idea of 
the subject, as also to familiarise him with some of the vanous 
ways of dealing with such questions 

Example !• Eliminate x from the equations 

fliaj+i&i=0, a^Xi^+bz-O 

From the first equation, we have aiifi from the 

second equation a;= - ^ • 

Evidently therefore both the equations wiH be satisfied by 
& & 

the same value of a; if -1= or, aibi^^a^bt 

Thus ai& 2 = 03 &i IS the required ehminant. 

Example 2* Eliminate x from the equations 

aia;*4'&ia;+Ci=»0, a^x^-hbzX-^Ci^^ 

Let a be the value of x which satisfies both the equatoins 
Then we must have 

Hence, by cross multiphcation. 

_ g _ 1 

&jC2'”&2^i Cig2””^2®^i a\b2“~a2,bi 

&iC2""&2^i a\h2“~Oiib\ \C\a 2 ~~O 2 a\) 
whence, (&i C 2 " &2 Ci )(ai & 2 ® 2 &i) = (ci« 2 — C 2 al)^ 
which is the required ehminant 

Example 3. Eliminate x and y from the equations 

aiX'{'biy+Ci=0') 

a2X'i‘bzy+C2=0> 

asX'hbBy‘hcs=o) 
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Prom th.e 6i’st two equations, by cioss multiplication, 
we have 

X „ 1 

&1C2 — 

hjCz-hCj Ciag-Cggi ^ 

fli&a-aa&i’ aihz-anbi 

If the third equation also be satisfied by these values of 
aj and y, we must evidently have 

iiCi—h^Ci ■> Ci<?2~C2ai . « 

or, a8(^iC2~&2Ci)+&8(cia2-C2ai)+C3(a3b2-a2bi)«0, 
which IS the leqmred eiuninant 

Example 4, Eliminate a, y, z from the equations 

ax . by z 1 


by+cz cS’\-a3G‘'x’\-y'~ 2 ’ 

ttX 1 

hy+cz"^ 2 ’ 

2 aa!=&p+c 2 :, or, 2aa5-&y-a3:-0. (1) 

by _ 1 
cz-hax 2 ’ 

. 2%=<cg+ai», or, aa;~26^+c^»0 (2) 

Hence, from (1) and (2), by cross multiphcation, we have 


We have 


Also 


X 




■6c“26c “ca~2ca"”— 4a&+o&’ 


or, 


or, 


X 


'-Bbc —Sea 




- 3 o&’ 


a; 




Supposing each of these ratios =■/{:, we have 
x^kbe^ y^kca, z=kab, 

gub6iitntmgtheseyalaesofa;y,s m the thu'd emahon 
which IS 2z^x+y^ we have 

2Jc ab^^^kibc+ca)^ 

or, 2a&~6c+ac, 

2 _I .i 

c" b' 

which IS the required ehminant 
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Note It mag be noticed tn this example that the three given 
equations 2ax~hg—cz=0, ax—2bg^cz—0 and 2z—x+y virtually 
involve two unknown quantities, instead of three, for they are 

l)+0=<. 

X 

I, in which the only unknown quantities are — and • 

It IS owing to this disguised character (so to speak) of the three 
given equations that we have been able to eliminate from them the 
three unknown quantities, x,y,z, otherwise a fourth equation would 
have been required for the purpose 

Example 5. Eliminate x from the equations 

3a;+^=4(a®— &^) 


and2=[^ 


lespectivelg eqmvalentto -c—0, —2b ^ 


Adding together the equations, we have 
as® + 3® + “ = 8<i®, 

X x^ ’ 

or, (®+-") =(2a)®, 

( 1 ) 


Subtractmg the second equation from the first, we have 
x^-‘6x+ 


01 , 




x--^2J) 

X 


( 2 ) 


Erom (1) and (2), by addition, 

2a;=2(a+&), or, x=a-¥h, 
2 1 

and by subtraction, ~=2(a—&), or, — &. 
Hence, (a + h){a — &) =2 £c X -^ = 1 

X 


Thus IS the required eliminant 
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Example 6. Eliminate a?, y, z from the equations 

x-\-y-\-z-a . ... (1) 1 

2(?/^+^a;+a^}=&^ • • • (2) I 

a;®+^®+2®=c^ . . (3) I 

dxyz=d^ • (4) J 

Since, ' x^+y^-\-z^=‘{x+y’\-z)^’-2{yz‘^zx+xy\ 

. from (1) and (2), it=fl^— . . (5) 

Now, since x^ -^-y^ -^-z^ ~~dxyz 

-{x+y+z)ix^+y^+z^~-yz-zx'-xy) 

Hx+y^zyix^-¥y^-\-z^)-{yz’]rzx+xy)}. 

from (3), (4), (1), (5) and (2), we must have 

- d® = a{(fl2 - _ ^2)2 } = ^ ^ ^^2^ 

or, 2^2 -- 3ob2 - 2c® + 2c?® - 0, 
which is the required ehminant 

Example 7. Eliminate x, y, z from the equations 

(i) x^[y+z)-a^ ^ (ii) z)-!}^ \ 

(ill) z^{x->ry)~c ^ , (iv) xyz-abc 

Multiplying the first tliree equations together, we have 
x^y^z^{y+z){z'\-x){x+y)==a^^c^ 

Hence, from (iv), {y + z){z+ x){x +y)=l. , («) 

But {y + 2 )(z+ x){x +y)={y+ z){x^ + x(y + a) + yz) 

=x^{yi-z)+ x{y^ + £ 2 + 2yz) + yz{y+z) 
=‘X^y+z)'+y^ix+z)+z^{x+y}+ 2xyZt 
and . from the given equations it = + &2 + + 2fl6c 

Hence, from (a), we have a^-hb^+c^i‘2abc=l, as the 
required elmunant 


EXERCISE 122. 


Eliminate x from the equations 



1. a^x^-¥ -0\ 

2. 

1 

II 

cx-d -OJ 


II 

1 

3. ma;®-M =01 

1. 

q£c2+5a;+c=01 

=0J 


aj+d =0J 



XXXIII] MISCELLANEOUS THEOEEMS 


475 


5* 7a;^+ma:+n=0] 
aa ;+6 =03 


6 . acc^ + 6 ®+ c= 0 ] 

lx^+mx+7i=0) 


7. 


a;+-~=a +6 ' 

X 

1 , 

X -a-D 

X 


Sw 2x+~ -bp+7g[ 

X 


2aj-^=^-72 


9. a^x^+b-ix +Ci = 0 i 

a^x^ + hiX +C2 = 03 

11 . + &i£C® + Cl = O') 

a 2 fls*+ 62 £C® + C 2 = 0 j 


10. aja;8 + 6j/jj2^gjSB0') 

cizX^ ■{■h2X^ + c^=^QI 

12 . ax^ + ])x+c=0 ( 1 )] 
x^+mx+n=0 ( 2)3 


[Multiply (2) ty ax and subtract (1) from the resulting 
equation , we thus get amx^ + {an - Q.)x - c = 0 Now eliminate 
X from this equation and (2) ] 


13. ax^ + hx+c~Q\ 
£c 3 + 2 .t 2 + 3=03 


Eliminate x and y from the equations 

14. ax+hij=m^ 15. ax+h = cy) 

hx-ay^n [• ai^+ 6 i = Cia;> 

x^+y^=l) x^+y^ = l j 

10 . ax+hy = 0 ] 

Ix^+mxy+ny^ =03 

Ehmmate x, y, z from the equations • 


X If _ 


y+z 


= 6 ^=c 
’ z+x ’ x+y 


17. 

ift 

y-\-z z+x ’ x+y 

19. 


J!+^=^ i.+^=j, «+i!.=c 
z y ' X z ' y X 


[Example 6 , Art 171, may be consulted with profit] 

20 . xHy-z)=a,yHz-x )^ &, z\x -y)=c, xyz = d 

21. Ehmmate a, &, c from the equations 


62 :+c«/=a, o 0 +ca;= 6 , ay+bx=c 


II. Miscellaneous Theorems. 

227. Theorem. If the sum of the sguates of any number 
of leal quantities he zei o, then each of the quantities is ze) o 
Let + £2 + (02 ^ 2)2 + .. =0, where i, B, C, D, 

are real quantities 

To prove that A=0, 15=0, C=0, D=0,... 
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Proof. If the sum of any number of quantities be zero, 
evidently they must be partly positive and partly negative 
unless each of them w z&o 

Here, A B, 0, B, etc being real, their squares 
B^, etc are all positive Hence, the sum of 

A^+B^-bG^-bB^+ . cannot be zero unless each of 42 , H2, 
etc is zero 

42 = 0 , H 2 - 0 , C2=0,eto 
te, A -0, B =0, G “0, etc 

jExample 1. If a^+h^+c^-bc-ca~ah===0, prove that 
'a=^h=c,a,1),c being real. 

We have a^ + b^-¥c^-bc-ca'- ab 

“=-]{(&-c)2+(c-a)2+(a-&}2}=0 
Hence, b-c-0, c-a^O and a-b~0,ie.. a~h=c. 

Example 2. llx,y,a and & be real, solve 
(a;-a)^ + (y-&}2=:0 

Since, X, y, a and h are real, (x - a) and {y - b) are both real 
From the given equation, we have 

a?— a=0, a;— j andy’-b=0,ie,y^b 
Example 3. Show that if {a;^ + 1 / + zZ)(a^ +b^-hc^) 

= iax+ by-i- c 2 ) 2 , then — « . 

' a b G 

From the given relation, we have 

+ & 2 (a ;2 ^ ^ ^ 2 ) =- 2cihxy + 2acxz+2bcyz 

Hence, by transposition, ia^y^+b^x^-2abxy) 

+ (ah^ + c^x^ - 2 flca; 2 :) + (^222 + (.2^2 _ ^hcyz) * 0 

■or, (a2/‘-M^ + (a2''-ca:)2 + (6^-c?/)2=0 


ay-bx=0, 


a b 

CFZ-CX==0, 

_X 

a T 

1 

II 

0 

Ji z 


b cj 

have — 



a 
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EXERCISE 123. 

[jV^ B. Letters stand for teal quantities in the following 
examples ] 

1. 'Ji{x+a)^+{y+b)^= i{xa + yb), prove that x^a,y==b 

2. If {x+a)^ + {y+b)^ + {z+c)^~4:{xa+yb+zc), prova 
that x~a,y~b and z= c 

3. If a® + &2+c^ + &c+ca+fl&=0, prove that a^b-c-0 

4. Solve {x^ +p^)[a^ + + byY + {y-b)^-0 

5* Solve x^+y^+2={l+x){l+y) 

6. Solve x^ +2y^ + a^—2^{x+a) 

7. Solve 2ix+y-l)-x^+y^+z^ 

8. Solve l+fla3+62/= A/{(l+£c^+2/^)(l+a2 + &^)} 

228. Inequalities. If a and b be two real quantities;- 
a IS said to be > b, when a - 6 is positive 

Thus, 7 > 5, since 7-5 = +2 , 

-3>-8, since (-3) -(-8)= +5, 

+ 1 > 2a, since + 1 - 2a = (a - 1)^ = a positive quan- 

tity 

An Inequality a>b is, thei efoi e, established if a~b can 6a 
pi oved to be positive 

Theorem. If x and y be i eal and unequal, then 

x^+y^ > 2xy 

(jc^ + - (2a;!/)= £c^ - 2£C2^+ 1/2 

—{x-yY‘=^a positive quantity , 

* 2 + 1/2 > 2xy 

Note Ifx=g, (ir’+i/®)-{2i:y)=(i:-y)®=0, 
i.e, x^+g^=2xy 

Hence, r®+jf® is never less than 2xy 

Most of the results in Inequalities mag he obtained hg the applica~- 
tion of the above theorem 

Example 1. If x, y and z be leal and unequal quantities,, 
show that 

x^+y^+z^ > yz+zx+xijl 
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We have a® + 

y^+z^>2ifz, 
and z^+x^>2zx 
Adding, 2 (£c2 ■i-y^+z^)> %^xy + + ££c), 
or, x'^’i'y^-^z^>ys-¥ zx-^xy. 

Othe) wm jc® + + 2 ^ - {yz + 2aj + xy] 

-Wy''zY^[z-xY-Y{x’^y)^]=z. positive quantity; 
' x^-^y^+z^ > yz-\-zx+xy 

Example 2. If o, h, c be positive, real and unequal quantities, 
prove that 

(i) [b + c)(c +a)(a+h)> 8dbc, 
and (ii) c)+ &^(c+ fl)+ c®(a+6) > 6a6c 

(i) We have 6+ c=( tJhY+{sJcY > 2 tjbijc. 

Similarly C'^a>2^CiJa 
and a'i-b>2s/a^Jh 

Multiplying, (6+c)(c+ a){a+h) > (2^b Jc){2 Je^a){2,Ja Jh) 

IB, > Sfl^C, 

(ii) Also, (6 + c)(c+ a)(fl+ b) 

“«^(J+c)+&^(c+a)+c*(fl+&)+ 2 o&c > Sfl&c ; 

' a^{Jj-\-c)-¥b\c'^a)-¥c^{a‘¥b) > Babe 

EXERCISE m. 

[2^ B Letteis stand fo} t eal, positive and mieqital quantities 
w the following examples ] 

Prove that : 


1 . fl^-a6+5® > ah 2 « a^-\rb^> ab{a+b),B, a;+— >2, 

X 


4 . 6 . an+oM^^+M. 

2 b+G^c+a^a+b 

6. {a+b-i‘c){bc+ca+ab)>dahc 7. fl®+&®+(;®>5a5c, 

8 . (a+ h+ o)^ - 0 ® - h* - c® > 24 ahc. 


9* ^ (6® - 6c+ c®)(c® - ca+ - ah •fh®} > a'^h^d^. 

1.0* a(5 + c)^ + &(fc + a)® + c{a + 5)® > 12ahc. 
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229. Theorem. IE the fractions 


ace,, 

T’ ~d' y* 


unequal, then w 0> catei' than the least and less 

than the gt eatest of them, the denominatois h,d,f . being 
positive. 

Let he th.e~smallest of the fractions 
Hence, 

Let 'y =^; • ^ ^ 

Hence, a =5/1:, c> dk, e> fk, etc. 

Adding, ct+c+e+ >hk'i‘dk+fk+ . 

%e, >{b+d+f+ )k, 

a+c+e+ 


h+d+f+ 

le > the least of the fractions. 


->k 


Similarly, can he proved 

the greatest of all fractions. 

230. Maximum and Minimum 
Expressions. 


to he less than 

Values of 


Example 1. Find the maximum values of 5 - 2a; - jc® (i e , find 
the algehraicaJly greatest value of 5— 2a;"‘a!^ for various 
values of x) 

The given expression 

= 5 — 2a; “ ac ® = 6 — (1 + 2a; + 0 ! ^ ) = 6 — (a; + 1) ^ 
=6+{-(a;+l)2} 

Since, (a;+l)^ cannot he negative, 

{-(a;+l)®} can never he positive 


Hence, whatever real value x may have, the given 
expression can nevei he gi eate) than 6 

Evidently, the given expression =6 when a;+l=0, %e, 
when «= -1 



m ALGEBEl MADE EASY [OHAP. 


Hence, we notice that the expression can be equal to 6 
but can never be greater than 6 

. the maximum value of the expression^ 6 

Example 2, Find the minimum value of 4£c®+12a;+18 
fie, find the algebraically smallest possible value of 
4ir^+ 1^+18 for vanours values of x) 

The given expression=(2a;+ 3)^ + 9 

Since. (2a; +3)2 cannot be negative, the given expression 
can nev& be less than 9 but can be equal to 9 when 
2fl3+3~0,^€, when x~ 

the smallest value requii ed = 9 

EXERCISE 125. 

Find the maximum value of 

1. 6x-x^-L 2. 5+8a;-8a;2 3. 5+4a!-4a;2 

4. 3+5a;-2a;2 5. 17~i-8x-x^ 

Find the minimum value of 

6. a;2+i+4 7, 2a;2-7fl;+6 8. 4x^-9x+5 

9. 3a:2-6a;+4 10. 2a;2-13a:+22 

11. Hmde 32 into two parts so that their product has 
the maximum value 


in. Miscellaneous Artifices. 

231. We shall now work out some examples which 
require for their solution either the application of some 
pimciple noth which the student is not already acquainted 
or some special artifice 


Example 1. Express {x+Sa)(x+ba)ix+7a)(x+9a) as the 
difference of two square quantities 

[0 U Entr Paper, 1887 J 


The given expression 


={{a;+ 3a)fa:+ 9a)}{(a;+ 5a){a:+7o)) 

={£c 2 + 12fla;+ 27'a2}{a32 + 120 ®+ 

= {({»2 + 12flaj+ 3k2) - 4a^}{(ct;s + X2ax + 31^2) + 4 ^ 2 } 
= (x^ + 12aa;+ 31a2)2 _ 10^4 
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sa 


Example 2. A man receives •— ths of Rs 10 and afterwards 


■"^ths of Rs 10 He then gives away Rs 20. Show that he 

X 

cannot lose by the transaction [C U Entr Paper, 1881 ] 

The man receives altogether +'^^•10 rupees and 

gives away 20 rupees 

Clearly therefore he loses 

if (- + -^).10<*20, 

\y X/ ’ 


le^ 

le 




X 

y X 
if <^y, 

if x'^+y^-2xy <0j 
if {x-yY be a negative quantity 


But whichever of x and y may be the greater, {x ~ yY can 
neve) be negative 

Hence, the man cannot lose. 

Note It may be observed that there is always a gam in this 
transaction except when x=y 


Example 3. H prove that 

a^+c^-2h^, or, a+ft+c^O 


Prom the given relation, we have 

a ^ _ i c 

h+c e+a c+a a+6’ 

(6+c){c+a) (c+a)(a+&) ’ 

(a ” &Xc+ a+ b) (b — c){a+b'Ye) 

" &+C fl+6 * 

or, (a^ - h^){a + &+ c}~ {b^ - c®)(fl+ &+ c), 
or, (ft+ b+cM - 62) » (&2 - c2)} =0, 

or, {ai-b+ c}ia^ + -2b^)^0 

1-31 
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Therefore, eiHw , a + 5 + c = 0 ; 

oj, a2+c^~2&2=0, 
and . a^’\-c^=2b^ 

Note It mag be observed in this connection that whenever any 
relation of equality isieduced to the form xps=xp^, \or x(p-p^}=‘D\ 
it IS obviously satisfied either (i) when x=0, or, (ii) when p~p^, and 
that of these two alternatwe results we cannot accept one as the only 
conclusion to which we are led unless it is known that the other is 
impossible 

In the present example we have got (<z®~6’)(a+&+c) = (6®-c’) 
{a+b+c) as one of the steps in the solution, and it is not difficult to see 
from this that it would be a mistake to remove the common factor 
a+6+c from both sides and set down a^-b^=b^ -c® as the next step, 
for the above relation may be true not on account ofa^-b^ being equal 
to 6® - c®, but on account of a+b+c being equal to zero We might 
remove a+6+c from both sides of the equation however, if we know 
that owing to certain restrictions on the values of the letters a, b,c, 
the expression could not possibly vanish 

Bence the only legitimate conclusion from the relation xp=^xp , 
[or x{p--pi)^ 0 l IS '^either x= 0 , or p=^p^" but not simply "p=p^" 
except when x is known to be not equal to zero 

Example 4. Show that rf aeda-h+c 

IS mt^O, to -J =-| +1 • [C TJ Bntr Paper, 1875.] 

Prom the given relation, we have 
-t _b-“C __a—b , C'ha 

^ J' + T’ 

or, b(a -h)-h c(c+ a ) 

’ d be ' 

_Ka-&+c)+c(c+a-61 

Tc 

^(ci'-b+c)(b+c) 

Fc * 

Hence, either a-b+c^O, 

^ " be } hTote, last example ] 
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But by hypothesis, a-l-^cisnot zero 

Therefore, we must have ~ *= 4- + — • 

a be b c 

Examples. If fl+&+c=0, show that 

+ c^) + 6^ + c^y, 

Prom the given relation, we have 
a+&=“C, a^+2ah+b^-c^, 

a2 + &2 _(j2_ _2a&, 

(a^ +b^-c^y= 

or, a^ + b^ + c^+2aH^ -2a^c^ -2b^c^=4:a ^^ , 
a* + 6^ + = 2(^252 + &2g2 + g2£j2 j 

Hence, 2{a^ + &* + c*) = + &* + c* + 2{a^^ +6^02 + ^2^2^ 

=(a® + &2 + c^)® 

Example 6. Jia+b+c=0, show that 

^2 + g2 _^2 ■bg2 + Qj2 _ J2 ® 

Prom the given relation, we have 

a+b=-c, . a^+2ab+b^—c^, 

a^ + b^-c^- -2ab 

Similarly, b^ + c^-a^ — — 26c, and + - b^— - 2ca 

Hence, the proposed expression 

-26c -2ca^ -2ab 

a+64- c _ __2___n 
” -2a6c ” -2a6c”* 

Example 7. If a+6+c=>0, showthat 

. 6^ . c^ 

2«®+6c*^26^ +ca 2c*+fl6 

We have 2a^ + 6c=>a^ + £ia+6c 

=a^— a(6+c)+6c [ a=-(6+c)] 

=(fl-6Xa'-c). 

Similarly, 26 ® + ca => 6 ® - 6(a + c) + ca = (6 - c)(6 — a). 
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and 2 c^+fl&==c^~c(fl+&)+a& 
«(c-a)(c~li>) 


Hence, the proposed expression 

(a- b){a ” c) ( 6 - c)(& - a) (c- a)(c~ b) 
~{a-'b){a- c) {6-c){fl-&) (fl-cXh-c) 
{£i-&)(a-'cX&'-c) 


„ a^(&~c)+6^(c~a)+c^(g>~&) 

_ (a-&Xfl~cXi!>-c) ■, 

(a-6Xfl’-c)(&“c) 


[Art 129 ] 


Example 8 . Prove that ^a;+|-)%(7j+iy + /^+ly 

=4+(®+-|)(,/+ |■)(^+■J), 

(» + ^)%(y+i)^(a!H2+i)+(y^+2+i,) 

=4+ )+(^+i) 

"4+ (f +fXi-+®') t *yj=l] 

Hence, the given expression 
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= 4 +(«+- 1 ){(|+|) + (|+2:)} 

=4+(s+-1)|(^+xk)+{-| +i)}. 

[ *acys=l] 

=4+(.+ i){»(j+!,) + i(!,+ ^)} 

= 4 +(*+|)(!,+ i)(ffl+ I)- 

Example 9 . If xy-^yz-\-zx-\ show that 

X . y , 0 4 a;vg 

Since ici/+y2+2;a;=l, we have 

xy+yz-l-zx, or, y{x+z)=l-i;x (i)' 

yz+zx-l-xy or, 4 V'^x)—l-xy (u) ‘ 

zx+xy=l-yzt or, aiz-i-y)-l’~yz (m). 

Now, the given expiession 

_x{l-y^)(l-z^)+y(l-z^){l-x^)+ z{l -x^)(l~ y^) 
{l-x^){l-y^){l-z^) 

of which the nnmerator 

= x[l - (y * 4 - 2^) 4 - ^ 2 ^ 2 } + + 3,2^ + 2.23.2 } 

+ 2{1 “■ {x^ + y^) +x^y^ 

-{x+y+z}-y^{z+x) -z^x+y)-x^y+z) 

+xyz{yz+^+xy) 
={x+y+z)- y{y[z+ a;)} - 2(2(0;+ y)) - x{x{y + z}} + xyz 1 

={x+y+z)-y(l -zx) ~z{l-xy) -x(l -’yz)+xyz, 

[by(i), (u) and(m)] 

~{x+y+z)-iy+z+x)+ 3 xyz+xyz 
—ixyz 

4 xiiz 

{l~x^){l-y^)[i-z^y 


Hence, the given expression = 
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Example 10. If a: -a be the HOP of aiJC^ + M+Ci and 
^(tzX^ + b2X+Ci, piove that 


(li 


a= 


(ll^2 "" ^2^1 * 


and (n) (&iC 2 “& 2 Ci)(fli& 2 ~a 2 &i)=(ciaa'“C 2 ai)“ 

Since X— a must be a factor of each of the expressions 
ttiX^+hx^c and + we have by the factor 

theorem (Art 165), 

flia"+&ia+ci=0, 

and a 2 a^ + & 2 a+C 2~0 


Hence, by cross multiplication, 

^ a 1 

&iC2"&2Ci 01^2 “C2«i aibi-Uibi^ 


Also, 

whence, 


dlUn “ ^ 2^1 

:./ ■ - V 

biC2~~bf,Ci ai&2“^^2^i \ciU2'~02ai/ 

(&lC2-&2Ci)(ai&2~fl2&l)=’(Cift2~C2^Jl)“ 


Example 11. By pei forming the opeiation for extracting 
the square root, find the value oi a?, which will make 
x^ + 6a;® +llai® +303+31 a peifect square 


a:H 6a;® + 11a;® +3a; +31/032 + 3a;+ 1 

{B^ \ 

2a;2+3a;\6a3®+lla;® 

/6a;®+ 9a;® 

203® + 6a;+ l\2a;® + 3a3+ 31 
/2a;®+6a;+ 1 
— 3a3+30 


How, in order that the given expression may be a peifect 
square, the remaindei (-303+30) must be»0, and therefore 
3 o 3 “ 30 , or, 33=10 

Hence, when a;=10, the given expression is a perfect 
square 

Example 12. J£xih-c)+y(c~a)+z{a'~b)^Q, 

bz- cif _ cx~~ as _ ay—bx 
b—G c—a a—b 


then will 



XXXIII.] 


mSOBLLANEOUS ARTIFICES 


487 


We have £cf&’“c)+*/(c— a)+2:(a—&)=0) 

and identically also, a(&— c)+Kc“’^i)+c(tt^&)=Oj 

Hence, by cross multiplication, 


h-c _ c-a a—l) . 



cy—bz az-'Cx bx—ay' 


whence, 

bz— cy cx—az_ ay'- bx 
b—c ”* c—a a-b 


Example 13. 

Solve a;+«/+z=»a+&+c 

(IX 


a h c 

(2). 


^2 + ^2 - ^ + J + C 

(S)) 

From (1), 

(aj- a) + (y- &) + (z“ c) = 0 


From (2), 

-i (as - a)+ (y- ^ (z- c) ^ 

=0 

Hence, by 

cross multiphcation, 

£C“a y—b z-c , 



c ” & 0 , c h a 

and supposing each of these fractions = A:, we have 

T h—c. ■, 7 c—a. 7 
x-a==k~^; — 

How from (3), ^(aJ”fl)+p(«/-&)+^( 2 ;-'c)==' 0 , 


(«) 


Substituting in this equation the values 
z—c, found above, we have 


lc{ 


b"C J, 
be ’a^ 


C-O' J: A 1=0 

ca 'b^^ ab *c2j 


of JC-fl, 1/-&, 


7 &c(& - c) + ca( c— a) + aKct— &) ^ n 
or. A: ^2 ^2 ^2 -^1 


or, [Art 1291 

A:=*0, 

since, a, &, d being imphedly unequal, none of the factors 
b-c, a—b, a- CIS zero 
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Hence from (a), 


a;— a=>0, 

or. 

x-a\ 

1 

w 

or, 

y^b - 

;2:-C'=0, 

01, 

Z^Ct 


Example 14. If x^cy-i-bz, y^az-^-cx and z~bx-\-ay, 

2^^ 

show that 


Prom the given relations, we have 

x-cy-bz^Q ( 1 ^ 

cx-y-^az^^Q ( 2 ) 

&a;+fl^-g=0 (3) 

Prom (1) and (2), hy cioss multiplication, 

X _ V z 

-ac-b'^ -bc-a -1+c®’ 

X _ V _ z 
ac+&~&c+fl l-c® 

Similarly, from (2) and (3), 

X y z 


l-fl® ab+c aci'b^ 
and from (1) and (3), 


_x y 


ab+c bc+a 

How, from (4) and (5), 


and 


X 

z 1 

ac+6 



_ s 


~ac+b) 


} whence. 


X* 


z- 




Again, from (5) and (6), 


and 


X 

- ^ 1 

1-a^ 

ab+c 

X 

- V 

ab+c 

~'l-bV 


*i2 

whence, r 

’ 1— (i“ 1-b^ 


aj* 


(4) 

( 6 ) 

( 6 ) 


Hence, 
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Example 15. Show that if ax+ & 2 /+c 2 :=> 0 , and 

~ +~ =0, then wiU 
xyz 

ax^ +hj^+cz^+{a+b+c)(xy’{-yz+zx)=0 

From the given relations, we have 

ax+by'i-cz^O) 
and ayz+ bzx+ axy = Oi 

Hence, by oioss multiplication, 

a ^ b c 

x{y^ -y^) ’ 

and each of these ratios 


and also 


ax^+bi/^+cz^ 

x^(y^--z^)+y^{z^—x^)+z\x^-~y^)' 


Thus we have 


ax^+bt/^-¥cz^ 

x^y’^ —z^)+y^{z^ —x^)+z^{x^‘-y^) 


Hence, 


a+b+c 

xiy^---z^)’{-yiz^ —x^)+!^x^—y^y 
ax^+by^+cz^ 
a+b+c 


_ x^(y^--z^)+y^(z^ —x^)+z^{x^-"y’^) 
x^{z-y)+y^{x—z]+z^{y-x) 

_ { y-'z)ix—z)ix—y)ixyi-yz+zx) [See Arts 

~'{y~ —z){x- y) 140 and 129 ] 

= --{xy+yz+zx ) ; 

whence, ax^ + by^ +cz'+[a+b+ c)ixy+yz+zx ) = 0 
Example 16 . If — « -I- > show that 

a u 

x^+a^ y^ +b^ _ {x+yy +{a+by 
x^+a^"^ y^ + b^~ {x+yP+{a+b)^’ 

Let each of the given ratios Then we have x=ak 
and y=bk 

T.r- x^+a^ , y^+b^ _a^ik^+l ) , 6®(fe®+l) 

-tience + b%k^+l) 

_fl(fcHl) , KA®+l)_(A:®+l)(a+&) 
ft’+l k^+1 kHl 
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JcHa±hl±{a±J^ 

{ka+]cb)^ + {a+hY 
{ka-^khY •^{d'^hy 

_ (a;+v)^+(fl+&)° 

(2C+l/)'‘+(a+&)*‘ 

Example 17, Slio‘wthat(&c«Z+ccZa+«Z»&+o&c)® 

“ abcd{a+ &+ c+ = (tc- ac?)(ca- hd)[ah- cd) 

We have (6c(f+c(^a+£?cr&+a&c)® 

={c(^(a+ &)+ a&(c+ 

= c^(?^(a+ 6)* + 2abcd{a+ b){c+ d)+ a® &^(c+ ; 
and (fl+&+c+d!)®=(fl+6)®+2(a+i)(c+d)+{c+d!)^ 

Hence, the given expression 

= cH’^{a+by+a^b’^{c-^dy’-abcdia‘\-hy-abcdie+dy 

— ah{c+ d) \ab-cd)-‘ cd(a+ by{ab— cd) 

=> {ab - cd){ab{ci- d) * — cd{a + b) 

= (a& - cd){ac{bc- ad) - bd{bc- ad)} 

=> (ah - cd)ibc - ad){ac- bd) 

Example 18. Show that the following expression is an 
exact square 

{x^-yzy+(Sf^-zx)^ + {z^-xy)^ -3(a;® -yz){y^ -zx){z^'-xy) 

Putting a for & for y^-zx and c for z^-xy, we 

have the given expression 

=(a+&+c)(fl^+&2+c®-&c--ca"a&) [Art 128] 

=i(a+&+c){(a-&)2+(&-c)2 + (c-a)®} . (1) 

Now, a-b=^{x^-yz)-{y^ -zx) 

={x^-y^)+z{x-y) 

=»{£i;-^X£C+y+^) 
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Similarly, 'b~c={y—z)[x+y’\-z\ 

and c~a=(z~x)(x’i-y+z) j 

whence (a— &)®+(&“c)^+(c— a)^ 

={x+y+z)mx—y}^-^{y~~z)^+(z—xy} 

='2,{x+y’\-zY{x^’\-y^&z^"yz~zx~’Xy) (2) 

Also, a-^-b+c^x^-i-y^+z^—yz—zx—xy (3) 

Therefore jErom (1), (2) and (3), the given expression 

y.{2ix-^y-\’zY{x^+y^-\'Z^-~yz-zx-~xy)} 
=‘{{x+y-T‘z)ix^+y^+z-—7jz—zx—xy)Y 
=» {x^ +y^-\-z^—BxyzY 


Example 19. If —+j- » show that 
a 0 c a+OTC 

/I . 1 . 1 

\a b'^cl 

where n is any positive integer 


Prom the given relation, we have 

bc+a{b+c) 1 _Q 
abc a+b+c 
{a(6 + c) + &c}{a+ (& + c)}--fl&c=0 


Kow, the left-hand expression 

= a®(& + c) + a(b + c) ^ + &c(& + c) 

= (&+ c){a^ + a{b+e) + &c}=(&+ c)(a+ &)(a+ c) ; 
(6+c)(a+&)(a+c)=0 

Hence, either 6+c=0, or a+J=0, or, a+c=0 
Taking &+c=0, we have c= — b 


1' 

L2n-^l /1\2flTl r f 

.1 « 1 

+- 

1 = ~ ’ T- 

+— «0 


f \aJ L & 

c -• 

1 

1 


,2n-l ' 






[V s= — 2 ( 2 n+l ^ ggg pggg 231 ] 
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The same lesult would follow if either a+coi a + h weie 
taken equal to zero 

Example 20. Havin^f friven X‘=hf+cz+dii, y-ax+cz+dvj 
z=ax-^by+du and 7i~aX'^by‘^cz, show that 

a . 1 ) . G , d j 

l+a'^l+ft 1+c l+d"" 

Putting P for ax+hj-^cz^" dii, we have 


SC+ fla;= (%+ a + dti) + ax 



=P, or, a;(l+a)=P; 

1 X . 
1+a P’ 

(1) 

y+hj= (aa;+ cz+ dii)+by 



=P, or,7/(l+6)=P, 

1 ?/ . 

1+6 P’ 

(2) 

;?+ C 0 - {ax+ by+ du)-^ cz 



-P, or, 2(l+c)-P, 

1 + c P’ 

(3) 

« + dfM =» {ax + &?/ + cz) + du 



=P, or, 7^(1+ d)=P, 

1 7^ 

l+d'P* 

(^) 


nee, from (1), (2), (3) and (4), we have 

a , b , c . d o£C,^/,cz d7f 
l+a'^l+b’^l+c'^l+d^ P"^ P P P 


ax+by+cz-¥du ^ 

. p - -i* 


Exercises. VI 

I 

1. Emd the value of ^/(£C*+^/H^Xa;-^/“ 37 ^ - llxy^, 

whena^-— 1, ^=1. ' ^ '' 

2. ^imphfy 3a - 2(& - c) - {2(« - Z;) - 3(c + a)} ~ {9c - 4(c - «)} 

3. “Resolve into factors B{a-\-b)^-2{a^-b^)-a[a+b) , 

4. Divide 2a?^ —lOx^y+^bx^ij^ —Blxy^ + 20^^ 





6. Simplify 


b flj 

{a+b}^ {cL-jrb)^ 


by aj®-3®?/+47/” 
\ 



MISCELLANEOUS EXERCISES VI 


m 


6 . Solve the equation . 

^ x-a x+b '*' 

.If 

Q o ^ £ 3\/3“*2\/2 

8 . Smplrfy -jSZ-jr- 


7« If (a;+'— ) «3, prove that a ;®+-\=0 

\ ^ i (C^ 


n 

1. Find the value of (2a+&)(a—&)+(2&+c)(&“c) 
+( 2 c+flXc“fl) when a=l, h=% c= —3 
2J^^^vide 1+ So? —240:^+ 8a;* by 2aj®+3a?“l 

3. *'^ a;*+7a;+c is exactly divisible by a;+4j what is t] 
value of c ^ 

4. ^l>ty 27^2-277^' 

5. KradtheHCF of 

a;*— 3a;^— 2 a;^+ 12 a ;— 8 and ac®— 7a;+6 

7.‘^Te,the equation ^*-5 


8. 



6 


8 


12 


24 


prove that x^— ^=4 

X X 


ni 

1. Find the value of {a^{b^ - 0 ^)+ b^{fi^ a®)+ c^{a® - h^)\ 
—{bc+ ca+ db\ when a=3, b- -2, c «4 


2. Simphfy 


l-f tc 1 — a; 1 +a;^ 1 —x^ , 
l~x 1 +a; l-a; 2 ”i+a;^ 


3. Resolve into factors a® - 52 + 3 9^2 0 

4. Find the H C F of 

x^ + &ax^ - ba^x - a® and 6 a;® - 3ax^ - ba^x-^ 3a® ^ 

5. Find the L C 34 of -px+ 6 , a;^ - 4a;+ 3 and x^-3x+ 2. 

6 . Reduce to its lowest terms y • 

a;®+a;*+8a;2+8a; 


^•<S> 


7. Solve ^+3+^_2^a;-7 

8 . If a & X y, shovr thsA ab • xy a^ + b^ x^+y^ 
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IV 


^ Jx^+v^-v. 

1. SmpMy 

2 . H the pioduct of two expressions be 05®+®^^* + ?/® 
and one of them be x^ ~xy+y^, find the other 




3. Resolve into factors 
(i) x^i-x^-x-l, (ii) 

4. Show that {ax+ hy)^ + {bx - m/)^ - { a^-^b^){x^f y^) 

5. Find the LaM of """"" ^ 


8a3® + 27, 16a:^ + 36a;'‘^ + 81 and Qx^ -5x-6 \ 




6 . Solve 


3aj-4 


X 


8. If 


X 


4 £C +3 

2ai 
Jl 


=3 (\ 




7t Find X and ?/, if ~ 


a+b-c a-b+c &+c-ft’ 


show that each of 


these fractions 

a+ o+c 


V 

^ 'cj Ii x^-%y^ . a:^-4w“ 

1. Simplify -0-7-0 — ^77- s X -0-4; — " v- - , • 

x-'+dxy-lQy^ x"-bxy~10i/ 

2. Divide a^{b~c)‘]rb\c-a)+c^{a-b) by aH-&+c, and 
find the factors of the quotient 

3. Find the value of when a;=a+3, ?/=fl-3 

4. Find the square root of 

24 + ~ +slH - xy^ ) - 

2/ \x- ^ j X 

5. Show that + 

= (a^ - bxf + {bz- cyf + (cx - az ^ . 

e. Subtract feom 
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7, Solve 2*x4«'=32l 

3*-9!'= 3i 

8. If a & c d, show that (a^+e^)(b^-i-d^)= (ah -hcd)^ 


YI 

1. Reduce to its simplest form tlie espression 

2fl{l-a;’')^ (l+a;)^(l-a?) , 2ay^(l~x) 

j / — / , 


yz 




2. Multiply «+&+-+- by 

^ ah ah 

3t Divide x^—2hx^—{a^—h^)x^’t-2aHx—aH^ 

hj x'^—(a+h)x-h ah 

4# If fl— 2/+2 &=2:+a;, c=a;+ 2 /, then 

a^'\-h^’\-c^—hc—ca—ah=x^'¥y^-\-z^—yz—zx—xy, 

c -n 1 5a;®”14a;^+16 , , ^ 

5. Reduce 16a;- 48 lowest terms 


6. Solve - + -=29, l--i=2 
x y ’ X y 

7« Solve 2a;+3?/”8;5+35=0, 
12a; -5?/- 30+ 10=0 


7a;-4^+0-8=O, 


8. K a h~c d—e prove that 
a,h \/w®a^+w^c^ 

YU 

1. Divide -2a;®2/"®+17a;®y“^-5a;'^-24a;®?y^ 

by -xhf^ + lx^y~‘^ + 8®^^ ^ 

2. RmdtheHCF. of 

g2«^3 + e2*_a3 _i and rt2-+2e*a2 >e2*„2e*+fl2 -i 

3* Show that 

^ 2 .{-^ 2 ^g 2 — 

*" 2(a&+cd) ~ 2(a&+cd) 


4. SunpWr ^g±2^|±f^:). 
5« Solve 


a&fa;® -y^j+xyla^ -bv 
x-4: x-b x~7 x-S 


x-5 x-Q aJ-S 35-9 
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6 « Show that if each of the expiessioiis and 

3.2 + g' be divisible by a:+ a, then • 

7. A bill of £100 was paid with guineas and half-crowns, 
and 48 more half-crovras than guineas were used , find how 
many of each were paid 

8 . lia b: c d, prove that 

4fl®+5&® : 4c®+5d® * c’d®. 


VIII 


1. Show that {ax-¥ hy+ czf’ + {caj - hj + az)^ is divisible by 
(a+c)ix+z) 

2% Resolve into factors . 

( 1 ) (& + c] ® " 6a(6 + c) + ; ( 11 ) + 2aj^ -a^- 2ay. 

3 Sunnhfv 

6 , bimpiiiy 4^,2c2„(a2„j2„c2)2* 

4* If a+b+c=0, show that a^-h==b^-ca=c^'-ab 
5* Solve 3(a;+3)®+6(aJ+5)^==8(a;+8P 

6 . Extract the square loot of 

2535"^ - 12a; + 16a;''® + 4a;^ - 24a;~® 

7. Eind the value of a;, 2 :, if sa;=9, a;?/=25 

8 . Ifa'& c d, show that rt(a-j-5-f-c+d)='(fl+&)(o+c), 

IX 


1 . Eind the value of 

~ cB _ {&2 -(c-aB- {c^ - (a - bB 
when a=l, h =®2 and c- -3 


2 . 


3. 


4:. 


5 . 


Simnhfv — - - x(x^+3) 

Resolve into factors a® -6®+3a6+l 


Solve 


4g+3 , 7a;-29_8a;+19 
9 '^5a;-12 18 * 


Show that 




z-x 


+ 


x-y 
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6. Solve £c+^/ a;-?/=5 3, a;+5^=36 

7. jFmd the time between 8 and 9 o’clock, when the 
hands of a clock are at right angles to each other 

8. If a h 'b c, show that 

(a+6+c)(a-&+c)=a^ + J^+c^. 


X. 

1. Divide 27a8 -863 by 3a-26-3c. 

2. XindtheHOF of a;3+lla;3-54anda;3+iia;+12 


3« Resolve into factors {a^ - b^}{x^ + y^)+'^{a^ + b^)xy 




Simplify 


9l 

62 



—2 

+2 



{g±^' 

ah 


5* Show that a3(6+c)+63(c+a)+c3(<t+6)+fl6c(a+6+c) 

= (a® + 62 + c2}(6c+ ca+ ah). 

6. Solve a/9+ 

7. One man and two boys can do m 12 days a piece 
of woik which would be done in 6 days by 3 men and 1 boy 
How long would it take one man to do it 9 

8. If a 6 6 c, prove that 

a* + fl2c2 + c^=»62^^-l+^^(a2+62+c2) 


XI. 

1. Show that (a;2 +ssy+y^)^- ^xy{x^ +y^)’={x^-xy+y^y. 

2* Resolve into factors 

(i) a^'-b^’-c^’¥d^'-2{ad-bc) , 

(ii) x^‘-y^-z'^ + 2yz+x+y-z. 

3. Extract the square root of ^ ^ ^ 

4:. Solve a;+22/+3^=6, 2a;+4«^+2«=7 Bx+2y+2z~14: 

6. Eind the HOE of x*y -x^y^ - l^x^y^ +^8xy* - lAy^ 
and aj3 “ Ix^y + 21x^y^ - dix^y^ + 2Bxy^ 

1-32 
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6. A man "buys 570 oranges, some at 16 £oi a shilling and 
the rest at 18 for a shilling , he sells them all at 15 for a 
shilling and gams three shillings ; how many for each sort 
does he buy ’ 


7 , Simplify 



8. Iffl &==c d-e f, piovethat 

+ c ® + + /^) = (ah -^cd-V efY 


XE. 

1. If a;= a+ «?, ^ + c?, z- c+ d, show that 

^ 2 + ^2 a^-¥h^-i‘C^ -hc-ca^ ah 

2 . Simplify 

V+g ■ z+x a!+?/ 

(y^ - xz){z^ - xy) [z^ - xy){x^ - tjz) ^ (x^ - yz]{y^ - xz) * 

3. Resolve into factors 

(i) x^-2ax-b^+2ah', 

(ii) £c^ + {a+&+c)aj+ch'l-oc 


4. Find the HOP of 

Gai^ - 2a:® + 9a:® + 9a; --4 and 9a:^ + 80a;® - 9 

6. Solve 

15 6a;”25 5 


6 . A and B can togethei do a woik in 12 days , A and G 
m 15 days , B and G in 20 days ; find m how many days they 
wiU do the work, all working together 

7. Simplify 4^/i^-3A/m-6^/^+18^/7T. 

8. Show that, if a; y . a 6, then wdl 

I ^ (x+y)^+(a+b)^ 

x+a y+b x+y+a+b ' 


XEI 


1« If 2s= fl+ 6+ c, show that 

a{b - c)is -oD^+bic- q)[s -b)^+c(a- b)(s - c)® =0. 

3 8 3 3 

2 . Show that a;® + a;®fl® + a® is divisible by + a;“a^+ a* 
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3. 


Simplify 


x^-yz y^-zx . z^-xtf 
{x-i-y){x-\-z} iy+z){y+x) U+ x){z-i- yY 


4. 


Solve 


x-a 


x-b 


,x^-c^ 

1 

x-c 


= a+ b+c-Sx 


5* Find how many gallons of water must be mixed with 
80 gallons of spint which cost 15 shillings a gallon, so that 
by selhng the mixture at 12 shilhngs a gallon there may be a 
gain of 10 pel cent, on the outlay 


6. W 

7. Simplify 85^-4Vi::®+2yB4 

8. If d 6 & • c, proTP that 

+ 62 + &C+C® a c 


xrv 

1. Ifa+5+c=2s, and a^+b^+ab+s^’=2s{a-i-b), show 
that (a -sY + {b-$Y-{‘{c~ sY —s^ 

2. If a3+tt be a common factor of £C^+^a;+g and 

x^ + Ix+m, show that a~^ — $* t 

p-l 

o o ir 7+3\/5,7-3\^ 

3. Smiplify fr^+7+^' 


4:. Solve 


a-h ■ a-h_ a ^ 

x-a^x-h x-a x~b' 


5. 


Solve 


y'^z~x _ z-Vx-yjx+y- z_^^ 
fc+c c+a *” a+b 


6» A can do a piece of work in 20 days, which B can 
do in 12 days A begins the work, but after a time B takes 
his place, and the whole work is finished in 14 days from 
the beginning How long did A work ^ 

7. Express (m+a)(a;+2£i)(a!+3a)(a:+4a) as the difference 
of two squares 

8* Show that if a{y + a) = b(z + a?) = c{x + y), then 


y-z 


x-y 


z-x 
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XV. 


1. For what value of h will 

+ 2aa;® + {a^+S)x^ + (4fl+ o&)a:+4& be a perfect square 

2. Prove that (ii - c}(l + a&)(l + ac ) + (c - fl)(l + &c)(l + da) 

+ (a - &J(1 + ca)(l + ch) ~ - c)(c - a){a - b). 


3. Simplify 

2x^+2 1 .1 1 

X^ + X^ + LX+tJX'^l‘^X'-fJX-\’l X^-X+l' 

4:. Find the HCF of 2a;H(2a-3&)a:2-(2&+3fl&)a;+362 
and 2x^ - (36 - 2c)a; - 36c 

5« Find the value of 

a” . 6* ^ „a’'+6’' 

2no"-2«a;*^2K6’‘-te’ 2 * 


6. 


Solve 


20a;+36 . Bcc+20_4£c . 86 
25 9a: -16 5 '‘'25’ 


7. A vessel is filled with a mixture of spmt and 
water, 70 per cent of which is spirit Alter 9 gallons are 
taken out and the vessel is failed up with water, there 
remains 58^ per cent of spirit , find the contents of the 
vessel. 


S, Ifa ;-2 y-z x^ show that 

x-^z y+z . ~ +2 +2 

y X 

XVI 

1. Find the HOF of a;®+2a:^-5a;2“7a!+3 and 

3a;« - 3a;^ - 18a;3 + a;^ + 2aj + 3. 

2. Solve J2x-l‘h tJZx-2<= ijbx-i 

3. If {a+ 5+ c)x=- {-a+b+c)y^ia-h+ c)z=- («+ 6 - c)w, 

show that ■^+ ~ + i =;-i , 

y z w X 

4. Solve 

g V I 

Bjx-y BJx-y _ 4 | 
y a; *“ 5 J 
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5« Resolve into factors ax{y^ + + iy{hx^ + a^y). 


6. !Pind the contimied product of Ja+ a/6+ ^Jc, 
tja+ Jb- fjc, fja- fjb+ Vc, ijb+ Jc- tja 


7. 




a-b 


Q 

show that 


o^ + g6 +cd ^ 
ab-b^"^ cd-d^' 


8i Each of two vessels contains a mixture of wine and 
water ; a mixture consisting oi equal measures from the two 
vessels contains as much wine as water, and another mixture 
consisting of four measures from the first vessel and one 
from the second is composed of wine and w^ater in the ratio 
of 2 3 Find the proportion of wine and water in each of 
of the vessels 

< xvn. 

1. Find the HOF oix^+x^+2x+2 3,nd.x^+x^+l 


2* Solve fjy- Jy-x= Ayid-jcl 
ijy-x fj20-x 3 2 / 


= A-i 
V M+l’ 


3* Find the value of 

4. Show that 

a3(J2-c2) + 63fg2_„2) + p3ffl2_J2) _ 

a^{b - c) + b\c - a) + c^{a -b) “ 

5. K a+6+c=0, show that 

4(&^c^ + + a^b^) =» (a® + ft® + c2)2 

Hence, prove that 

{y “ zf-{z - + (^: - " yY + (a? - y^Hy -0)2 

={x'^'\-y'^-\-z^-yz-zx-'xyY, 


6. One of the digits of a number is greater by 5 than the 
other When the digits are inverted the number becomes 
■| of the original number Find the number 


7. 


Simplify 


3aj®+a;®-5a;+21 

Qx^+29x^+^x-2V 


8. If 3(a^ + 6^+c^)“(g+6+c)^, show that a—b=c 


xvm 

1* Show that {(a; - yY + - £Y + ( 2 - xYY 

=2{(a; -yY+iy-zY+lz- xY}. 
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2. Solve 


.Q f \/aP+ft-- 

a?” Jx^-a^ iJx-~o>) 


3« Resolve into factors * 

(i) 14a;2~37a;+5 , (ii) {X+a)Hl+c^)-{l+cY{l+a ^) ; 

(ill) - n^+2n{m^+ii^)‘~i‘in+nY{fH~n)^. 

4* A baker charges 9-|«? for a loaf which he repiesents 
as weighing 4 lbs , but which really weighs B lbs 12 oz After 
he has sold a ceitam numbei of loaves, he is detected and 
fined £5, and thus loses five shiUings more than he has cleared 
by selling short weight How many loaves does he sell ^ 


5* Simplify 

£j TO Q^h h“^C Cl^ C ii V 

ay-Vhx bz+cy cx+az ax+by-hcz’ leneac 
these ratios supposing a+b-^c not to be zero 

7, Solve a;(a;+2^+z)=24, y{x+y+z)-4B, z{x+y+z)-72. 

8. Ehminate x from the equations 

a+c=— —dx 

X 

a-c=~ -hx 
X 




XIX 

1. Solve [x^ - 2aa;+ + {x^ - 4ax + 

- (aj2 - 5aa;+ 7a^y+ (x^ - 7ax-i- 9a^)^. 

2. Show that 

gfa+&)fffl+c) Uh^- a){b-^ c) . c(c+fl)fc4-&) , . , 

{a~b}[a-cy {b-aXb-cy {c-a}{c-b)~^'^^'^^ 

3. SnnpWy 

4. If m gold coins aie equal in weight to n silver coins 
and p of the former equal in value to q of the latter, compare 
the values of equal weights of gold and silver 



MISCELLANEOUS EXERCISES VI 


503 


5* If x-h+c, y—c+a, g=a+b, show that 
x^+y^+z^ -dxyz—^a^ + h^+c^ "dabc) 

^ prove that 

7 . Smphfy 

8. Eliminate x and y from the equations 

{b+c)x+{c+ a)y + (a + &) = 0, (c + a)x+ (a+ % + (& + c) = 0, 
(fl+ b)x+{b+c)y+{c+a)=^0 


5X 


It Show that a(b + c)^ + b{c+a)^ + c(a+ &)® - 4a&c 

={b+c){c+a){a+b) 

2t If a; + a be a factor of a^x^ - b^x^ + ac^x+Ba^c, and 
if a IS not equal to zero, show that a® + + c® =3o&c. 

3. Simplify 

be ac , ah , 

a(a2 - 6® J(a2 - c®) bip^ - a® j(62 c{c^ - b^]{c^ - a®) 


4 . 


5. 

6 . 
7. 


Divide fl^(&“C)+6*(c-a)+c^(a-&) 

by {a~b){b-c){c-a). 

If a+&+c=0, showthat a® + &®H-c®=5a6c(c^-a&) 
a , h 


Solve 


x+a-c x+b-c 


=2 


Solve ax+by+cz=a+b+c, 

’ o + c a+c ’ 


2a; ■ 2?/ ^ 1 1 

& + c~a+c fl 6 * 


8t A person starts to walk at a uniform speed withoui 
stopping from Cuttack to Jobia and back , at the same time 
another starts to walk at a uniform speed without stopping 
from Jobra to Cuttack and back They meet a mile and a 



504 


algebea made easy 


half from Jobra and again, an hour alter, a mile from Cuttack 
Pind their rates of walJnng, and the distance betireen Cuttack 
and Jobra 


XXI 


1. Show that 


{(6+ c)^ + (c+ aY + (a+ hY) x {a^(& -- c) + 6^(c -a)+c^{a- &)} 

= 2{a^(& - c) + i^(c - a) + c^[a - &}}. 


2 . 


Show that 


(& - c)^ . (c-aY^ 

(c - fl)(a --bjia- b){b - c) 


ia-hY 

(b-c){c-a) 


=*3. 


3* If «+&+c=0, show that 

tt^+a&+&^=>6® + 6c+c^==c® +ca+a^. 

4. If5“a+6+c, prove that 

(S - 3(Z)2 + (j - + [s-^cY~ 3{{fJ - J)2 + (i - c)2 + (c - 

5. Resolve into factors + 2fl& - 2ac - 36^ + 2&c. 

6. Emd the H C E of - 2x^ + bx^ - 4a!+ 3 and 

- a;3 + 6a;3 +2aj+ 3 

7. l?ind the condition that arc® + bx+ c and a'x^ + b*x-^ d 
may have a common factor of the foim x+f 

S, Tla &=6.c=c d, prove that 

a d~ + : Jb^c+d'^’t-b^cd^. 


xxn. 

1 . Show that a{b- c)(l + ab)[l + ac) + b{c - a)(l + bc){l + ha) 

+ c(fl - &)(1 + ca)(l + cb) =» dbc{a - b)ia - c)(b - c) 

2. If a+ b+ c=0, show that if aU 6’ + c'^ =. 7a&c(c2 - ab)^. 

3. Show that if ax^+bx+c and a'x^ + b'x+c' have a 

y?f tiie/ora «+/; then will (ac'-a'cY 
=(bd-~b'c)(ab"a'b) 

4. ^ and R run a race , B has 50 yards start, but A luns 
20 yards while B runs 19 What must be the length of the 
course that A may come in a yard ahead of J5 ? 

5. Show 

p-i “ 2>2-g2 
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6 . 


7 . 


8 . 


1 . 


2 . 


3 . 

4 :. 


5 . 


6 * 


7 . 


8 . 


1 . 


Show that 


(g2-62)3 + (j;2-c2)3 + (cZ-a2)3 
(a- i)** i- (6 - c)2 + (c- a)® 


=(a + 6)(6+c)(c+a) 


Solve 

x+y+z=‘2a+2b+2c, ax+by+cz~2bc+2ca+2ab, 

{b - c)x + (c - a}y+{a - b)z=0 
Eliminate x, y, z fiom the equations 

ttx+cy+bz~0^ cx+by+az=0, bx+ay+(^<^0. 

XXIH 

Show that (6 - c)(l + a® b){l + a^c) 

+{c-a)(l+ b^c)ii+¥a)+{a- 6)(1+ c2a)(l+ 

=* o6c(a+ b + cj(fl - b){a - c)(6 - c) 

Emd the L C M of 2Xx^ - 13a;+ 2, 28a;2 - 15a;+ 2 

and 12aj2 -7a;+l 

Show that {x-¥yY -x^-y’^ is divisible by {x^-{‘xy-¥y^)\ 
If 2s-fl+&+c and 2^2 = ^2 + ^2 + show that 

(^2 - a2)(i2 62) + (<2 - 62)(i2 - c2) + (<2 _ c2)(^2 _ ^^2) 

= 4s(s - o)(s - 6)(s - c) 
If (l+£ca 5'+^^')2 = (l+a;2+^2)^]^4-jj,/2^.^/2)^ show that 
x=x' and y^y'- 

Simpbfy 

ab{a - b)(a^ + 52 )+ 6 cf 6 - c){b^ 4- c'^^+ cn(r- a](c ^ + 
a^b\a -b)+ b^c^{b — c)+ - a) 

If a+&+c=0, prove that 

a®+6® + c®_ffl® + &® + c® ^2 + 62 + 0® 

5 3 2 ■ 

Ehnunate x and y from the equations 

cw!+&?/= *Ja^+b\ aj2+^/2=i. 

xxrv 

1 

Solve a5+i/+0=fl+&+c, 

bx+ cy+ az=cx+ ay^bz==^ah+ Jc+ ca 
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2 . Divide 243 into three parts such that one half of the 
first, one*third oi the second and one-fouith of the thud 
part shall all be equal to one anothei 

3. If 4(a2 + &2 + c2+d®)=(a+ J+c+d)^, show that 
u-6=c=d 

4:0 If 2s=a+&+c, show that 

a(b ~ c)(s - ff)2 + &(c ~ a)(s - + c(a - &)(« - c)^ = 0. 

5. if bz+cy-a, a^+ca;«6 and ay+boe-Cf prove that 

_ b^ _ c^ 

6. Ehminate x mdy horn the equations 

a® + &?/ = a; + ^ + ici/ = a; 2 + ^ 2 ^ 1 -> 0 

7» If ax^ “ bxi- c and dx^ - hx+ c have a common factor, 
show that a® - abd + cd® = 0 

8 . If a®+&®+c®«(a+&+c)®, then will 

^2"+l + J2n+1 + g2«+l &+ 

where n is any positive integer. 


XXV 


1» if - be, prove that 

a i ~^HO'-^b+c){x-\ry-¥g) 

2« If 2s =*=<!+& •]*(;+ d, show that 
4{bc+ adY - (h® + c® - 2 -- d2)2 « 16(s - a){s - &X^ “ c){s - d) 

3. Prove that (6+ c- a)® + (c+ a - &)3 + {a+ b - c)® 

- 3(6 + c - aj(c+ a - &)(« + 6 - c) « 4(o® + &3 + c® - 3a6c}. 

4. Show that, if then 

5. Jix a^y b^z c, prove that 

4.2!±^= (^+ (a+ 

«+» 2/+6 2:+c a;+^+;s+a+6+c ' 


6. Prove that, if 0®+ 6^+ 0 and ‘I* + -^ + then 
will fla;3 + 6i^® + c3®+(tt+&+c)(2^+^)(0+a:)(a;+2/)=O 
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7. 


Elumnate a, z from 
(i) ax+hj+gz-0'' 
hx+hj-bfz-O ■, 
gx+fy-i-cz^O) 


the equations 

(u) a{y+z)~x\ 
b{z+x)—y ■ 
((x+yj^^zy 


% 


8. Eliminate I, m, n from the equations 
al-im-cn^ y 

aH^ + bhn ® + cht^ -a'H+ Vhn + c^hi j 


CHAPTER XXXIV 

QUADRATIC EQUATIONS AND EXPRESSIONS 

We have already explained m Chapter XX what quadratic 
equations are and how easy types of such equations can be 
solved We shall m the present article considei some 
examples of a harder type 

1. Pure Quadratic Equations. 

232. Such equations may, after suitable reduction and 
transformation, be expressed in the standard form 

The required solutions are 



The following examples ivill seive as illustrations 

Example 1. If " g ® 

By transposition, we have 

5a;8+7 51 -2a; 35-2a;_16. 

5a;'' - t" 9 9 9’ 

^ ^ [oomponendo and dividendo.] 
I io'^y I 

4 . x^=b, x~±fj6 
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Example 2. Solve 

By transposing, we have 

dl 


or 


*{l5F-‘)-+-SS)^ 


or. 4x 


13^ ... 1*2 


aj2+9 

3 


«3x 


5 [removing the factor 
18 from both sides ] 


a;^+9 35^4*3 
3a;2+9=2a:2+i8, 

s:^=9, * a- ±3 [arguing as before] 


Example 3. If find a; 

We have (fl+&)(a;+ ^l+x^)==2a 

(fl+ d)x= (a - d) 

or, (a+i) 2 a; 2 =(a- Jj 2 (i+a; 2 ) ^ 
. a;2|(^+6)2-(a-&)2)=(«-j)2, 

or, a;2 4o&=(a-&)2; 

.2=k:E. 

4a6 ’ 




a;= ±: 


a-& 




Example 4. If 


l+2a^'c2_i 2,2 _2 

Puty for and .. 1/2 -1 for a:2 -2 


Thus we have 


1+V _ ?/“! _ 1 
l+2fly 7/2-1 2/+1' 


Therefore (1 + t/)® - 1 + 2ay, 

or, l+2y+2/2=l+2a7/, 

t/+2=2a, or, 7/=2(a-l), 
ic ^/P^=2(a-l), 
a2-l=4(a-l)2, 

. . a;= ± ,\/i+4(fl— 1)2, 



XSXIV] 


QUADEATIC EQUATIONS 


m 


Example 5. Solve {a+x)^-h{a-x)'^==h 

Since {(a+ a;)^+(fl- cc)^}^ 

=(fl+a;)+(a-a;)+3{a^-a;^)^ffa+ a;)^+(fl- a;)^J 

=2a+Sia^ xb , [because (a +a;)^+(«“ x)^=hl 
therefore, cubing both sides of the eq[uatioii, we get 

2a+3(a2"a;®)^x&=&®, or, Bb{a^~x^)^=b^-2a^ 

•• =i“dr-} ’ 

■■■ 

Example 6. Solve x ~ " ^ i + r • i ~ 

a^+ (a+ x)^ (r + {a-x)^ 

Since (ft+£c){a;^+(£i'- a;)^}=a^(a+a;)+{a+aj)^(fl® - 

and {a - a;){a^ + (fl+ a:)^} = a^{a - a !)+ {a - a:F(fl® - 
therefore, clearing the equation of fractions, we have 

2a^+(a^ - x^)^{ia+ a;)^+(a- x)^} 

-a^{a^+(fl+ x)^}{a^+(a- a:)^} 

«= fl^[a+ o^{(a+ a;)^+ {a - x)^} + (a^ - a;^)^] 

= a^+a{(a+ a;)^+(a- a;)^} +a^(a^- x^)^ 

8 

Hence, removing from both sides and transposing- 
we get 

aMa - (ft® - = {(a+ a;)^+ (a - jcp} x (a - (a^ (A) 

111 
■whence a^= (a + a;)^ + (a - x )^ ; 

1 

squaring both sides, a=2a+2(a^ - x^)^, 
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01, 


-a=2(fl2- a;2)-!, 


• » 


4a;^=3a2, 


aJ= ± 



Note It mast be obseived that the above equation admitsof anoihei 

solution which has been ovei looked , for a -(a® - v®)'&cjnflra factor com- 
mon to both sides of (A), if this be taken equal to zero, the given 

equation is evidently satisfied Hence (a* ~\®)^s=a, or, r=0 is another 
solution The same lemark applies to example 4, which the student 
mil very easily see for himself 


S!XERC1SE 126. 


Pmd the value of x in each of the foUoiving equations 

o 8a;2+10_^ 50+4a;2 

«• — TH I o= » 


1. 24a;+>^«^ir 


15 


3. 

4. 

5. 

6 . 


14g;^-fl6 2a;H8 _2a;g 


21 

8jc2-H 3 ’ 

03+7 

x-7 7 

a;f£c-7) 

a;(a;+7)~a;2-73’ 

a:®--l 
(a; -1)2 

£C® + 1 „ 

(*+1)2-“ 

1 



25 


[Rationalise both the terms of the left-hand side and then 
pioceed] 

7. (l+a:+a!^P=a-{l-aj+a3^)“ 

8 , (x~a)(co-h) _ {x+a)(x+h) • 

(x--ma$jx-mb) {x+ ma)[x + mb ) ’ 

aa;+l+ (a^x^ -iF ^&^a;^ 

ax+1- (a^x^ -1)^ ^ 


9 
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10. (a + (a - £c)^= B(a^-x^y 

6a;2+17J4a;2-117 
a;2-n‘*’ "2a;2-9 

•to x^-5 x^-2 x^-6 

^ x^-4~x^-8 x^~5 x^-9 

13. {a+(a^~x^)^}^ + {a~(a^-x^)^}^ 

a+x 


Since a+(a^-x^) 


[a+(a^ -x^}^) 

i_ (a+x)’{-(a‘'x)+2(a^-x^P 
2 


_ {(a + x)^+ (a- xFi^ 

2 

and sinularly, 

1 

* the left-hand side - ■ — = J2{a+ jcp 

hjdi 

[Hence, squaring both sides, &c] 

14. (i±^+(k:^=2^ 

{l-2a;)2 + l (l+2a;)2-l 


n. Solution of Adfected Quadratic 
Equations by factorisation. 

233. Adfected quadratic equations can, by suitable trans- 
formation and reduction, be expressed in the standaid foim 

aai^-f 6a;+c~0 

If the left-hand side can be easily factoiised, then by 
requating to zero either of these factois, we get a solution of 
the quadratic 
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The following are the illustiative exampl^es. 

Example 1. Solve 10(2a;+ SXa; - 3) + (7®+ 3)^ == 20(a;+ 3)(a; - 1). 
We have 10(2a;^ -3a/"9)+(49a;^+42a;+9)=20(a;“+2®-3), 

49a;2-28.7;-21= 0, 

. 7fl;““4a;'-3= 0, 

or, (7iC“ — 7ic)+(3a;“S)= 0, 

01, 

Hence, eithei 7a;+3=0 1 
and X- —7 / 

Thus -y and 1 aie loots of the equations 

Example 2. Solve (7-4^/3)a;2+(2- ;^3)a;=2. 

Since 7“4 jv,/3=(2“ s/3)^. 

We have (2- + V3}a;=2. 

Hence, putting z for (2- 73)®, we have 

s®+2~2=0, 01, (5+2)(5-1)=0 

Hence, eithei 2+2= O'! 01, 2-l=0l 

and . 2= -2/ and 2=1/ 

Thus, a;= 2■Z^=“2(2+^/3J ' 

Example 3. Solve J‘6x^ ^7x -30- ^/2a;‘^-7a;“5=^^;-'5 (1) 
we have identically 

(3a;^*~7a;-30)-(2a;2-7a;-5)=a;2-25 . (2) 

Te,this plation is truefoi every value of rr, and hence' 
it IS also tiue for the paitioular value which x has in the 
proposed equation 

IVoiii (1) and (2), by division, 

(Ba;^ - 7a; -- 30) - f2a;^ - 7r - 5) _a'2-25 
Jix^-7x-30- j2x^-7x-6' x-d * 
or, \/8a;2-7a;-30+ vS3-7aj-6“a;+6 


{7x+S]{x-l)’= 0, 

01, a;-l=0' 

and a:=l. 


( 3 ) 
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From (1) and (3), by addition, 

2v'3a;2-7a;-30=2a;, 

3a:^-7a;“30=a;2^ 
or, 2a;^ - Tic - 30=0, 

or, {2x+ b){x - 6) = 0 ; 

.. £c=-|, or, 6 

N B We might as well as have subtracted (1) from (3) and got 
the same result. 

Example 4. {-c-b h ^ f ^ +h+i) 


1 , 1 
(a+ c){x-cy{a+b)[x-by 


By transposition, 


1 i 

' 1 11 


[ 1 1 1 

x-c[x-b a+c} 

a+b\ 

[«-& a+af 


Therefore, either 


:=0. 


x=a+b+c, or, = 

' ’ £c-c a + o 


a;-& a+c 

whence x=a+t 

whence also x~a+b+c 
Thus the equation has got two equal roots 

Examples. Solve 

n a\-cia+x) __ a , c(a+x) 
a)-c{a~x) a+<ia-xya+c{a-xy 
we hare by transposition, 

(®’^^){a+c(a-a;j"^ a; } ” - 2ca; ' a + c(a - a;)} 

/ , V a(l+c) __ c(a+x) 
or, [a x) 3 j{^+c[a-a;)} (a-2cx){a+c(a-x)i* 

(a+x)il+c) _ c(a+x) ^ 

X a-2€x 


1-33 
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Hence, either a+x~0, and .* x= ~a ^ 

1+c c , ^ fl(l+c) 

’ X a-2ca!’ c(d+2c] 

Tims -a and equation 

EXERCISE 127, 


Solve the following: equations • 

1. a;2+9a:+18=6-4flj 2. (a;-2)(a3+l)=20a 

3, x^+3a’^=4ax 4, — +ai^=ax, 

5, -(a+&)ca:+c^=0 6, 12fl;2+23aa;-24fl^=0. 

7. 10(a;-fl)2-41(a;‘-a)&+21&2=0 

8. 12(x-a]^+2S(x-a)(x-b)-5(x-lf)^^0 

9. 20»^+a:(a+2&)=30(a+&)2+ia; 

3(10+a;) 40 _ a; 

95 “3(10-a;) 15* 

11 . (a-lf)x^-(a+b)x+2b^0 


12 . 

13. 

16. 

17. 

18. 

19. 

20 . 


x^ 


1 I 




2x(a-x) _ a 
3a~2x 4* 


x= 


1 


li. 


16 .a;-* 



^ ]■ b _ 2c -g >J2qx~x^ __ X 

x-a x-h 03-0* • a+ s[Iax-s^~' a- x' 

tj2x^4-bx-2'- 

\/3a3^+7a;-l+ V3a‘^+7a3-10==9 
\/4a3^-7a3+l6+ \/4a3^“7a3-l=17 
Ay5a32-6a3+8- \/5a3‘*-6a3-7=l 


234. If in the process of solving an adfwted quadratic 
by factonsation, the factors aie not easily obtained, any one 
of the foUoiving methods should be adopted 

236. The ordinary method o£ solving an Adfec- 
ted Quadratic. Bnng the terms containing the unknown 
quantity to the left-hand side of the equation, and the 
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Iniown quantities to the right-hand side ; if the co-efficient 
of be negative, change the sign of every term of the equa- 
tion and then divide every term by .the co-efficient of \ 
thus the equation is reduced to the form x^+px=g[ 


Now add ^ [le, square of half the co-efficient of x) 
to both sides,' on which the left-hand side becomes a 
complete square and we get (^ + ‘2') whence 

aJ+'^ = ± /y/2+^’ therefore 05= — 


EXERCISE 128. 

Solve the following equations 

1 . 7005 - 63=7052 

By transposition, we have ~7x^ +70x-6^ 

Since the co-efficient of x^ is negative, changing the sign 
of every term, we get 7ci^ -70x~ <- 63 

Dividing both sides by 7, -10a5= -9 

Now addmg (■^)^, or, 25 to both sides, 
-1005+23=25-9=16, 
or, C®“5)2=16. 

Hence, a5 - 5 = ± 4 [because a; - 5 is a quantity 

' of which the square is 16 ] , 

05=5+4, or, 5-4, 

^e' 05=9. or, 1. 

2. 2a;2 -1105+5=0 

By transposition, 23 j 2 -lla5= -’5 ; 

dividing both sides by 2, -§ 

Adding (-V*)^ to both sides, 

052-Jfa5+(J,^)2 = W-l, 
te, (a5-W=ii> 
a5-V-=±i 
. a 5 =-V-d:f = 5 , 01, 7 


3, 87-98a5=30a5-16o;2 
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4. 17ic^ - 85a! + 216 = 65a! - 8a;^, 
6. ‘^=6a!-!i!<'-5. 


6t 4(£c2'-3-|a:)2-10(a;^— 4|a;-6)+3(|-s). 

7. 4(5a!2-3|a:)2«5(a;2-7a!+12)+S^. 

8. 2a:+ 02=2 45a: -a:®. 

9* 4(a:^ + 23a: '■ 24) = 29a:2 - 8a: + 1 


10. (See “ l)(a: - 4) + (a: - 2)(2a: - 3} = 4a:(a! - 3) - 5. 

The leftrhand side=(3a!^ '-13a:+4)+(2a:2 -7a:+6) 
=5a:2-20a:+10. 

Hence, we have Sa:^ -20a:+10=4a!2 -12£i/-5, 

. a:2 - 8a;= - 15 ; [by transposition } 

a:2-8a!+(4)2=*16-16, 
or, (a: -4)2-1, 

. a:-4=±l, 

. a:=4±l=5, or, 3 

11. (2a: - 5)(3a: - 7) - {a: - l)(4a! - 5) = a:2 - 3(a:+ 14). 

12. (3a: - ll)(a; - 2) + (2a: - 3)(a: + 4) + 13a: = 10(2a: -1)2+ 12. 

13. {aJ-^)(a!-^)+(a:-^)(a:-i)=(a:-;^)(a:-^). 

a: , 40 _3(10+a:) 

15'^3(10-a:) iT'* 

[By transposito, 


2a: , Ba:-60 _12a:+70 
15‘^3(l0+a:) 


16 . 


a!+4 a:-4 __10 
a;-4'^a:+4 B'" 


Subtracting 2 from both sides, we have 



J 

a:-4 a:+4 3’ 


or, 



J 

a:-4'“la;+4 
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2 x 8 . 

a; 2 -i 6“3 * 

a® -16=48, 
/. a; 2 = 64 , 
x= ±8 


~ ^ ’ [Proceed as in the last example ] 

i s s 2a;-3 [Proceeding as m example 16, we get 

£C+2^a;-2 cc-l’ a:^-4fl;=0, whence (a;-2)2=4; 

^2±2=4, or, 0] 

in ic- 2 , 05+ 2_2(m+3) ic+2 a;-2_5 

a;+2 ®-2“' a;-3 * ^ 5^''m+2" 6 ‘ 

[■Wehave(^-l)-(j^-l)-|,or,&o &c] 

o-f 37^6 a;-" 12 5 no 2ii? — 9 25J— 7__ 7 

2aJ-7 2a;-9 12 


21. 

a:-6 

a;-12_ 

5 

^a;-l2 

aJ-6 ‘ 


23!: 

a;+6 

a;+7“ 

a;+l^ 1 . 

a;+2 3fl;+l 

21. 

2a; . 
a:-4 

2a;-5_ 

jc-S 

8^. 

[ 

We have 

-a)+ 


oc ^ II 37 f 7 ^ 

ic+5 lltc— 8 6-4a: 

OR 1 , 1.1 ^ 3 , 

a;+a'^ic+2a jc+Sa x 


[m have (^-i) + (^- 1) + (5|3^-i)=0, 


whence ^ +' jp '=0/ 

aj+a aj+ 2 a £C+ 3 a 


Avhence 


i_ ._1 nf 1 ■ -1 ^ 

!+fl a;+3a \£c+3fl a;+2a'’ 

a;+2a_ 2a;+5a. , xi^ "J 
a;+a“" a;+2a’ * J 
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236* General espression for the roots ol a 
quadratic. 

N B The roots of any equation are those, values of the unknown, 
quantity that satisfy the equation 

As every quadratic equation can hetoritleninthe form ax^+bx-^c=0 
(after suitable reduction if necessary) we mast regard this equation as 
the general type of all quadratics Let us solve it 

By transposition; ax^ + hx^ - c 

Dividing both sides by a, 


0 , h c 

^Z-j 

a a 


Adding ^ 


h 

to both sideS; 

or, 




0J + 


1: 

2a 


X 


JP^iac 
2a * 

JP-iac 
2a 


ex- 


Thu s the r oots of the quadratic fla;^+&aj+c=0, ariJ 

2a ^ ■ ’ therefore we must 

regard the expression - - as the genetal 

pt ession for the roots sought 

i 

Bytteapphcabon o£ the formula we can find out the 

Example 1. Write down the roots of 2aj2 -I3a;+i5sa0 

Companng thw with the equation aa;2 + 6^;+ c= 0, we have 
tt=4 06 = -id, c«=lo 

Sence, the roots of the given equation are 
-(-13)+ J(-13)^ -.4'x2^5 


vst. 


2x2 

.13± ^169-120 



2XXIV] 


QUADEA.TIO EQUATIONS 


519 


13± ^/49_13±7 
*4 4 ’ 

That IS, £c=5, or, | 

Example 2. Write down the roots of ■-3£c^=lla;-4 

Bringing all the terms to one side, we have 
-3a;^ -lla:+4=0 


Here 

Hence, 


a= -3, &= -11, c=4 

-(-11)± V(-ll)2-4x('-3)x4 

_tl± VlM+^ 

-6 

ll±^/^M 

“ -6 


_11±13_ . 
-6 ’ 


or i. 


EXERCISE 129. 

Write down the roots of the f oUoAving equations : 

1. 3a:2-17a:+24=0 2. a;2+9^+20=0 

3. 6a;2=20-7a; 4. -9a;2+25=6a;-10. 

5. 8a;^=14a:+15 6. -3a;2+20as=25 

7. 5+a;-4a;^=0 

237. Sreedharacharyya’s or (Hindu) Method of 
solving a quadratic. Beduce the equation to the form 
px^ + qx-i , multiply both sides of this by 4p (te, by four 
times the co-effioient of x^) and then add to both sides ; we 
thus get 4p2a;^-^4p2a;+g^=^i + 2 ^, the left-hand side of 
which is evidently a complete square; being equal to ( 2 jpa;+ 2 )^ 

Example 1. Solve &x^ - 17£c+ 6 = 0 
By transposition, bx^ -17x= -6 
Multiplying both sides by 4 x 5, 

4x (5a:)2 -4x (5a)x 17= -120 
Adding (17)^ to both sides, we have 

4 X (bx)^ -4 X (5a;) x 17+ (17)2 = 289 - 120, 
or, (2 x5a; -17)2 =169, 
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10a;-17=±13; 

.1I±L3«=3 or I 
' 10 ^ 


Example 2« Solve -8a;®+10a3-3 

Multiplying both sides by 4 x ( - 8), 
4x64st;2-4x8xl0a;= -96 

Adding (10)2 Ijotji sides, 

4 K 64a;2 - 4 X 8 X 10a:+ (10)2 =100 - 96, 
or, {2 x8a; -10)2 =4, 
16aJ-10=±2, 

10±2 3 


^“~ir=r 


Example 3. 6a:2 + 23a? = 12a; + 10 
By transposition. 

6a;2 + lla;=10. 

Multiplying both sides by 4 x 6, 

4x(6a:)2+4x(6a;)xll=240 

Adding (11)2 gj^jgg 

4 X (6a;)2 + 4 X (6a;) x 11 + (11)2 = 121 + 240, 

or, (2x6a;+ll)2=361, 

/. 12a; +11 =±19, 

» -.- "lld:19 

.. x- ^2 

=f, or, -I 


EXERCISE 130. 

Solve the following equations by Sreedharacharyya’s 

Method ; 

1. 2a;2+9a;=18. 2. 15a;2-28=a; 

3. 16a;2+100a;=3a;2+a;+40 4. a;2+50a;==102-15a;-a?2. 

5* 17a;2+ 19a; =1848. 6. 2ca;2-'aca?s=3(2a;-o) 

7. a;2+fla;=a&(3a;+a)-2a;2. 
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238. Equations solved like Quadratics. Some 
equations, though not actually quadratics themselves, may 
by suitable substitutions, be expressed as quadratics, and 
thus solved 

Example 1. Solve - lOa;^ +9=0 

Putting y for the equation is -10i/+9=0, 

or, (2/-l)(a3-9)=0 

Hence, either y -1=0, or, «^-9=0, 
le, y=l, or, 9, 
te, x^=l, or, 9, 
iS, x=d:lj or, ±3 

Example 2. Solve ^f-+a;2=26a2 

SX/ 

Multiplying both sides by x^, 2oa^+x^=2Qa^x^, 

or, x^ - 26a^x^ + 25a* =0 c 

Putting y for x^, we have y^ -26a^y+25a*=0, 

or, (y - a^)(y - 25a ^) = 0 

Hence, either ?/ - a® = 0, or, - 25^^ = 0, 

le, y=a^, or, 
le, x^ = a^, or, 25a^, 
ze, x=±a, or, ±5a 


Example 3. Solve {x^+Sxy~{x^+3x)-Q=0, 

Putting y for Jc^+Scc, wehave?/^— 2/— 6=0, 

or, {y+2){y-S)~Q, 
*, Either (i) «/+2=0, or, (u) j(-3=0 


(i) If y+2=0, we have a;® + 3a;+2=0, 
le, (£c+l)(a;+2)=0, 

lei x= -1, or, -2 
(u) If 2/-3=0, we have £c2+3a;-3=0 


Solving the quadratic, a?” 



X— -1 -2, or, 


-d±M 



ALGBBEA. MADE EASY 



[CHAP. 


F-yamp lfe 4. Solve (aj+2)(a;+3Xfl3+4)(3J'i‘5)=24(a;^+7a;+ 0* 
Pe-ananging the factois on the left side, we have 
{(ac+ 2)(a;+ 5)}{(a:+ 3)(£C+4)}=24(a;2 + 7aJ+ 7], 

01 , {x^ +7x+ 10)(a;^ + 7a; + 12) - 24(a;2 + 7a;+ 7), 

or, {y + 10)[y + 12j = 24(^ + 7) 

[putting y for a:^ +7a; 1 

or, ?/2 +22^+120= 24^+168, 

01, ?/^ -2?/ -48=0, 

* (2/ ”8)07+ 6) =0. 

Hence, either ( 1 ) ^-8=0, or, ( 11 ) 2/+6=0 
( 1 ) If 2 / "■ 8=0, we have a;® + 7a; -8=0. 
or, (a;+8)(a;-l)=0, 

a;+S=0, or, a;-l=0, 
te, a;=-8, or, 1. 

(ii) If f/+6=0, we have a!2+7a;+6=0, 

01 , (a;+l)(a;+6)=0; 

' a;+l=0, or, a;+6=0, 

te, a;= -1, or, -6 

x= -8, 1, -1, or, -6 
Examples. Solve 3a;2-4a;+ ^/3a;2-4a;-6=18 

Adding -6 to both sides, 3a;2-4a;-6+ V3a;2-4a;-6“12 
Puttings for A/3a;2-4-6, 
the given equation reduces to js^+^-12, 
te, z^+z~12=^0, 
or, (s-3){;5+4)=0, 

, Either (i)- 5:=3 or, (u) z~ 

( I ) If s=3, ^/3a;^-4a;-6=B, 

or, 3a;^“4a;-6=9, 

or, 3a;^“4a:-15=0, 

or, (a;-3)(3a;+5)=0; 

■ . a;=3, or, — -I- 

( II ) If0=-4, *y8a;®- 4a; -6= -4, 

or, :3a;^-4a;-6=16, 

or. Sa:^ —471—22=50. 
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Solving the quadratic, 

D O 


£C=3, or, 


2±V70 


239. Equations of higher degrees solved by 
factorisation. 

Example 1. Solve ic^-7a;+ 6=0 

By inspection a:-l is a factor of the left side. 

Hence factorising the left side, the equation may be 
Tvntten as 

(a;--l)(a;2+:B-6)=0, 

or, (a;-l)(flj-2)(a;+3)=0, [factonsmg the quadratic factor] 
.*. Either a;-l=0, or, a;-2=0, or, a;+3=0, 
le, a;=l, 2, or, -3 
Example 2. Solve a;3+i=-g 

Here, we have (x + - iP + 1) = 0. 

. Either (i) a!;+l=0, orj (n) a;®-a;+l=0 
(i) K a:+l=0, a;= -1 

fu) If a;^ -a;+l=0, solving the quadratic, we have 



£C=-1, or, — I — ■ 


Note The square root of —3 is an impossible operation Suck 
square roots are, however, frequently used in Algebra and are called 
imaginary quantities. 

Example 3. Solve ic^+7£c®+8®®+7a;+l=0 

The left side of this equation is a ? ecipi ocal expt ession and 
may be put into factors, as in Art 143 

Here, re-arranging the terms of the left side we have 

(£c^ + 1) + 7(a;^ + jb) + 8a;^ = 0, 

or, (a;2+l)2+7ic(fl;2+i)+0a;2«o, 
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[CHAP, 


or, {(£i3^+l)+a;}{(a;^+l)+6a?}=0) 
or, (a;^+a;+lXa5^+6aj+l)=0. 

/. Either (i) a;^ + a; + 1 - 0, or, (ii) a;^ + 6aJ + 1 - 0,, 

(i) If a?^ + a; + 1 = 0, solving we have 

6i) If a?^ + 6a? + 1 = 0, solving we have 

-6± ^/6^ 

X g 

= -3±V8, 

or, "3±V8 

240* Expoiiestial equations solved 
quadratic* 

Example 1. Solve 5*"i+5"*=l|. 

Here, we have ■|■+^ » 

^ ^ ^ “ T * y 5*J 

or, ?/~62/+5=0, 

or, (2/-1 ){j/- 5)=0, 
whence ^=1, ov, 5, 

ic, S*™!, 01, 5, 

%e, 5*«=5», or, 6i, 

/. a?=0, or, 1 

Example 2. Solve 2*~2 +23“*= 3 

2® 2® 

Here, we have ^+2?“3,, 

"I f [putting y f 01 2*] 

or, 2/® -12^+32=0, 

or, (?/-4X?/-8)=0; 

. 2/=4, or, 8 


as a 
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te, 2®=4, or, 8, 

le, 2*=22, or, 23, 

a;=2, or, 3, 

EXERCISE 131. 

Solve the equations 

1 . a;® -6a;3 + lla;-6=0 2 . a;3-4a;3+a;+2==0 

3. 2£c3+5a;^-4£C“3=0 4. x^+6x^‘~2x-Q=0 

6. a;3 -4a;^+a;+2=0 6. x^-bx^+Qx^-bx+l^O^ 

7. a;^-5a;3 + l4a;2^20a;+16=0 

8. £c^+8a;3+24a;2+ 32a; -20=0 

9. (a;+2Xa;+3)(a;+4)(a;+5)=360 

10 . (a;-lXa;-2)(a;+3)(a;+4)+4=0 

11. x^ -4x^ -x^+10x+4:-0 

12. a;^ -6a;3+15a;3-18a;+5=0 

13. 2a;®-5a;^-3a;3+9aj®-a;-2=0, 

14. a;^-l=0 15. a;* -37a;® +36=0. 

16. 3*“2+33-*=4 17. 7*-3+72^^11 

18. 2* -23-2“ =7(1 -21-*) 19, a;6-i=o 

20 . ll*+ll^= 12 lTk 

21. 2a;2-6a;-6 V2a;2-5a;+3= ~8 

22. 9a;-4a;2+ VAa;® -9a; +11 =5 

23. 2(a;2-3a;+l)2+5(a;2-3a;+l)+3=0. 

24. (a;+4)(a;+l)+ >/(a;+5)(a;— 3)“3a;+31 

25. 10a;^-63a;3+52a;2+ 63a; +10=0 

241. The Nature of Roots of a Quadratic. 

If a, jS denote the roots of the quadratic equation 
aa;2 + &a; + c = 0, we have by Art 236, 

-&+ Jb^-Aac Jb^-iac 



[CHAP. 


alg-ebra made easy 

Three distinct oases do, therefoie, aiise 
expression under the radical [b^ -4»c) is (1) zeiOi ( ) P 
and t3) negative 


Case 1* Equal Roots. If ^y&2-4ac-0» 

i 

'2a 


- 6+0 b . 

«= -cTI“ =" “2fl 


2a 


2tt 


Hence, the toots of oa;^+ 6 a 7 +c— 0 ate teal and cgtial if 
*2-4fflC=0 


Example. Examine the loots of 4a?® -12a?+9— 0 

Here, a =4, 6 = -12 and c=9, 

6®-4flc==(-12)® -4 4 9=144-144=0 

Hence, the loots of 4 a:® -12a?+9=0 aie real and equal 
and are found to be |, | 


Case n. Real and Unequal Roots. If 6 ®- 4 acis a 
j^ositvoe quantity, ^/ 6 ® - 4flc is t eal 

. « and ^ are t eal hut uneqtial 

'S.QHCQ^ the toots of ax^-^bx+ c—0 ate teal and iinegtial if 
i®-4flc IS positive 

(i) If6®-4acis a pet fed sguate, Jh^ -4ac w tational 
£ind t eal 


In this case, the roots are also t ational, t eal and unequal 
(ii) If 6®-4ac is positive but not a peifect sgitaie^ 

Jb^ - 4 ac IS real but irrational 
* 

Hence, the roots are also ? eal, it t ational and miegiial 

Example 1. The roots of 2a?® + 7a? -4=0 aie leal and 
unequal as well as lational, since 7® -42(“4)=49+32=81 
is positive and a perfect square The roots aie found to be 
^and -4 


*■ 

Example 2. The roots of 2a:®-9a;+8=0 aie leal, unequal 
hut in ational, since, (-9)® -428=81-64=17 is positive but 
not a perfect square 


Thus, the roots are 
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Case Ht, Imaginary Roots. If b^-4:ac is negative, 

Vi^-4ac= the square root of a negative quantity, which is 

an impossible operation Such square roots are however, 
frequently used in Algebra and are called imaginary 
quantities. 

Hence, -4ac w negative^ the loots of ax^+hx+c=0 
are tmagina) y quantities 

Thus, the roots ofa:^-a;+l=0 are imaginary, since 
(-1)2-411--3 and is, therefore, a negative quantity 

The roote ere l±vE3. 

EXERCISE 133. 

Examine the roots of the following equations 
1. 3a:2+20a;-19=0. 2. 3a;2-8a;+9=0 

3. a;^+5a;+4=0 4. 4a;2 -12a:+9=0 

5. -3a;2-2£c+6=0 6. -4a;2+5a:-8=0 

7. 3a;^+7a!+8=0 8. 4a;2-8a;+(4-a2-62)=0 

9. {a-b)x^+2{a+b)x-{a~h)=0 

10. Eor what value of m will the equation 2x^ + 8ic+ m= 0 
have equal roots ^ 

11. If 4®® -^®+9=0 has equal roots, find^ 

12. Eor what values of m will the equation x^ -2(5+2?n)® 
+3(7 +10jw)=0 have equal roots ^ 

[By the condition of the problem 

{ -2(5+2m)}2 -4 1 3(7+10m)=0, 

^ e , 4(5+ 2m)^ - 4 3(7 + IOjw) = 0, 

or, (^ + 20m + 4m^) - 3(7 + 10m) = 0, 

or, 2m2-5m+2=0, 

or, (2m - 1)0» - 2) = 0 , 

m=- 2 ', or, 2] 


• • 



528 


ALQEBBA MADE EASY 


[CHAP. 


13. Bind the greatest and least Talnes of 


aj2 + 14a;+9 
a;2+2a;+3 


for red values of x 


[Let 


a!2+14a;+9__ 

ii:H2a;+3~”' 


Then a;^+14:)5+9=w(a;^+2a:+3), 
or, (l-m)x^+2(7“m)a:+3(3--m)-0, 


_ ~ 2(7 - m) + 4{.l - 3(3 „ 

2(1 -m) 


The expression under the radical sign 

5=^ 4(49 - 14m + m^ ) ~ 12(3 — 4m + m^) 

= - 8(m2 + m - 20) = - 8(m - 4)(m+ 5) 

Since X IS real, the expression must be positive or zero, 
le j — 8(m ~ 4)(m + 6) must be positive or zero. 

m cannot be p) eato than 4, but may he equal to 4 (since for 
any value of m greater than 4, say 5; the expression is negative). 

Hence, the greatest value of the expression=4. 

Similarly, m cannot he less than - 6, but may be equal to 
(—5) (since for any value of m less than —5, say —6, the 
expression is negative) 


Hence, the least value recjuired^ -5] 


14:. Prove that uiust he between 1 and -xr for 

all real values of x 
16. Prove that the value of 


tween -8 and 8, if x be real 

rr _! x^+8x+80_ , , . 

^ " 2x+8 proceed as in Ex 13] 


16, His be real, prove that cannot he be- 

tween -5 and 3 

17 . If a? be real, prove that cannot he between 

2 and -■V*' 
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18 . If ic be rea], the value of does not he 

between j and 1 


'^12. A Quadratic Equation cannot have more 
than two roots. 

Let OiC" +&a;+c=0 be any quadratic equation To prove 
that it cannot have more than two roots 


Proof, Since + c 




^ , b Jb^’-4ac 
•2a 


=a{x-a)ix-0)} 


[factorising ] 


[puttmgcfor 


andfffor— 

and Since a IS not zero, we have ax^+bx+c=0 when and 
only when any one of the two factors x-a, x-^ is zero, 

I e . when and only when a;=a, or, /S 

Thus, the quadratic equation aa;-+&a;+c=0 has got the 
two roots a and /9 and no more 


213 . If a quadiahc equation in x is satisfied bij thee 
diffei ent mines of x^ the equation mil be satisfied by evei y value 
ofx 

Let the quadratic equation fl;a;"+6aj+c==0 be satisfied by 
three different values a, olx 

aa^+&a+c=0, ’ (1) 

a/92+6|5+c=0, (2) 

and ay-+&y+c=0 (3) 

Subtractmg (2) from (1), we have 
a{a^-~fi-}+b{a~fi)=0, 
or, la-fi){a{(t+fi)+b}-0 

1-34 



[CHAP 


(4) 

( 5 ) 


-3Q alg-bbra made easy 

Hoav IS not Z61 0 (ct and ^ being diffeieut) 

Siniilaily, from ( 1 ) and ( 3 ), a(«+y)+ &=0 

Hence, subtiachng ( 5 ) from ( 4 ), 

fll|3-r)=0 

But IS )wt zero, (since ^ and y aie diffeient) 

' n =0 

Hence fiom ( 4 ) 0 (g :+^)+&”0 ie Z >=0 

Since, a~ 0 , &= 0 , we have fiom ( 1 ). c =0 

ax^+bxi-c= 0 a:^+ 0 x+ 00 - 0 fo? emymluG ofx 

244» Eolations between Roots and Co-efE- 
cients of a quadratic. 

HnandjJbe the roots of the quadiatic a£C®+&aJ+c= 0 , 
to prove that 

— - and «:/?=—• 

^ a ^ a 

Solving the equation as m Art 236 , we have 


a- 


and 


— &+ Jb^~Aac 
2a 

o -h- 

— s — -• 


Hence, by addition, «+/J=^^= - ; 


a 


and by multiplication, «/S = ^ 

% 

'• „ (~&)^-(&^-4ac) _4ac 

4a^ a 

Since the equation aic® 4 &a;+c=0 can also be written as 
1) c 

a;-+-— a;H — =0, we may exiiress the result as follows 

d (I ^ 
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Li a quadratic equation of the foim x^+px+g^=Q (je 
where the co-efficient of x^=l and the teims ate all on 
one side, 

(i) the sum of the roots = —the co-efficient of x 
(n) the product of the roots = the constant terni 
t e , the term independent of x 

Example 1. If a, iS denote the roots of the quadratic 
x^ + 6a;+9=0, prove that a+/9= —6 and 

Herej the co-efficient of x^=l and the terms are all 
on one side 


Hence; we have a+/9=”the co-efficient of x=-6 and 
a^-the constant term -9 

Example 2. If «, /S be the roots of 3a:^-17a;-f'19=0, piove 
that and al3=f V® 


Re-wnting the equation in the form a:^+(— V)a;+y =0, 
so that the co-effiaent of x^=^l, and the teims a)e alien 
one side, we have «+/3 

=» — the co-efficient of 33= — (- y )= y 

and a/9 = the constant term =V 


Example 3, li a, 0 are the roots of x^-i-px+^^^O} find 
(i) a-^, (ii) a®+/33, (m) 

We have « + jS = - the eo-efficient of x in x^ +pa: + 2 = “i? 
and c/9 => the constant tei m = g 


(i) Since (c-/9)=(c+/S)^—4«/8=(—^)2—4g=^®—4g , 
c— 


(u) a3+/S3==(a+/3)3-3c/9(c+/9) 

=(-l>)®-3g(-p)= -i?®+3i?g 


(lu) a '■ + /9"^ 


^ , _1_ _ a+^ _ -'P 
^ cj9 g ’ 


24:5. Formation of Equations with given Roofs. 

Letc /9 be the given roots and let a;-“pa;+g=0 be the 
equation sought 

a+/9— —(the co-efficient of x m a;®— jia;+g= —(— p)=^; 
and ffj9=the constant term=g 



ALGI-EBEA‘'MAIIE EASY 


lOHAP, 


Substitutiiig iorp and g in 

the lequired equation is (Al) 

or, (ic-«)(cc~/S}=0 (5) 

Oiheiwise : The expiession (ii5-a)(fl;~iS) is zero if ans' one 
of its factois x~c(, x-{3 IS zeio. 

^ e , if a; has any one of the values a and ^ 

Hence, the cqtiahon whose i oots an, c, ^ is {x—a){x-(i)=^0 

[Evidently the equation has no othei loots , foi; if the 
left-hand side is zero, one of its factors must be zero, so that 
X must have one of the values a oi 

Note Smilaily, the equation whose roots are a, jS, 7 is 
and so on 


Example 1. Foim the quacbatio whose loots are 4 and -5 
By (B), the equation is (a;-4){a;-(-5)}=0, 

te, (£c-4)faH*5)=0, 
or, a;24-a;-20=0 

Example 2. Form the quadratic whose loots aie 3+ 
and 3~i^5 

Since (3+^/o)+(3- V5)=6 

and (3+ V5)(3 ~a/ 5)=>3^“-5=4, 
by (A), the equation sought is a;®- 6 a; +4^0 


Example 3. If ^ are the the roots of ax^+hx+c=^, foiin 

the equation whose roots are and 

P a ' 

By (i), the requmed equation is 


or, 


^ a 
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Since, «+/?=— — and a^—~t we have 

ff/S a{i T 

a 

g _ h^-2ac 

jc «c 
a 

» 2 o 

Hence, the reomied equation ig — - — ^a:+l~0 

ftc 

, or, flCii?®-(6^“2o!c)aj+ac=>0 

Example 4. Form the quadratic whose lOots aie the 
leciprocals of the roots of the equation aj^+3iC+4=»0 

Let a, /9 be the roots of a;^+3a!+4=0 


Find the equation whose roots are ~ and 
By (A\ the equation required is 





or. 


ccd 




1 


(1) 


But since or, (i aie the roots of a: 3a; +4=0, we have 
«+/?= —3 and a^=4 


a+^ -3 ill 

-Sr=T’ 


Hence from (1), the required equation is a:^-(-T)a;+i=0, 
or, aj®+fa;+y=0, 
or, 4a:®+3a;+l=0 


24:6. Common Root of two Equations. 

Let ff= the common root of the equations ax^+bx+c—0 
and aa:“ + &'a;+c^=0 

We have 
and 


flra^+&a+c=0, 

aV+&^ff+c'=0 
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By cross multiplication, alZ-aV 


bc'-b'c 1 ca'-da 
> -yn — -n and «=• -u-'-ir 


aV-a’l) 


aV-'dh 


. h'-b'c _/ca'—daY 
ab'-a'b~\ab'-a'bl ’ 

or, {ca' - e'aY = (bd- b'c)[aV - a'b) 


( 1 ) 

( 2 ) 


winch IS the equation that the equation shall have a common 
root Fiom (1), the coimnon loot 


bd-Vc ca'^-da 

ca'-da' ab^-a'b’ 


EXERCISE 133. 

Eorni the equations whose loots are 

1. 3 and 1 2l. 6 and—? 3. 3 and i- 

4. (i) 3+ Jb and 3- Jb , (ii) 2a+ ^/b and 2fl- tjb. 

5. Eind the sum and pioduct of the loots of 

fi) aj’'-5a:+6=0, (ii) a;2+9a;>.i3=,o , 

(in) --3a:®+20a;+15=0, (iv) 5aj®=>73c+3 , 

(v) 3aj+l-'-15a;2. 

6. If « and ^ are the loots of the equation £C^+ji£C+{Z=0, 
form the equation whose loots are 

(i) + a/S and jS® + ; 

[(i) («Hor^)+CiSHff/9)-aH2«i5+i52 = (a+i8)2=(-jp)==iJ^ 
and (a ^ + «^) = a(ci + + 19) =■ a(l(cc + /9) ^ 
since a+fi= —j) and a^=‘q 
Hence, the required equation is x^-p^x+p‘q-0] 

(ii) «®+/S® and2«/3 , (in) a~^+/9"® 

(iv) a+^ and /?+■“• 
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7 . i£ the equations x^ + hx+ca=0 and x^ + cx+ab—0 
have a common root, their other roots will satisfy the equation 
x^ + ax+bc^O [0 U F A, 1879] 

[Let a=the common root of the tivo equations 
Then, a^ + ba+ca—O (1) 

and a^ + ca+ab^^O 
Subtracting (b-c)a+a(c-b)=0 
Dividing by (b-c), a-a=0, 

i.e, a=a 

Since the pioduct of the roots of the first equation= ca, and 
one of these roots =o, 

ca 

the other root of the 1st equation^— =c 

dh 

Similarly, the remaining root of the 2nd equation= — =b 

CL 


Hence, the required equation has the roots i) and c, and is, 
therefore, - (6 + c)a; + &c = 0 (2) 

Since a=a, we have from (1), a^ + ba+ca=0 
le, o(a+6+c)=0 
or, a+J+c=0 

from (2), we have £C^ + cjcH- Jc= 0 ( b+c== ~ a)] 

8 . If X be real, show that -■ can have any real 
value [M U 1883] 

i 

[ Let the given expiession=y 

. m'^{l-x)-nHl-\-x) 

l-a;2 

or, yx^ “ + n^)x -[y~m'^+n^)==0 


Solving, X = Jiin^+n^J^+4viif-in^+n ^) , 
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Since X IS real, the expression undei the radical sign must 
be positive, 

or, is positive, 

01 , - 11^)2 - iyim^ - is positive 

or, (j«2 -n^~ 2y)2 + imhi^ must be positive 


This condition can evidently be satisfied by giving any 
leal value to y, ^ e , to the expression ] 

9. If the equations x^+px-^y-0 and x^-^p'x+g'-O 
have a common loot, show that it must be eithei 

9. -Q.' ' 

10. Poim the equation whose loots aie leoipiocals of the 
loots of (i) 3£c2+8a;+91=0, (ii) aa:^ + 6a;+c=0, 

11 . If one root of the equation OiC^ + Jai+c^O, be the 
square of the othei, piove that &® + fl2c+flc2~3a&c. 

12. If fla;2+te+c=a'a;2 + J'a:+c' when a: =183, 281 and 
397 respectively, piove that a=Q,\ 6=6' and c=c' 

[ (flaJ^+6a;+c)'*(aV+6'£t:+c0=O, 

^ e , (a - a^)x ^ + (6 ~ 60a?+ (c - cO = 0 for thiee distinct values 
of X 

. By Art 243, a-a^=0, 6-"6^=0 and c-t ^=0 ] 

13. Einda, 6, c, if (a~12)a:2+(&^31W=181-c for any 
value of X 


14. Emd k if the roots of 5a?2+7Aa;+3=0 be the recipio- ^ 
cals of the roots of 3a:2+(8-/f)a;+5=0 

15. Find a and k if the roots of 3a;2 + 2/tx + /f + 2 = 0 be the 
lecipiocals of the roots of 2fla;2+(/i:+a)a:+3=0 
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2A7. TVTiat are eggs a dozen "srhen two more in a shil- \ 
ling's wortli lo'srers the pnce one penny per dozen ? 

Let a;=the number of eggs we get for a shilling 

12 

Then the price of each egg~— pence. 

£D 


and the pnce of a dozens — pence 


If tvro more xrere obtained for a shilling i.c if (ai-r 2) eggs 
vrere rrorth a shilling the pnce of a dozen \rould foi a sinnlai 

, 144 

reason be ^ pence 

CCt d. 


But by the condition of the problem, the lattei pnce is 
one penny less than the former pnce hence 

141 _144 

a;+2 X 


a;2i2a;=28S 
a;“ + 2»“rl=289 
x-^1— IT 
x~ 16 


Hence from (1) the pnce per dozen=9d 

248. Find tiro numbers irhose difference mulnplied by 
the difference of their squares ==160 ; and \rhose sum multi- 
phed by the sum of tihteir squares gives the number 530 

Let x-rtj and x-y he the numbers 

Then by the 1st condition of the problem, 

2y (4xy)~l&) 
or, xif~-2D 
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B\ the 2ml condition of the pioblem, 

2rcj2(a;2+f/2))=580 

or a;(®"+^/”)='145 •• 

rrnjii (]) and (2) b\ subtiaction, 

x3 = 125=53, 

, a;=5 

llf‘n<e fioin fl\ 20 

tc 

V = 2 , 

X =0 and 2/=2 

lleiKP the lequncd numbers are 7 and 3 

23:9. J '5ot'5 off from London to York and B at the same 
tune from Yoik to London, and they travel uniformly, A 
loachc" Yoik 16 houis and B leaches London 36 hours; after 
i!ic\ lia\c met on the load Find in what time each has per- 
formed ilic louinej 

L M Y 

m n 


\joiL,Y repiecent London and Y'ork respectively, and 
the place uhcre the travelleis meet Let in, nhe the 
mc.isures of L2f, MY respectivelv in miles 

Xow ‘Since A ti avels « miles (le, from ilfto Y) m 16 


IG 

lioiir's he ti avels 1 mile in — houis and 

n 


i»* miles in — 
n 


liouis hence the time in which A travelled from 2/ to 37 


10 


n 


on houis 


Similarly the time m vlnch B travelled fromY to M 

1 . 

= — OMIOIIH 

)» 

Yow, Miice the} «tartc(l at the same instant, the time in 
nhich A travelled from L to 37 is evidently equal to the 
time in uhich 13 travelled fioin Yto 37 
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16 36 

—•m ~ — 
n m ’ 


whence 


n 2 


Hence, the time m which A performed the journey 

=40 hours, 

and the time in ivhich B performed the journey 

= (~*«+36) hours=60 houis 

260 . A fraudulent tradesman contiives to employ his 
false balance both in buying and selhng a certain article, 
thereby gaining 11 per cent more on his outlay than he would 
gain, were the balance ti ue If however the scale pans, in 
which the article is weighed when bought and sold respec- 
tively, were interchanged, he would neither gam nor lose by 
the transaction Deteimine the legitimate gain per cent on 
the article 


[In a false balance if any weight be placed on one of the 
scale pans, the weight to be put on the other pan in ordei 
to make the beam horizontal will be For instance, 

if in buying rice a five-seer counterpoise be put on the pan, 
the quantity of nee put on the other will be either more 
or less than 5 seers Suppose when the five-seer counter- 
poise IS put on the scale pan A, we are required to put on 
the pan B, a quantity of rice whose real weight is greater 
than 5 seers , but whatever may be its real weight, as its 
weight now is supposed to be equal to the weight of the coun- 
terpoise, we take it to be 5 seezs Thus we take for 5 seers 
what IS really more than 5 seers Hence, if the merchant 
contnves to put the counterpoise on A and tlie article bought 
on B, he will evidently take away moie of the article than 
he IS supposed to do , let the supposed weight of the article, 
so bought, be wlbs , if then Wlbs be the teal weight of the 
article, w is less than JV Again in selling the article if he 
puts the countei poise on Band the article on A and if 7F' 
be the weight of the counteipoise, then TT'^ is gieatei than 
W By this contrivance then the merchant buys W lbs 
of the aiticle at the price of w lbs and sells away these TFlbs 
again at the price of lbs Hence, m such a transaction the 
merchant’s gam is two-fold, he buys more of the article than 
he pays for and the whole quantity thus bought he sells 
away at the price of a still greater quantity ] 
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Let to and W' be the appat ent weights of the article when 
bought and sold respectively 

Then evidently w is less, and TT' greater, than the tine 
V eight 

Let jp=pnme cost of unit of weight, 
x= the legitimate gam per cent 
Tiicn the selling piice of a unit of weight 

kimdiedths of 

Hence, the puce paid by the merchant in buying the 
ai hole, 2 e. his outlay * to and the price reahsed by selling 

by the condition of the problem, 

W jp j - wp + (ic + 11) Jmndi edths oiwp 



If tlie scale pans were interchanged, the cost of buying 
the article would be p and the price reahsed by sale, 

hence by the 2nd condition of the piobleni, 

From (1) and (2), 

1 ' jg+ll 

14.JL "100’ 

■^■^100 

r'^lOoj 100 ’ 
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♦ ^ i— i* 

*• 100 ^ 10 ” 2 10 ’ 


x~10, 


i e , the legitimate gain is 10 per cent 

251 * A body of men weie formed into a hoUoiv squaie 
three deep, when it was observed that with the addition of 
25 to their numbei, a sohd square might be formed, of which 
the number of men in each side would be greatei by 22 
than the square root of the numbei of men in each side of 
the hollow square Required the number of men in the 
hollow square 

[A numbei of men are said to be arianged in a sohd 
square when they are arranged in parallel rows and the 
number of rows is equal to the number of men m each low 
The following diagram, in which Ai, Ri, &c represent iiien^ 
will clearly illustrate the matter 


Ai Bi 

Aa B2 
A 3 B 3 
A4 B4 
As Bs 

Ag Bg 
A^ B7 
A3 Bg 


Cl D: 
C 2 D 


C 7 D 7 

Cg Dg 


El P; 

E, P 


P4 
P5 

' Pg 

E, 

Eg Pg 


Cl Hi 

G'2 Ho 
C s Hg 
H 4 

Os Hs 

Gg He 
G-7 Ht 

Gg Hg 


C3 D3 Eg — : 

C4 D4 ^E4 

Cs Ds Es 

Oe Dg Eg 

E? 


The above diagram 1 epresents an ariangement in which 
there are 8 lows, each containing 8 men This is a sohd 
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squaie If the square C 3 F 3 F 0 C 0 be leinoved from inside, the 
lemaindei wiU be a hollow square ^ojeep hanns 8 inen 
each side , if, howevci the square be removed, the 

lemaindci will be a hollow square tk ee deep 


Hence, the numbei of men in 2 ^ hollow two deep 

having X men in each side=a?^'-(a;-4)^ ; in one tee decji 
s»jc2_(jc-6)“ , and so on, thus the number of men in 
a hollo-iv square n deep having x men in e^ch side 


Let a;=the number of men in a side of the hollow square , 
then the whole number of men=a;’^'-(a;-6)^ (1) 


Hen?e, by the 2nd condition of the problem, 
«2_(a;^6)5' + 25«(ai'422)2, 

J 

or 12a; - 11 ~ a;+ 44a;'^ + 484 ; 

lla;-44a;’'*»495, 

\ 

or, a;-4a;"2=45 , 

i 

. a? -4a;-' +4= 49, 
whence a; -81 


Hence, from (1). the whole number of men 

=812-752 


=166x6=936 

252 > K engages to play a game of chess with B on the 
following conditions that B should name a certain number 
and put into Jf’s possession twenty-four rupees together 
wdth as many rupees as equal to the square of this number 
and that at the conclusion of the game K should return to B 
only a number of rupees equal to eight times the number 
named What number could B name with the greatest 
advantage possible to himself ^ 

Let a;=the number which B should name , then he has to 
deposit with X, (24+u;2) rupees and get back at the end of 
the game only 8a; rupees , 
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hence B has altogether to lose {x^-h24:-Sx} rupees , 

. . X must be such that thzs loss may he as small as 
possible 

Now*, Since x^ -8x+2i=(x-4:)^+S which is always 
greater than 8 except when a;= 4, the loss will for all values 
of X be greater than Bs 8 except when x has this value 

Hence, in order that the loss may be a minnnum B should 
name the number 4 

25B. With the object of examining a student of the 1st 
year as regards his progress in Algebra, I undertake to engage 
m a certain contract with him, which is as follows he is to 
give me a certain numbei of books, each worth as many 
rupees as the number of books and to get from me m 
return six times as many rupees as any of those books is 
worth and also 21 rupees more How many books should 
he bring me with the greatest possible advantage to himself ? 

Let a5=the number of books that the student bungs me , 
then, since the pnce of each book is x rupees evidently I 
get x^ rupees from him , and in return I give him (6a:+21) 
rupees 

Hence, his gam (or loss as the case may be) 

= (21 + Gar - x^) rupees 

How, 21+6a;-a;2=21-(a;2-6a;j) 

=30-(a;2-6a;+9) 

=30-(a;-3)2 

Evidently therefore, the student is a loser if £C-3 be 
greater than 5, if aj be greater than 8; and he is a 
gainer if a; be 8 or less than 8 

But not only should the student be a gamer but his 
gam must be the greatest possible, which evidently is the 
case when (aJ -3)^ is the least possible, i e , when a:=3 

Hence, the student should bring me only thiee books 

254. Bama, Lakshmana and Bharata went to visit a Bishi 
and brought their wives with them The Rishi knew the 
wive^s names to be Urmila, Mandavi and Sita, but forgot 
which was the mfe of each hero They told the Bishi 
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that they had given presents to Pandits, and that each of 
the SIX bad rewarded as many Pandits, as he or she bad 
liren gold madras to each Pandit Bama had rewarded 23 
more Pandits than Uimda, and Lakshmana had rewarded 
11 Pandits more than Mandavi, likewise fob hero bad 

given away 63 gold mudras more than his wife The ilisbi 

having thought on what they said, dismissed them uatn 
his blessing, naming col rectly the wife of each hero hrwn 

the conditions given, do yon also find out the names oi tne 
n ives 


Let ic=the number of Pandits lewarded by any hero, 

and y=the numhei o'f Pandits rewarded by his wife , 

then the number of gold raudias given away by the 

hero=ff^ ; 

and the number of gold mudras given away by Ins 
wife “ 2 /^ 

Hence, by the last condition of the pioblem, we have 

- 2 /®= 63 , 
or, ix+y){x-y)=GB 

But 63 = 63x1, 01 , 21x3, or, 9x7, 
hence, since a;+ 2 / and a;-?/ are positive integeis, and x+y 
IS necessarily greater than a; “2^, we get the Mowing thiee 
pairs of values for x+y^ and x-y and no otJm , 

(1) o!+>=63 1 (2) x+y^21 I (3) a?+2/=91 

x-y~l J aj-l/=3 / x-y==7j 


Hence, we have the following three pans of values for 
X and y . 

(1) a:=321 (2) a:=12\ {$) x 


r 


=31 


2^=9 




U) 


le the wife of the hero who rewarded 32 Pandits, 
rewarded 31 Pandits | 


the wife of the hero who rewarded 12 Pandits, rewaicled 
9 Pandits ; (<^) 

and the wife of the heio who rewarded 8 Pandits, re- 
warded only one Pandit (^) 

How let us find out the names oi the wives from the 
other conditions of the problem 
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The number of Pandits rewarded by Rama may be 32, 
12 or 8 ; but since he is known to have rewarded 23 mo) e 
Pandits than somebody else, the number of Pandits rewarded 
by him must he 32 

The number of Pandits rewarded by Lakshmana may 
then be either 12 or 8, but as he is known to have rewarded 
11 moi e Pandits than somebody else, the number of Pandits 
rewarded by him must be 12 .. [a) 

Hence, the number of Pandits rewarded by Bharata must 

be 8 • • f, , 

Again, since the number of Pandits rewarded by Urmila 
IS 23 Jess than the number rewarded by Rama, it must be 9 , 
hence by {a) and (a), Urmila is the wife of Lakshmana , 

also, since the number of Pandits rewarded by iMandavi 
IS 11 less than the number rewarded by Lakshmana, it must 
be 1 , and by {^) and (b) jMandavi as the wife of Bharata ; 
evidently ’ Sita is the wife of Rama 

Thus we have 

Rama) Lakshmana) Bharata 1 

Sita J Urmila i Mandavi J 

EXERCISE 134. 

1 . A person bought a certain number of oxen for £80 , if 
he had bought 4 more for the same sum, each ox would have 
cost £i Jess , find the number of oxen and the pnce of each 

2. A gentleman sends a lad into the market to buy a 
shilling’s worth of oranges The lad having eaten a couple, 
the gentleman pays at the rate of a penny for fifteen more 
than the market price , how many did the gentleman get for 
his shilling ’ 

3. The plate of a looking glass is 18 inches by 12, and 
IS to be framed with a frame of equal width; whose area is 
to be equal to that of the glass Required the width of 
the frame 

4. A and B lay out some money on speculation A 
disposes of his bargain for £11, and gains as much pej cent 
as B lays out , B’s gam is £36, and it appears that A gams 
four times as much pa cent as B, Required the capital 
of each 


1--35 
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5. A boats crew row 87 miles doAvnanver and back 
again in 1 hour and 40 minutes Supposing the river to have 
a cuirent of 2 miles per hour, find the rate at which the creiv 
would row in still water 

6. What two numbers are those whose sum multiphed 
by the greater is 204 , and whose difference multiplied by 
the less is 85 ^ 

7. What two numbers are those whose sum added to 
the sum of their stjuares is 42 and v<hose product is 15 ^ 

8. A and E distribute £60 each among a certain number 
of persons A relieves 40 persons more than B does, and 
B gives to each 55 more than A How many persons did 
A and B respectively lelieve^ 

9. The pioduct of two numbeis added to their sum 
IS 23 , and five times their sum taken from the sum of their 
squares leaves 8 , required the numbers 

10. A horse dealer buys a horse, and pays a certain sum 
font, he afterwards sells it again for Rs 171, and gains 
exactly as much per cent as the horse had cost him Hoiv 
much did he pay for the horse ^ 

11. The small ivheel of a bicycle makes 135 revolu- 
tions more than the large ivheel in a distance of 260 yaids, 
if the circumference of each were one foot more the small 
wheel would make 27 revolutions more than the large wheel 
in a distance of 70 yards , find the circumference of each 
wheel. 

12. By lowering the price of apples and selling them 
one penny a dozen cheaper, an apple-woman finds that she 
can sell 60 more than she used to do for 55 At Avhat price 
per dozen did she sell them at first ^ 

13. There is a number between 10 and 100 , when multi- 
pbed by the digit on the left the product is ^0, if the sum 
of the digits be multiplied by the same digit the product is 
55 , required the number 

14. A and B are two stations 300 miles apart Two 
trains start simultaneously from A and B, each to the oppo- 
site station The train from A reaches B nine hours, the 
tram from B reaches A four hours, after they meet, find the 
rate at which each ti am travels 

15. By selling a horse for £24, 1 lose as much per cent, 
as it costs me What ivas the prime cost of it ’ 
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16 . Ibmd three numbers, such that if the first be multi- 
plied by the sum of the second and thud, the second by the 
sum of the fiist and the third and the third by the sum of 
the first and the second, the products shall be 408, 480 and 
504 respectively 

17 . There are two square buildings that are paved with 
stones, a foot square each The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
together contain 2120 stones What are the lengths of 
them separately ^ 

18 * There are three numbeis, the difference of whose 
differences is 5 , their sum is 44, and continued product 1950 , 
find the numbers 

19 . A tram A starts to go from P to Q, two stations 240 
miles apart and travels unifoiinly An hour later, anothei 
tram B starts from P, and after travelling for 2 hours, 
comes to a point that A had passed 45 minutes previously 
The pace of B is now increased by 5 miles an hour and 
it overtakes A just on entenng Q Find the rates at which 
they started 

20. A squaie court-yard has a rectangular gravel walk 
round it inside The side of the couit wants 2 yards of 
being b times the breadth of the gravel walk; and the 
number of square-yards m the walk exceeds the number 
of yards in the periphery of the court by 92 Required 
the area of the court 

21 . Divide the number 26 into three such parts that their 
squares may have equal differences/ and that the sum of 
those squares may be 300 

22 . The number of soldiers present at a review is such 
that they could all be formed into a sohd square and also 
could be formed into four hollow squares each 4 deep and 
each containing 24 more men m the front lank than when 
foimed into a solid square , find the whole number 

23 . A and B run a race round a two-mile course In the 
first hit B reaches the winning post 2 minutes before A 
In the second hit A increases his speed 2 miles an hour, 
and B diminishes his by the same quantity, and A then 
leaches the winmng post 2 minutes befoie B Fmd at what 
rate each ran m the hist hit 

24 . From a vessel of wine containing a gallons, h 
gallons are drawn off and .the vessel is fiJled up with watei 
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Eind the quantity o£ wine remaining in the vessel when 
this has been repeated 4 times 

25 < A wall was built round a rectangular court to a 
certain height Now the length of one side of the court 
was two yards less, whilst three times the length of the 
other was 25 yards greater, than 8 tunes the height of the 
wall, and the number of square yards in the court was 
greater than the number in the wall by 178 Required the 
dimensions of the court; and the height of the wall 

20. A person bought a numbei of £20 railway shares 
when they were at a certain rate pei cent discount for £1,500 , 
and afterwards when they weie at the same rate per cent, 
premium sold them all but 60 for £1,000 How many did he 
buy and what did he give for each of them ? 

27 . The sum of 4 numbers is 44 , the sum of the product 
of thelstand2ncl anddrdand4fch is 260; of the 1st and 
3rd, and 2nd and 4th is 2d4 , and of the 1st and 4th, and 2nd 
and 3rd is 225 Rind them 

28 . To complete a certain work J requires m times as 
long a time as B and C together ; B requires n times as long 
as A and C together ; and C requires p times as long as A 
and B together Compare the times m which each would 
do it and prove that, 

— ^ + -^ + -^= 1 , 
iJi+1 n+1 2^+1 

29 . In a certain village there lived in the year 1872 a 
number of families each consisting of as many members as 
there were families Ten years afterwaids it was found that 
during this interval there were 670 births in the village and 
that on the average 50 lives were lost per family. Prove that 
the number of persons, living in the village at the time of 
this calculation, could not be less than 45, and if this number 
he actually 45, find out the number of souls that lived in the 
village in the year 1872 

30. Suppose you agree to give me out of your landed 
property a square plot of ground and receive in exchange a 
ciicular plot of land whose area is 76 square feet and also a. 
rectangular plot, one of whose sides is 36 feet and the other 
is equd to a side of the piece of land you give me What 
must be the area of the plot you give me, so that you can 
profit most by the exchange. 
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855. The graphs of XY==0, X and Y being ex- 
pressions oi the tlrst degree in x and^;. 

Example 1. Draw the graph o£ Uie equation 

cc2=25. 

The equation =25 may be wntten as 
{3j2-25 = 0, \ 

,QT, (a7-5jia;+5)=0 J 

Evidently, the given equation is satisfied (i) by all those 
points which satisfy the equation a; -5=0, (u) by all those 
points which satisfy the equation a;+5=0 



Hence, the required graph consists of two straight 
lineSy one being the graph of the equation a;-5=0 and the 
other being the graph of the equation a;+5=0, as shown in 
the diagram. 
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Example 2 , Draw the graph of the equation aJ^ -3a: -28=0. 

Factorising the left-side of the equation, we have 
(a;-7)(a;+4)=0 



Hence, proceeding as in example 1, we notice that the* 
required graph consists of two straight lines, one being the 
graph of the equation £C- 7=0 and the other being the graph 
of a;+4:=0, as Shown in the adjoining diagram 

Example 3. Diaw the graph of the equation 

Fi’om the given equation, we have 

?/-4a:2=0'l 
or, («/-4*2a;)(^-2a;)=0 j 

Clearly, the given equation is satisfied by (i) aU those 
points which satisfy the equation 2 /-t- 2a; =0, and also (u) by 
all those points which satisfy the equation 2a; =0 

Hence, the required graph consists of two straight lines, * 
pne being the graph of the equation y+2a;=0, and the other 
being the graph of the equation 2 / “2a;=»0. 
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Hence, the required graph is as shown helow • 
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Example 4. Draw the graph of the equation 
-lla;+4y+5=0 

Pactonsmg the left-side of the given equation, we have 
(jr + 2 / - 5)(2a; - f/ - 1) = 0 
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Obviously, the ^yen egusfaon is sstefed (i) by ^ *ose 
points which satisiy the equation x+ 2 /-o -0 aj WeU as W 
by all those points which satisfy t^e equation tc J 
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Hence, the required graph consists of two straight lines, 
one being the graph of the equation sc+2/-5~0 and the other 
being the graph of the equation 2a;~^-l=0, as shown in 
the diagram 

256. Thus, it IS clear from the above examples that 
whenever a quadratic equation can be expressed in the form 
^y-0, where Jl and 7 are expressions of the first degiee 
in X and y, the graph consists of a pair of straight lines, 
which are respectively the graphs of the equations X^O 
and 7=0 

When, however, a quadratic equation cannot be expressed 
in the form XY-0, its graph is a curve. We shall now 
proceed to consider a few graphs of this nature. 
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257. Draw the graph of the equation 

Let twice the length of a side of a small square represent 
the unit oi length 

With centre 0 and a radius equal to 6 units of length 
describe a circle, as in the diagram Then this circle will be 
the required graph * 

Talce any point P on the circlej and let its co-ordmates 
be denoted by x and y] evidently then x^+y^=^OP^-B^ 
But if a point, such as Q, be taken anywhere not on the ci?cle, 
it is easy to see that its co-ordinates will not satisfy the 
given equations 



Thus it IS shown that the co-oi:dinates of every point on 
the circle, and of no other point satisfy the given equation 
Hence the circle drawn is the required graph 

258. Draw the graph of the equation (Jt- 3)^ + 
(j»-2;2=25. 

Let twice the length of a side of a small square represent 
the unit of lengthi 
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Let A be tbe point (3, 2). With centre A and a radius 
equal to 5 units of length describe a cucle as in the diagram 
Then this circle will be the required graph 

Talce any point P on the circle, and let its co-oidinates be 
denoted by a* and y Now iioni the diagiani it is clear that 
AP IS the hypotenuse of a right-angled tiiangle of which the 
Sides are (a -3) and {y-2) units of length lespectively 

Hence, (a3-3)^+(^-2)^==*4P2=25, which shows that the 
co-oidinates of P satisfy the given equation But if a 
point, such as Q, be taken anywheie noion the Glide, it is 
easy to see that its co-oidinates will not satisfy the given, 
equation 



^ ® 00-01 dinates of every point on 

TTln.^A f ^^veii equation. 

Hence the circle desciibed is the lequued graph 

. ^«S™f*y(->^+«’+(!,+5)>=4!p It mag be oliea„ 

aaahovetbat tfiejraM 0 / tte c«iia//on {r+2)<+(j+«)»=<g ,sa ante 
ofalttOh Oic canUe ’bthe point [-2,-S), andtba ladma a aqua! toT 

units of length ^ 

<'/*’+!?’-&+ ?(?|,+2S=0. Tha agnation 
X +g -8\^rl0g^2o~0 can be easily reduced to the form (\-4p+ 

[y+5P^16. Hence its graph is a circle of which the centre is the 
point 5) ^nd the rsdius i$ equal to 4 unite of lengthy 
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Example 1. Solve grapkeally 0 . 

The equation may be written in the form 
(a;2-6£B+9)+4=25, ie;(a;-3)2+22=^ 

The roots of the given equation are the abscissas of 
the points where the line y-0{ie, the A>axi8) cuts the circle 
{x-6)^ + (?y - 2)^ -25, [for, putting y-Om the equation of the 
circle, we have ix'-'dy + {y-2)^—2b, le, (a? -3)2+4= 25] 

Hence, drawing the circle (cc -3)2+ (i/- 2)2=25 as in Art. 
258, we notice from the diagram that these abscissas are 
7 6 and-T6 approximately 

The required roots are 7 6 and - 1 6 approximately. 

Example 2. Trace the graph of (i) x^+y^~lQ9 and (ii) 
01 + 2 / =17 Find the co-ordinates of their points of 
intersection 
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The graph of a;^+?/2 = 169=13^ is a circle with the centre 
at the origin and radius equal to 13 units The giaph of 
aj+?/*17 IS a straight hne passing thiough the points (17, 0 ) 
and (0, 17) Taking the side of a small squat e as the unit 
of length and drawing the giaphs, they will niteisect at 
P (12, 5} and Q(5, 12) as in the diagiam 

Note. To solve graphically the equation 

x+y>=^ 77} 

wc notice that the co-ordinates of each of the above points P and Q 
satisfy both the equations and are, therefore, the required solutions 
Thus, the roots are \ ^ 12 \ and x=> 5] 

5} y^l2} ’ 

Example 3, Show that the graph of 3a;4-4^=25 touches 
that of a;2 + ^2-s25, and find the oo-ordmates of the point of 
oontact [C U 1911] 
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The graph of is a circle with its centre 

at the ongm and radius equal to 5 units. The graph of 
3;r+4y»=25 IS a straight hne passing through (,5, 25) and 
( - 1, 7} Taking twice the side of a small sgiiai e as the umt of 
length and drawing the graphs, we find that they touch at 
P(3, 4) as in the diagram 

EXERCISE 135. 

Draw the graphs of the following equations 

1 . £ e 2+?/=81 2 . ( a ;- 5)2 + f ? 7 - 6 ) 2 = 4 &. 

3. (a;+6)2 + (a;-7)2=100 

4. 

5. x^+y^-\-lkc-l%y-\-^2~Q 

6. cc®+2/^+12a;+182/+92=0 

7. - 10a; +16y~ 55=0 

Solve graphically 

8. ar2+?/2=100l 9. a;2+«/=25l 

a; + 2 / = 14J x -y ^ ij* 

10. a;2+2/2-4a;-6?^-12= O'! 

x-^y =12 J 

11. a;2 --4aj-12=0 [The roots are the abscissae of the- 
points where the a:-axis cuts x^+y^ -4a;-6y-12=0, etc] 

12. a;^-6a;-16=0 

13. Diaw the graphs of x^+y'^-BQ and 3a;-42^=30.. 
Show that they touch at (3 6,-48) 

14. Draw the graph of cc^ + v® -42c-6p-23=0 and find 
its tangents parallel to the co-ordinate axes 

15. Draw the graph of a;^+2/^-10a;-10?/+25=0 and 
show that it touches the co-ordinate axes Find the co-or- 
dinates of the points of contact, 
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16. Lra^r the graphs of the following equations • 

(1) (2) x--ox+Q=0. 

(8) 5a;2-Sa;-2=0* (4j y^-3y--0; 

fo) x!/=0. (6) -3xi/+2f/‘^=(): 

(T) a:2-p2^4?/-4=0. (8) (a-}- 8)2=% -5)2 

17. Draw the granh of oa:2 -24a;?/-5y2=0 and show that 
they are two perpendicular straight hnes 

18. Fmd the angle between the straight lines which 
repre=ent the graphs of 

(n) fa;-8j(y-2)=0, 

/’ll!) {3x‘'2y-T~j}2x-3y-r2)={) 
hv) ‘7/:-6y-8 6/-7y"'8j=0 


258. Draw the graph of the equation 

4;c2+93)2=3g. 

( 1 ) When g =0 have ^ 2-4 and therefore ±2 
Hence the points fO h and iO -21 are on the required graph 

f2) When y=0 we haverK 2.=9 and therefore 5 C«i 8 
Hence the points (8 0; and ( - 8 0/ aie on the lequired graph 

( 8 ) When a;=±l we have 9y2 = 32 and therefore 

■31= j- A. fO 4y 1 414 , 5b50 __ 

y _ ^ =±19 ap- 

prorimately. Hence the lour points fl, 1 9j (l _l 9 ) 4 Qj 

and ( -1 -1 9) are on the required granh 

(i) men ®=±2 ,ve have %2=20, and therefore 

-.- 1.2 , 2x2286 . 4 472 

— 


nearly. 


3 


8 


- ± 1490 


± 13 


I ’ 

- Hence^the four points (2 13) (2-15), (- 2 , 15) and 
(- 2 , -1*5) are on the required graph. 
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Corresponding values of x and y may be tabulated as 
follows 


1 

2 

2 

-2 

-2 


]g:s8SSKSsss8sss;;ssssss8sssi 

888888888888188888888888888888 


BggB8 g8888888888888 88888S888S8[ 
ISSSSSnSSSSSSSSS!!!!!!!”*”*" 

isisisssa^^^^ 

aigismianHiBiBunHuismal 

BBSBBBBBBBBBBBBBBBB*>">*mim 

BSsaBaBSiBssssaasai 

BBSISSSSBSBSSSiSSBSSiSUSS 

■BHNBnBiai 8 iUIIHaBHHnifiMm| 

■■■■■MBK;BnniBinnasnH88aBl 

BBBBBBBi>B£B>BI""**!^"^ . 


■■■BIHHBHMBaUBBHniBBinBa 

BBBBBBBBBBBBBBBB"B*»**»H>*" 
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Let us now plot the twelve points as found above (taking 
5 times the side of a small squaie as the unit of length) and 
draw a free-hand curve through them, as in the diagram on 

the last page 

The cuive so drawn is the rec[uired graph. 

Note 1. Eoidently the curve is symmetrical about the aus of 
x,ie, every chord at right angles to the axis of x is bisected by it. 
Similarly the curve is also symmetrical about the axis of g. 

Note 2 The curve lies entirely within the space enclosed by the 
four straight lines k—3,x~—3, g—2, y^—2, since from the given 
equation it is obvious that x is imaginary when y > 2 and <-2 and 
y is imaginary when v > 5 and < —5 

A curve of this class is called an Ellipse. 

Example 1. Draw the graph of the expression 

1 


Let2/=4 

For each value of x, there ivill be two equal and opposite 
values of?/ Thus (1) when a; =0. 2/ = ±4; (2) when 
a;=±3; (3) ivhen {^*=±1, 2/= ±|-s/8= ±38 appioximately; 
(4) when a; = ±2, 2/= ±1-^/5= ±30 approximately 

The corresponding values of x and 2/ may be arranged in 
a tabular form as follows • 


X 



P 

-3 

B 

g 

B 

m 

2 

2 

-2 

-2 

y 

4 

A 

„4 



88 

-38 

38 

— n 

-38 

3 

-3 

i 

3 j 

1 

-3 
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Plotting these twelve points (taking 4 times the side of a 
small square as the unit of length} and drawing a free-hand 
curve through them as shown in the diagram we obtain^the 
required graph. 

Example 2. Draw the graph of 4(a; - 2}^ + 9(?/ - 3)^ = 36 
Re-wnting the equation, we have 


or, 

1-36 


9(«/~3)2=36-4(ar-2}2, 

2 ^ - 3 = ± I \/9 - (a: - 2 }2 
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Hence, for each value of x-2, we get two values of 2/-3 
from which the corresponding values of x and y may be 
tabulated as follows * 


'C 

2 

2 

5 

-1 

1 

1 

3 

3 

4 

4 

0 

0 

tf 

5 

1 

1 

3 

3 

4’9 

T1 

49 

11 

45 

15 

45 

15 



Hotting these twelve points (tahng 4 times the side of 
a small square as the unit of length) and drawing a free- 
hand curve through them as shown in the diagram we get 
the required graph 

Example 3. Draw the graph of 4a;2 + - 16aj - 54y + 61 = 0 
The left-hand side of the given equation 
=4(a;2 •-4ic)+9(i/2 -6^)+61 

= 4 {( a ;- 2 ) 2 - 4 }+%- 3 ) 2 *- 9}+61 

=4(a; - 2)2 + 9[y - 3)2 - 36 
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. The equation is 4(a; - 2)^ + 9(y - S)^ - d6=0, 
or, 4(a;-2)2+%-3J2=36. 

To draw its graph see example 2 above 

260. Draw the graph o£ the equation 



(1) When a: = 0, we have and therefore 7/ is magi’ 

miy This shows that the graph does not cut the axis of y 

(2) When 7 j-Q, we have x^-1, and therefore a;=d:l. 
Hence the points (1, 0) and ( -1, 0) are on the required graph 
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(o.\ -When aj=+2, we have t/=B, and therejore 
U /q- + 1 732 ^“+17 approximately Hence the four 

f7)!»-17)r{-2, 17) andt-2,-17)aroonih. 
required giaph. 

(4l When sc = +3, we have therefore ?/- 

+ 9 x 1414 " =+2828. =+28 appioximately 

Se to to foL at>d(-3,-2 8} 

are on the required graph. 

Tho corresponding values o£ ic and y may to tabulated 
as follows 


Ch 

1 

-1 

2 

“ 

2 

-2 

-2 

' 

'6 

3 

-3 

-3 

1 

V 

' " 1 

0 

1 1 

0 

17 

-17 

1 

17 i 

-17 

28 

-28 

28 

-28 


Let us now plot the ten points as found above (talang ^ 
times the side of a small square as the unit of length) and 
^aw a free-hand curve through them, as in the diagram on 


the last page 


The curve so drawn is the required graph 


Note 1 The curve so drawn is evidently syntmetrical about the 
axis of X and also about the axis of g 

Koto 2 The curve consists of two branches, one lying entirely on 
the right of the line x=sl and the other lying entirely on the left on the- 
line a:= -i 


A curve of this class is called a Hyperbola. 

Example 1. Trace the graph of (i) and (ii) 

Show that they touch each other 

Draw the graph ol x^ -y^-1 as above and the graph of 
the ciicle x^+y^-1 on the same scale It null be found that 
they touch each other at the points (1, 0) and ( -1, 0) 

Example 2. Trace the graphs of (i) x^'-y^-l and (n) x~2y.. 
Rnd the co-ordinates of their points of intersection 

Draw the Hyperbola x^-y^~l and the straight line 
01=27/ on the same scale. Produce the stiaight line, if 
necessary, to meet the Hyperbola. They will be found to 
intersect at two points whose co-ordinates are (1 2, 6) and 
( - 1 2, - ’6) appi oximately 
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261* Draw the graph of the equation 

Evidently the foEowing points aie on the required graph 
and their co-ordinates may be tabulated as follows 


07 

0 

1 

-1 

s 



-2 

25 

-25| 

a; 

-3 

35 

-3oi 


-4 



B 

D 





l625 

i ] 

625 

19 

1 

' 9 

[l225 

1 

|l225 




Let 2 tunes the side of a small squaie be the unit of lengths 

Let us now plot the points found above and diaw a curve 
through them free-hand, as in the following diapam* 

The curve so drawn is the required graph. 
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Note 1 Since we have x is imaginary when 

y IS negative Hence, no point of the carve can have a negative ordi- 
nate and, therefore, no part of the curve can be below the x-axis The 
curve passes through the origin, lies entirely above the x-axisand 
extends upwards to infinity 

Note 2 Every chord drawn perpendicular to OY is bisected by it 
as can be easily verified Hence the curve drawn above is symmetrical 
about the axis of g This is also evident from the fact that if the paper 
be folded about OY the left-hand poilion of the carve entirely coincides 
with the right-hand portion, 

A curve of this class is called a Parabola, 

Notes The graph of The curve y—x^ lies entirely 

above the axis of i, and extends upwaids to infinity It is easy to see 
that the graph of the equation y~ —a.* would be an equal curve bemg 
entirely below the axis of x and extending downwards to infinity 

Note 4 To determine the square root of a number front 
the graph of g—x^ The abscissa of any point on the curve is 
evidently the square root of the oidmate Hence, when the graph of 
the equation is drawn by measuring the abscissa of any point 

on the graph we can determine the square root of the number which 
represents the ordinate Thus, m the diagram, the ordinates of P or Q 
represent 5 . The square root of S^the abscissa of P or 25^ 
or- 2 25 approximately [2 sides of a small sguare^i unit] 

262» Draw the graph of th© expression 

The 1 eqiai ed gi afph is ihe same as that of iJie equation 

l^=3-4a;~2a;2. ' ^ 

It IS easy to see that the following points are on the 
required graph 




x~ 

151 

y=B} 

"cB 

1 

II 

?/“■ 

-75i 


aj=-2\ a;=-3\ 

y- 5^ 2,=. 3/’ y^-75r 

Take ten sides of a small sqiiai e as the unit foi ineasiii iW 
sc, and one side of a small squat e as ihe unit foi measui vug y. 

Let us now plot the above points and. draw a curve 
thiough them free-hand, as m the diagram on the next page. 
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The curve so draTni is the required graph 
Note The graph of ang expression of the formax^+bx+ctsa 
parabola 
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263. Graphical solution of Quadratic EQuaiions. 

Example 1, To solve graphically the equation 

3-4a;-2a:2=0 

Draw the graph of ?/=3'-4a;-2£c^ as in the last article, 

Drom the figure it is evident that y-0, when x is appro- 
ximately equal to 6 or -2 6 Hence, 3~4aj~2a3^=0, when 
a; = 6 or -2 6 appioximately , in other words, the roots of the 
equation aie 6 and -2 6 approximately 

Prom this it IS clear that the roots of the equation 
=0 the abscisses of the points* where the graph of the 
expiession B-4ix-2x^ cuts the axis of x 

Example 2. Trace the graph of from a 3 =-lto 

x~2 and therefrom obtain an approximate solution of the 
equation l==x^-x [0 U Entr Paper; 1917 ] 

The following points evidently lie on the graph • 


a? 

TT 

^ \ 

7 

0 

1 

T 

1 

li 

2 

V 1 

2 


0 ! 


0 

! s 1 

1 ^ 

2 


Taking 8 sides of a small square as the unit of length, the 
graph will be as shown in the diagram 


■■■■■■■■«■■■■■■■■■■■■■■■■■■■■■■■ 

■■■SuSSSS!!!S!!SS!ESEE**""*KaHaB 

SSESSiiSsisiBEs^^^^ 

K gKaSKKSigSKSSgKSBB^iSSS 

gigggsgKissi5!!gg[ 5sK5K«55555 

easiatiiBaaeuiZSSBS 

■■■■■■ BgiSSSggggggsgaBgBiMMeii 
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If we now put ^=1 the ecLuation becomes 

Hence the loots of the equation 1—x^-x 
are the abscissae of the points P and Q of thegiaph of 
y=x^ -X, at which the ordinate is 1 P and Q are evidently 
the points where the line y=l meets the graph From the 
figure we find that the abscissae of P and Q are 16 and - 6 
Tespectively, which are, therefore, the required solutions 

{Example 3. Trace the graphs of (i) y—^x^ and (ii) ?/=2a;+l 
and determine the points where they meet [0 U 1915 ] 

Deduce the roots of the equations 
Bas®— 2a;+l. 


Evidently the corresponding values of x and y on 
may be tabulated as follows . 


X 

0 



■ 

f 

2 

H 

B 



y 

0 

i 

■“i 

i : 

4 

■S' 

4 

X 

8 

3 

' 

1 6 

8 

1 ’ 

1 8 

8 


Also, the points »=0| and on the straight 

line y=2a;+l 

Taking six times the side of a small square as the unit of 
length, the graphs will be as shown in the diagram on the 
next page 

Let the straight line meet the parabola at P and Q 
whose co-ordinates are found from the diagram to be (1, 3) 
and (“i, i-) respectively 

The abscissae of the points common to the giaphs of 
y=^x^ and 2/=2a5-}-l are evidently the roots of 3;c2=2a;+l 
But, from the figure, these abscissae are 1 and --J-, which aie, 
therefore, the required roots of Bx'^—2x+l 
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264. Draw the graph of f - « x. 

We Have y=^ii ijx The ooiresponding values o£ x and' 
y may be tabulated as follows . 


X 

0 

25 

25 

1 

1 

225 

225 

4 

4 

625 

625 

V 

1 1 

“l 

*5 

1 

-5 

1 

-1 

15 

i 

1 

-15 

2 

-2 

25 

-25 


Let four sides of a small square be the unit of length. 
IJow, plotting the points found above and drawing a curve 
through them free-hand, the graph will be as in the diagram. 
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Note 1 Since for every point of the graph, y—± jjx and is, 
therefore, imaginary when r is negative, it follows that no point of the 
graph can have a negative abscissa, i e, no part of the graph lies on the 
negative side of the y-avis This graph, therefore, lies on the positive 
side of the y~axis and extends to infinity on that side It is easy to see 
that the carve is symmetrical about the x-axis 

Note 2 The graph of g^=-x is evidently an equal curve 
tamed in the opposite direction on the negative side of the x-axis 


265. Maximnm and Blinimnm values of Quad- 
ratic expressions. 

Example 1, Sho\r graphically that the expression 3 - 4a; - 2a;^ 
IS positive for all values of X between-2 6 and 6 and find its 
masununi value 


Letj/-3''4a;-2a;^ 


Drawing the graph of |/=3— 4®— 2a;^ as in Art 262>wefind. 
that for all values of x between -2 6 and 6 the curve hes 
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above the tc-axis and the oidinates aie positive, and for 
values of x greater than 6 and less than -26, the curve is 
below the axis of x and the oidinates are negative But 
the ordinate (i/)=3-4a:-2a;^ 

Hence, 3-401-2®® is positive for all values of x between 
-26 and 6. 

Also, we notice, fioin the figure that the oidmate is 
greatest at the point P(-l, 5), its greatest value being 5 

, , The maximum value required = 5 

Example 2. Show graphically that the expression x^-x is 
negative foi all values of x between ®==0 and aj=l Ihnd its 
minimum value 

Let ij~x^-x 

Drawing the graph of «/=®2 -a; as in 263, example 2 
(see the diagram on page 568), we find that for all values of x 
between a;=0 and ®=1 the curve is below the ®-axis and .*. 
the ordinates aie negative 

But the oidmate [y)-x^-x 

Hence, ®® — ® is negative for all values of x between ®=s0 
anda;=l 


Also, it IS evident from the figure that y{ie,x^-x) has 
the minimum value - j at the point A 

266. Draw the graph oj the equation 

It IS easy to see that the following points are on the 
required gi’aph . 

y 21 2/'®! 253 2/— 61 

E^dently also the following points are on the required 


1 ] , 
?/=*103 


^ "inl ’ kI ’ “ '^1 > £»= - 5) 

= -103 ?/=-53 |/=-25j ?/=-23 


y 

- 8 ^ , 
y- -1253 


y- 

y=> - 13 


y- 

- 2 ) . 
y^ - 53 


Let one inch be the unit for measurmg x and one-tenth of 
an inch the unit for measuimg y 
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Let us now plot the points and draw a curve through them, 
free-hand, as m the following diagram . 



The curve so draivn is the required giaph 


m 
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Note 1 As X diminishes from 1 to zero, ff increases from 1 to 
infinity , and as x diminishes from zeio to — y increases from 
negative infinity to '~1 

Note 2 As V increases from 1 to infinity, y diminishes from 
1 to zero , and as \ diminishes from —1 to negative infinity, y increases , 
from -1 to zero. 

Note 3 The graph consists of two branches, one lying between 
/)Xand OY, and the otliei between OX' and OT 

Note 4 The more we move towards the right or left of 0, the 
nearer does the curve approach the axis of i , whilst the more we 
move upwaids and downwards from 0, the nearer does the curve 
Approach the axis of y But m no case does the curve meet the axis 
except at an infinite distance from 0 Hence, each of the axis is 
Aaid to be an Asymptote to the curve 

Note 5 A curve of this kind is called a Rectangnlco' 
Hyperbola, 

Example. Drawtheijiaphsof (i) scf^-Sand (iz) x+y-B. 
JPind the co-ordinates of then points of intersection. 
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Drairmg the graph of xij~S by the above method and the 
graph of the straight line a-i-y-d in the same figure on the 
same scale, as m the diagram it tnU be found that they 
intersect at two points P and Q whose co-ordinates are 

?;?] respee^vel. 

EXERCISE 136. 

Draw the graphs of the f ollowing equations . 

1. 2t 4a;2+ 9^2=1. 

3, 25a:2-fj/2“2o 4. 5. a;--42^-=4. 

6. 7. 4a:--y-^16 8. y^-Qx^-2. 

9. In one and the same diagram draw the graphs of 
4a;2 -9y==0 and ix- -9y^=BQ 

10. In one and the same diagram draw the graphs of 
%^-4a;^=0 and 

11. Draw the graphs of the equation oif^-X'-lO taking 
the umt foi measurmg y five times as large as that for 
measuring X 

12. Draw the graph of the equation x- -‘4x-r2y=^0 
taking the unit for measuring y twice as large as that for 
measurmg x 

13. Draw the graph of the equation y^-^x=0 taking the 
unit for measurmg x equal to half that for measurmg y 

14:. Draw the graph of the equation By=>x^ taking the 
same umt for measuring both x and y 

15. Fmd graphically, correct to the first figure after the 
decimal pomt the square roots of • 

(i) 3; (u) 5: (m) 7. 

16. Fmd graphically the minimum value of the expression 

(i) a;2-t6a;+10; (u) (m) 

and (iv) 2a;^-6a;-t-7. 

17. Fmd graphically, the maximum values of the expres- 
sion * 

(i) 4x-'X ^ : (u) 3-r6a;-9a;- . (m) 12-3a:-^; 

and (iv) l+2a:-2j;^. 

18. Draw the graphs of the equations (i) xy—4 and 
(u) x-i-y^b and where they intersect 
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19. Show graphically that (ij the expiessioii 4a-a:2 is 
positive for all values of x between 0 and 4; (ii) the 
expression a^+6a;+ 12 is positive foi all values of x and 
(ill) cc^ - 4» - 5 IS negative for all values of x between - 1 and 5. 

20 . Drawthe giaphs of (i) a;y= —8 and (n) a;+y~2 and 
find wheie they inteisect 

Solve giaphicaUy 

21. £c2=4£c- 3 22. 3a;2=a+^23. 2a;2-7fl;+5=0. 

24. 7a:2-2a;=5 

25. (i) £c 2-«/2=1 1 (n) xfj== 51 

x~2y}’ x-hij— -6)' 

(ml y^-ix\ and (iv) x^- yl 
y^2x)^ x~ -2i/J 


CHAPTER XXXVn 
ARITHMETICAL PROGRESSION 

267, Definition. Quantities aie said to be in arith- 
metical progiession when they mciease legulaily by a 
common quantity (called the common difference) 

Thus each of the foliowmg senes of quantities is m Arith- 
metical Pi egression 


2 

5, 

8, 

11, 

14, 

&c 

9, 

5, 

1, 

"■8, 

-7, 

(fee 


fl+ 5, 


a+2b, 

tt+S&j 

&c 

a, 

a-b, 


a -'2b, 

a-Bb, 

&c 


In the first of the above examples the quantities increase 
by 3, whereas m the second the quantities deoiease by 4 ; so 
the common diffeiences in these two cases aie said to be 3 v, 
and -4 respectively Similaily in the thud example the- 
common difference is & and in the fomth it is - & 

iV B 'Arithmetical Progression* is briefly written as A P. 

268. The common difference of the terms of an AP* 
IS found by subtracting any teim of the senes fiom the term, 
following it 
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Thus, in the senes a, a+ 6, ’a+ 2&, a+Bb, the common 
difference = {«+&)-- <3t= (a +2&)- (a +J) = (fl+3&)-(«i+2&)« 
-b 

269. To find the »th term of an A.P. 

If a he the first term and b the common difference of a 
senes of numbers in Arithmetical Progression, we have 
the second term— a+&, the 3rd term=a+26, the 4th term 
-a+ 36, the 10th term= a+ 96, the 21st term= a+206 ; 
and so on Hence, the «th term == a+ (% - 1)6 

Example 1. Pmd the 19th term of the senes 10, 8, 6, 4, &c 
The first term=10, and the common difference =» -2 
Hence the 19th term=10+18( — 2)=' 10-36— —26 

Example 2. What term of the senes 5, 7, 9, 11, &c is 25 ? 

Let the j th term of the given senes be the recLuired term ; 
then we must have 25= 5 + {? - 1) 2 

=3+2) , whence ) =11. 

Thus the 11th term of the given senes =25 

270. Given any two terms of an A.P.) to find 
it completely. 

Example 1. The 7th and the 13th term of an A P are 34 
and 64 respectively Pmd the senes 

Let a=the first term, 

6= the common difference of the A P 
The 7th teim=a+( 7-l)6=a+66 =34 . (1) 

and the 13th term=a+(13-l)6=a+126=64 . (2) 

Prom (1) and (2) by subtraction, 

66=30, te, 6=5 

Nowfrom(l), a+6x5=34, or, a=34-30=4 

Hence, the first term and the common difference of the 
required senes are 4 and 5 respectively 

. . The senes is 4, 9, 14, 19, 24, 

Example 2. The j?th and the gth terms of an A P are c and 
d respectively Pmd the series completely 

Let a = the first term; 

and 6= the common difference of the A P. 

" 1—37 
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The pthteriii=a+(jp-l)6=c, .. •• (1) 

and the gth term =i?+( . (2) 

Solving eq^uations (1) and (2), a and can be obtained 
Thus, by subtraction from (1) and (2), we have, 

(p-s)lf=c-d, 

Also, from (1), a+(p-l)&=a+(jp“l) 

i?-2 jp-g 

Hence, a and b being known, the whole series may be 
written down. 


EXERCISE 137. 


1. !Pind the 8th, 20th and (w— 3)th terms of the senes . 

[i) 2, 4, 6, 8;&o (u) 1, 3, 5, 7, &o. (in) ^ -i &c 

y H f, T, T, &o (v) 5, 11, it; 

2. What terms of the senes 9, 11, 13, 15, &c , are 65, 99 
and6»-13? 

A ^ senes is 3 and the 7th 

tBrni o9j nnd tho oommon. difEBroncB 


X ^®^ins in AP of which the first term 

'is 8 and the last term 185, find the 31st term 

>in * ?n® terms of a series in A P are 

-40 and 0 Pmd the series and determine its 20th term 


6 . The 5th and the 31st terms of an A P are 1- 
Obtain its 1st and 18th terms 


and - ( < 


T- common difference of a series 

i^hose 8th and 102th terms are 23 and 305 respectively 

s. c and its 2 th term is d , 

find the rth term. 


9. If evet y te} m of an A T he increased or diminished by 
the same quantity, the f esulting tei ms will also be in A P. 
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10. Prove that 'if each tej m of an A P be multijolied oi 
■divided by the same giiantity, the i esulting set les will also be 
znA P 

11. If a be the first term and I the last term of a senes of 
numbers m A P , show that the 5th term from the begmning 
+ the 6th term from the end=a + 1 

12. In the preceding example show that the »th term 
from the beginnmg+the ? th term fiom the end'=fl+ Z 

13. Is 302 a term of the series 3, 8, 13, 18, &c ^ [Here, 
the common difference =5 If possible, let 302»the rfch term 
of the senes, r being evidently an integer 

orri o 1 f ^ ^ 302 "■ 3 304 

.. 302 = 3+ (r - 1 ) 0 , or, r-l= — or, i =“• 

0 o 

The value of i being fractional is inadmissible 

*. 302 IS not a term of the series ] 

14. The pth term of an A P is 2 and the 2 th term is p. 
Show that the mth terms is jp+ 2 - m 

271. To find the sum of » terms of an Arith- 
metic series of which the first term is a and the 
common difference, b. 

Let S denote the required sum, and Z, the last term (^ e , 
the wth term) 

Then iS'=a+(as+&)+(a+2&)+(a+3&)-f &o +{a+{p—l)b} 

And, by writing the series in the reverse order, we > have 
also jSi = Z+(Z — &)+(Z— 2&)+(Z— 3&)+&c +{Z— (w— 1)J} 

Therefore, by addition, 

2jS={<i+Z)+(a+Z)+(a+Z)+&o to n terms=?i(o+Z) , 

... ... ... ( 1 ) 

Thus the sum of n terms in A P is n times the semi-sum 
of the first and last terms, or, in other words, n times the 
average of the first and last terms 

Also, since l-a+(n-l)b ^ 

fif='|[a+{a+(«-l)6}]=|[2a-h(w-l)r] (2) 
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N B The foimuliB (1) and (2) should he eaiefullg remembered sa 
that they might readily be applied in any suitable case 

Example 1. ]?ind the sum of 20 terms of the series 6, 4|-^ 
3|, &c. 

The first term =5, and the common diff ='V -5«= -f. 

Hence, the required sum = -^{2 x 6"^ (20 - 1) x ( - f )} 

- 10 ( 10 -i^^)- 10 (-f)=- 26 | 

Example 2. Pind the value of 1 + 2 + 3 + 4 *)- &c. to 100 terms^ 
The last term of the senes evidently =100. 

Hence, the required sum = ^{1 + 100) = 60 101 = 5050 

Example 3, J\nd, without assuming any formula, the sum 
ofl+4+7+10+. . +37. [G TJ 19191 

Evidently, the common difference =3 and the number of 
terms in the senes =13 


Let S denote the required sum 

-S=l+4+7+ . +31+34+ 37, 


Also, re-wntmg the senes in the reverse order, 
5'=37+ 34+ 31+ . . +7+ 4+1. 


Adding together the two senes, 

2fi^=38+38+ to 13 terms =38 x 13 j 

13=247. 


B^^ple 4. Eind, without assuming any formula the sum- 
of the senes 1 +3+5+7+ to n terms. [0 H 1911 1 


Evidently, the common difference =2 
and the 7ith term =l+(w-l)x2=2%~l 


Let ^=the sum required 

. ‘ ^ 1 + 3 + 6 + . . . + (2» - 6) + (2?i - 3) + (27? - 1) . 

Re-wnfang the senes in the reverse order, 

8^=(2jt— 1)+ (2w— 3)+ (2}7 ““5)+ . . +5+3+1, 
Adding the two senes, 

2^=27a+27?+2«+ ... to n terms— 2n.n 


« • 
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EXERCISE 138. 

I^d the sum of the'following series ; 

1. 1+2+3+4+ .... &c to 25 terms 
2* 1+3+5+7+ .. . &o to SOterms 

d 

3. -3, 3, 9, 15, to 14 terms 

4. f+f+|-+ - . . . to 20 terms 

5. ■ . .to 30 terms 

— /1t+I+t+^+ . . . to 16 terms 

7. 3+4+8+9+13+14+18+19.. to 20 terms. 

[0. r A 1881 ] 

[The given series =(3+4) +(8+9) +(13 +14)+ (18 +19)+ . 

=7+17+27+37+ to 10 te^s 

JM±&^:i)iiiQ}>cio=52or " ' 

8. 5+4|-+4i+.. &c to 21 terms 

9. 13+12|-+11|-+ . &c to 40 terms 

10 . 2+7+12+ . &o to 101 terms y' 

11 . + ^+ &o to « terms ‘ 

n n n • 

&-b ,Ba-2b .oa-Sb , o i. j. / 

12. -xt:+ — TT* + — rir+ &o toil terms v 

a-ro a-ro a-i-b 

t 

13. 1+5^3+9+5+13+7+17+.. to S^teims 

14- (2-i)+(2;-|)+(2-f)+ to « terms • ' 

15. (fl + &)® + (fl^ + 6^) + (a - b)^ + to n terms. ^ 

Fmd the sum of the following senes without applying any 
formula * 

16. 3+5+7+, ...to29terms 

17. -10-6-2+2+ to 22 terms " 

18. [x-y)+i^-By)+[Bx-bij)+ . .to 3? terms. 
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19, 5+8+11+ < ,..+155. 

20. 8+3-2-7-12 to?? terms 


272. Applications of the formulsB (1) and ( 2 ) of 
the preceding article. The following examples will 
illustrate some important applications of those formuiro. 

Example 1. The first term of a senes in A P is 17, the 
last term -12| and Die sum 25xV; find the common 
difference. 

Let )?=the number of terms . then we must have 



or, 


■|{l7+(2-l|)}=|(l7-]3|)- 
407 87)?, . 407 



If, then, & be the lequired common difference, we must 
have “ 122{ = the 11th term) - 17 +10&, 

106= -T2|-17= -29|= 

, 285 5x47 _ 47 

*■8x10 *"5x2x8 "*16* 

Examplb 2. The sum of a series m A P is 72, the first 
term 17, and the common difference -2 , find the number of 
terms, and explain the double answer 

Let ??=the number of terms 

Then we must have 


72=|{2xl7+{«-l)x{-2)} 


=1 {34-2(??-1)}=|{36-2«)=18w-w2 . 

??2 -18??+72=0, or, («-6)(?? -12)=0 ; 

?2=6, or, 12 

The double answei shows that there are two sets of 
numbers, satisfying the conditions of the problem, and this 
can be easily veiified Por, the senes to 6 terms is 17, 15, 
13, 11, 9, 7 , and to 12 tenns it is 17, 15, 13/ 11, 9, 7 6, 3, 1, 
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-1, -3, “5 , now since the sum of the last 6 terms of the 
latter set oi numbers =0 , evidently therefore the sum of 6 
terms of the series, is exactly the same as that of 12 terms 

Example 3, How many terms of the senes -8, -6, -4, 
&c amount to 52 9 

Let w=the required number 
Then we must have 

52 = -|{2x(-8)+(w-l)x2} 

=|(2n-18)=w2_9,j^ 

. w2-9»-52=0, 

or, (m - 13)(m + 4) = 0 ; 

.*. «=13, or, -4 

Hence, smce the number of terms can only be a positive 
integer, we must reject the negative value and take 13 to be 
the answer to the question 

Example 4. The sura of jp terms of an AJP. is 2 and the 
sum of 2 terms isjp , find the sum of ^+2 terms 

Let a be the first term, and 6 the common difference ; 
then since the sum of p terms =2? "W'e must have 

2= |■{2^s+(p‘-l)J}, 

or, 22=*p2a+p(p-l)& . . .. (1)| 

Similarly, 2p~22a+2(2"l)& •• (2)/ 

Subtracting (2) from (1) we have 

2(2 -p) = (p “ 2) 2a+ {(p2 - g2) - (p ~ 

= (p - 2) 2fl! + (p - 2)(P + 2 - 1)& ; 

-2=2a+^+2“l)& 

Hence, the sum of (p+2) terms 

{2a+(p+2-l)6} 

*-2^x(-2)=-(p+2) 
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EXERCISE 139. 

1. The first term of an A. P is 5, the number of terms 
30, and their sum 1465 ; find the common difference 

2. The first teim of a senes being 2, and the 5th 
teim being 7, find how many terms must be taken so that 
the sum may be Qd 

3. ViTiat is the common difference when the first teiiii 
is 1, the last 60, and the sulii 204 ^ 

4. How mai^ teims of the senes 19, 17, 15; &c, 

amount to 91 ? » 

5. The sum^f a certain number of terms of the series 
^21, 19, 17, (fee IS 120 Find the last term and, the number 
of terms 

6. How many terms of the series 54, 51, 48, &o , must 
be taken to malte 513 ’ Explain the double answer 

e in* ^ terms of an A P is 64, and the sum 

01 19 teims is 361, find the sum of « terms. 

8. Find the senes of which the nth term is ; and 
also find the sum of the senes to 105 terms 

j. ^‘th term is 2?’-l: find the 

sum of the series to n teims. 

10. The sum of n terms of an A P. is Sn^—n, and the 
common difference 6 , find the first term 

,1^* sum of n terms of an AP. is 40, the common 
difference 2, and the last teim 13 , find «. 

^2. Prove that the latter half of 2n terms of any arith- 
metical series of the sum of 3n terms of the same senes. 

13. H 2n+l terms of the senes 1, 3, 5, 7, 9, &c.be 

taken, then the sum of the alternate terms 1, 5, 9, &c, wall 
be to the sum of the remaining terms 3, 7, 11, &c , as «+l 
istoM > J ) 1 

i 

14. Prove that (i) 

2s'-(l+a)’ 

and (ii) s«^(?-a+&) 
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273. Arithmetic means. 

Definition 1. Wiien three (Quantities are in Aiithmetic 
Progression the middle one is said to be the Arithmetic 
mean between the other two 

Thus 5 IS the Arithmetic mean between 3 and 7 


Definition 2. If A and B be any two quantities and 
oJi, £C 2 i ii? 4 > j Xn~i, x„ a number of others such that 
A, Xi, X 2 , Xs, &c, Xn-i,x„, 5 are in Arithmetical Progies- 
sion, then ail, » 2 , X 3 , &c are called the Arithmetic means 
between A and B 


Thus 3, 4, 6, 6, 7 are Arithmetic means between 2 and 8, 
and so are the numbers 3^, 5 and 6^ ; for both the series 
2, 3, 4, 5, 6, 7, 8 and 2, 3^, 5, 6^, 8 are in A P 

Note If IS evident from the above example that between any two 
quantities the number of different sets of Arithmetic means is unlimited 

274. To insert a given number of Arithmetic 
means between two given quantities. 

Let a and c be the two given quantities, and n the number 
of means to be inserted 

Then we have to find out n quantities Xi,X 2 ,X 3 , &c, 
x„- 2 t ^n-u such that a, Xt, X 2 , Xa, c&o , £c„_i, a!„, c may be 
m AP Evuiently the series [a, «!, ais, iCj, &o, flJn-u Xn, c] 
consists of »+2 terms of which a is the first term and c the 
last 

Hence, if & be the common difference, we must have 
c=a+(M+l)&, 


whence 




c—a ^ 

w+1* 


Hence, 


a;i=a+&=a+^ 

.07 ,2{c-a) 

a;2=a+2&-a+-j^ 

(fee &0 (fee 


a;„=a+Ji6=a+ 


nje-a) 

«+l 
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Exsxnplo 1. Find the AniJiinetio mean between any two 
quantities o, and b 

Let£C=the quantity sought. 


Then a, a: & are in A P , 

and we must have £C-fl=&“£C, 

, a+b 

whence 


Example 2. Insert 4 Arithmetic means between 3 and 18. 
Let Xt, X 2 , Xz, Xi be the means. 

Then Bi Xi, Xz, a;,, X 4 , 13 are in AJP 


Hence, if &=the common difference, 
we must have 18=3+5&; J=3, 

Hence aJi=3+ 

Xz=‘S+2b= 9 
£C3=3+3&=12 I 
a;4=3+4&=16j 


Thus the required means are 6, 9, 12 and 15. 

EXERCISE 140. 

1. I^d the Arithmetic means between ( 1 ) 5 and 8 ; 
( 11 ) “5 and 21 ; (ill) w-w and w+w; (iv) {a+xY and 
(a-xY 

2. Insert 2 Arithmetic means between ( 1 ) 8 and 12; 
(ii) -6 and 14 

3. Insert 3 Arithmetic means between 117 and 477. 

4# Insert 4 Arithmetic means between 2 and " 18. 

5. Insert 17 Arithmetic means between 3^ and -41^. 

6 . There are n Arithmetic means between 1 and 31, such 
that the 7th mean ; (w-l)th mean =5 : 9 , required n. 

2i^o» TI 16 NfttnrQl Numbers. The numbers 1, 2, 
3; &c are called the natural numbers. 
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(i) To find the sum of the first n Batural numbers. 

Let B denote the sum ; then 

j5i= 1+2+3+ . +w 

=|(i+«)=^^ W) 

(li) To find the sum of the first n odd natural numbers.. 

• Let B denote the sum , then 

£i=l+3+5+7+ . tow terms 

= |{2+(«-l)x2} 

•=-jx2«=«' ... ' ... (5) 

(iii) To find the sum of the squares of the first rt 
natural numbers. 

Let B denote the sum , then 

^= 12 + 22 + 32 + 42 + .. +w 2 . 

We have, w® - (w- 1)® = Sw® - 3n+ 1 

Hence, putting 1, 2, 3, <&c , for w, we have 
13-03=312-31+1, 

23-13=322-32+1, 

33 - 23 = 332 - 33 + 1 , 

43-33 = 342-34+1, 


(w-l)3-(w-2)8=3(w-l)2-3{w-l)+l 
w3-(w-l)3=3w2-3w + l 

Hence, by addition, 

n® =3(12+22 + 32 + . +w2)-3(l+2+3 +.. +w)+k 


* ort . 3?i(w+l) 

/. 3S=«3-w + — 

=w(w+l){(w-l)+|}; 

. o w(w+1)(2m+1) 

.. g . 


... (C> 


• •• 


• •• 
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(iv) To find the sum of the cubes of the first n natural 
numbers* 

Let S denote the sum ; then 
^=13+23+3®+ 

We have, w* - {n - 1)^ = 4«3 - + 4% - 1. 

Hence, puttmg 1, 2, 3, &c , for w, we have 
1^-0^=413-613 + 41'- 1, 
24-1^=423-622+42-1, 

34 - 24 = 433 - 632 + 43 - 1 , 


»• • • •» 

(« - 1)4 - (n - 2)4 =4 (n - 1)® -6 (w- 1)2 +4 (n - 1) -1, 
^4 -{m- 1)4=4 w® -6 w2+4w-1. 


Hence, by addition, 

«4 =4(1® + 23 + 3® + &o + w®) - 6(12 + 22 + 32 + l&C + „2) 

+4(1+2+3+&o.+m)”W 


=4g- I 


46f = m 4 + w + m(» + 1)(2»2 + 1) - 2w(« + 1) 
= nin+ l){(?i2 - jj + 1) + ( 2 ;i+ 1) - 2 } 
=«{n+l)(w2+w) ; 


,8;=: _f «(??+l)j 2 


» » • 


(15) 


Thus, the Slim of the cubes of the fitstn natmal numbe)s w 
egiial to the sgtiai es of the sum of these numbe) $• 


Example 1. Sum the series 1 2+23+3 4+&c to n terms 
The «th term of the series e 7 id 6 ntly=n(fi+l)=n^‘hn 

Hence, putting u-l, the 1st term=12 + l, 

)i V ^^=2, „ 2nd term =22 +2, 

V n n-B, „ 3rd term=82+3. 


* « * 






and so 


on 


• •• 
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Hence, if 8 denote the sum of the given series, we have 
(1^+1) +(2^+2) + (3® +3) + &c to w terms 
= (l^+2^+3^+&c +w^)+(l+2+3+&c +«) 
_w(w+lX2jj+l) , «(?i+l) 

* Q + 2 

_n(n+l)f2n+l , n(n+lKn+2) 

3 

0 

Example 2. Sum the senes - 

12+32+52+72^^0 tow terms. 

Since evidently each term of the given senes is equal to 
the square of the coi 1 e^onding term of the senes 1) 3, 5; 7, 
&c , * the wth term of the given senes *= the square of the 

wth term of the senes 1, 3, 5, 7, &c , 

and the wth term® {1+ (« - IJ x 2}^ 

®(2w-l)2 

=4»i2-4?i+l 

Hence, putting w=l, 2, 3, &c , we have 
the 1st term =4 12—41+1, 

„2nd „ ®422-42+l, 

„ 3rd „ =432-43+1, 

k*« ••4 *** 

and so on. 

Hence, if 8 denote the sum of the given senes, we must 
have 

;8=4(12+22+32+&o+w2}-4(l+2+3+&o.+w)+w 

_ w(w+l)(2w+l) ^ w(w+l) ^ 

6 2 

=2«(«+l){^-l} +w 

_ 2wfw+ 1) X 2(w - 1) , 

3 

Example 3, Sum the series— 

12+(i2+22)+(12+22+32)+&c to w tenus 
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The nth term of the given senes — 

~l^+2®+3^ + &c 
n{n + 1)(2?2 +1) _ w{2n^ + 3n + 1) 
“6*6 

Eence, the 1st term 
„ 2nd „ ='3-2®+|22+|-2, 

„ 3rd „ =i38+i32+i3, 

••• , , 

and so on 

Hence, if S denote the required sum, we must have 
^=|-(l®+2®+3®+&0 +n®) 

+-|(12+22+32+&c +m2)+^1+2+3+&c +«} 

. 1 nfa+l)f2n+l ) , 1 n(n+l) 

3 4 2' 6 ‘^6’ 2~ 

+ 1) + (2n +1) + 1} 

{«=+3»+2)=’i«±il^. 

EXERCISE ' 141. 

Sum the senes ' 

1 . 22+52+82+&C tow terms 

2 . 1,2^ +2 3® -J-S 42 -f &c. to n terms 

3. 1 3+35+57+79+&C tow terms 

4. 13 + 3® + 5® + &o. to n terms 

5. 1+(1+2)+(1+2+3)+&o. to w terms 
R. (1)+(1+3)+{1+3+5)+&o to w terms. 

7. 123+234+345+ towterms. 

8. 231+344+457+&C towterms 

9. 1-2+3-4+5-6+&C towterms 

10 . 12 -22+32 -42+52 -e2+&c . to w terms. 
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276. Bliscellaneons Examples and Problems. 

Example 1. Prove that if the number of terms of an A P 
be odd, twice the middle term is equal to the sum of the first 
and the last terms 

Since the number of terms is odd, let it be denoted by 
2w+l 

Evidently the middle term is one which has n terms on 
either side oi it, hence it is the (n+l)th term from the 
begimung and also the (w+l^th term from the end 

Hence, puttmg M. for the middle term, we must have 

= ... ... ... ( 1 ) 

and also M-= I - (»+l - 1)& 

“ 1 ... • ... 


Hence, by addition, 

2M=a+l 

Example 2. Prove that the sum of an odd jQumber of 
terms in A P is equal to the middle term multiplied by the 
number of terms 

Let 2w+l-the number of terms. 

Then the sum of the terms 

= [last example ] 

=(2M+l)xilf 

Example 3. Find the first five terms of the senes of which 
the sum to n terms =5n^+3ji. 

Let tut 2 i hi &G, tn denote respectively the 1st, 2nd, 3rd, 
Ac , nth terms of the senes , 

and let Si. s^, Sz, &o , s„ denote respectively the sums of 
1, 2, 3, &c , n terms of the senes 

Evidently then = L ; + + i 

and so on 

How, by the question, we have 
5„=5n®+3)i 
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(i e , thp nf any nunibei ofteiniS=5 times the sq.uaie o£ 
that numba + 3 times that mmbei ) 


Hence, puttmg w=l, we have =5+3=8, 



11=2, 


52=20+6=26, 

•r 

11=3, 

SI 

53=45+9=54, 


w=4, 


54=80+12=92, 

w 

«=6, 

SJ 

53=125+15=140, 


and 

so 

on 

Hence, 

tl=5l = 

=8, 



^ 2=^0 “ 

«i = 

■ 26- 8=18, 


tg — Sg — 

52 = 

54-26=28, 


ti — 

53 = 

: 92 - 54= 38; 


is ~Ss ~ 

■54 = 

=140 - 92 = 48, 


and so on 


Thus the first five terms of the series are 8, 18, 28, 38 
and 48 

Example 4, Sum the senes— 

1+5+12+22+35+&C to n terms. 

[The pecuhanty of the senes is that the successive 
differences of the teims are m A P ] 

Let S denote the reqmred sum and let t„ denote the wth 
term of the series Then we have 

8=1+5+12+22+ +t„; 
also 8=0+1+5+12+ +t„^i + t„ 

Hence, by subti action, 

0=1 +4+ 7+ 10+ &C +(<n-<n-l)“^» 
={l+4+7+10+&c. to n terms}“^n j 

the Mth teim of the given series -in 

Hence, the 1st term= 7 l 2 --}l, 

2nd „ =|22-i2, 

3rd „ =|32-|3, 
and so on. 
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Hence, S=|(l2+22 + 32+&c +«2)-|(l+2+3+&c + h) 

_ 3 7j(?i+ 1)(2»+1) 1 «(w+l) 

"2* 6 “2* 2 

a,. IlHll+l) 

" 4 2 * 



Example 6. Dmde 15 mto tluee parts \yluch are m AH. 
and whose product =120 

Let «— /?, a and « be the numbers , 

then we have 

(a-jS)o:(a+^)=120 (1) ^ 

and («-iS)+ff+(«+/9)=15 . . (2) 1 

From (2), 3a =15, a=5 

From (1), a(a®— ^')=120, 

5(25-i3=)=120, 

25-iS2=24, 

. |52=1 /. i3=±l. 

Hence the numbers are 4, 5, 6 
1-^ 
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Example 7, 


If a\ 6®, c® be in A. P., then 


1 ^ 

b+G c+a* a+b 


are in A P 


Evidently ^ are in A P , 


if 


1 


1 


u, 


c+a &+C a+& c+fl* 
h-a c-h 


{6+a)(Hc;”{a+i>)(c+fl)* 

te, if (&-a){i+a)=(c-&Xc+&)j 

^e, if h^-a^=c^-b^; 
but this IS true by hypothesis, 

. 1 1 1 


2>+c’ c+a’ a+b 


are in AP 


Example 8. If a, J and c be lespectively the ^ith, ^th 
and Hh terms of an A P, prove that a{g_’~r)+h{i —p) 
+ c(p-g)=0 


Let a denote the first term and the common difference 
oftheAP, of which a, ^ and care the jpth, gth and ith 
terms ; then we must have 

a 

a=a+(2i-l)j8 (1) ) 

&=«+(g-l)^ ( 2 ) > 

c^a+if-lW (3)) 

Kow we have to ehminate a and /S fiom these three 
equations 


Subtracting (2) from (1), and (3) from (2), we have 

a- 6 =(p-g)|S, 

b-c={2“r)iS 

Hence, {a-h){q-j)=^(i^c}{p-q\ 
or, a{q-<))+b[i -p)-hc{p-qi=Q 

i^ample 9. A peison lends Rs 1000 to a friend agreeing to 
charfife no inteiest and "also to recover the amount by 
monthly instalments decreasing successively by Rs 2 In 
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how many months will the loan be paid up, if the first 
instalment be Rs 64? [C U 1920] 

Let the number of months required 

the successive instalments are evidently in AP 
whose 1st term =64 
and whose common difference = -2 

SmcB the sum of the n instalments =Rs lOOO 
The sum of the 1st n terms of this AP =1000 

te, |■(2xe4+(*-lX-2))=1000, 

or, (65n-M^) = 1000 

or, ' -65n+ 1000=0 

or, (n - 25){« - 40) = 0 

Hence, n=25, or, 40 

But n cannot be 40, since in that case the 40th instalment 

=the 40th term of the A P 
=64+(-2)(40-l)='-14, 

which IS inadmissible, as no instalment can be negative, 

n must be 25 


EXERCISE U2, 

1. '*The (ii +l)th term of a series in A P is 

required the sum of the senes to (2»+l) terms 

2 . Pind the fir^^t five terms of the senes of which the 
sum to 11 terms is 2n^+7n 

3. The sura to n terms of an A P isSn^+lOn, find 
the first term and the common difference 

4. Find the 35th teim of the senes of which the sum 

to n tei ms IS 11^4*11 

/ 5t Sum fhe series — , 

1+3+6+10+15+&C, to 11 terms 
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6* Sum the senes— 

2+ 5+ 10+ 17+ &c , to n terms 

7. Sum the senes— 

2+ 7 + 14+ 23+ 34+ &c , to n terms 


8 . Sum the senes — 

(i) ^ + 5 ^ + to n teims 

4hh)*{a+ma+21>) 

%+2b)ii+m ^ 

9. Find 4 numbeis in AP, such that their sum shall 
be 56, and the sum of their squares 864 

[ Let a ~ 3^, a - ct + and a+ 3/S be the numbers.] 

10. The sum of three numbeis in A P is 15, and the 
sum of the squares of the two extremes is 58 What are 
the numbeis’ 


11. There are four numbeis in A P,the sum of the two 
extremes is 8, and the product of the means is 15 What 
are the numbers ’ 


12. Find SIX numbers in AP, such that the sum of 

^ product of the two 

middle terms 63 

^ [Let cc - a- a+ a+S^, tt+6^hQ the numbers.] 

13, (i) If {b-cY, (c-a)2, aieinA P, show that 

111 

6-c’ ^ “iA.P , 


(ii) If a, &, c be in A P , show that 
mill 
Tc' w 

( 2 ) &+c,c+a,o+6areinAP. 

(3) a^h-V c), &2(c+ 4 c2(fl+ b) are in A. P, 



are in A 


P. 
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® “(i+7)’ 

14:. E a, & and c be respectively the stuns of p, q and ; 
terms of an A P , prove that 

15. The jpth term of an A P is a and the gth term b 
Show that the sum of the first (jp+g) terms is 

[M U 1887J 

[See Example 2, Art 270 ] 

16. There are n Arithmetic means between 3 and 54. 
such that the 8th mean (« -2)th mean =3 5 , find n 

17 . E Si, Sz, S 3 be the sums of n terms of three Anth- 
metic senes, the first term of each being 1 and the respective 
common differences 1, 2 3 prove that S 1 +S 3 — 2 S 2 

18 . E there be 1 Anthmetio Progressions, each beginnmg 
from umty, whose common differences are 1, 2, 3, &c, 7 , 
show that the sum of their 7?th terms is=i{(77--l)7® + (7?+l) ») 

19. Sum the senes — 

7?l+(ji-l)2+(?i-2)3+(?i-3)4+&c +1 n 

[The 7th term of the senes={7i-'(7'-l)}7=(77+l)7 - 7 ^ 
Hence, the required sum“(77+l){l+2+3+ + 7 ?} -{1^+22 + 

32 + +77^}=&c] 

20 . On the ground are placed ?z stones; the distance 
between the first and second is one yard, between the 2nd 
and 3rd three yards, between the 3rd and 4th five yards, 
and so on How far ml] a person have to travel who shall 
brmg them, one by one, to d basket placed at the first stone ^ 

21 * A class consists of a number of boys whose ages 
are in A P , the common difference being four months E 
the youngest boy is just eight years old, and if the sum of 
the ages is 168 years, find the number of boys in the class 

[C U 1872] 

22. The mtenoi angles of a recfahneal figure are in 
A P E the least angle is 42" and the common difference 
IS 33", find the number of sides 



CHAPTER XXXVIII 

GEOMETRICAL PROGRESSION 

277. Definition. Quantities aie said to be in O-eome- 
tnCcil Pi egression when each is equal to the product of the 
preceding and some constant factor 

The constant factor is called the common ratio of the 
seneSj and it is lound by dividing anf/ term by that which 
immediately jirecedes it 

Thus each of the following series forms a Qhometnoal 


Progression 





1, 2, 

4, 

8, 

16 

&c* 

1 * h 

49 

■ I 

'8> 

1 ' 
TFj 

&c 

1 _ 1 
•*-J 3) 

h 

_ 1 

ZT; 

1 

"STj 

&o 

a, ' ar, 


o; ®, 

ar^, 

, &c. 

* M 


In the first example the common ratio is 2, in the second 
in the third - and in the fourth ? , 

N.B *QeometncaJ Piogression’ is briefly wjitten as G. P. 

278. To find the «th term of a G. P. 

» 

If a be the first term and i the common ratio of a Geo- 
metric senes, we have the 2nd term ~ai, the 3rd term=* a » 
the 4th tenn=jfl i the lOUi term=-!a ? ®, the 2lst term 
~af^9, and so on ' 'Hence, the wth term 

Example. Pind the 6th term of the senes 2, 6, 18, 54; &e 
Here, a=2 and the common ratio ==-|=3 
The 6th term=2x (3)®-^ =486. 

279. Given any two terms of a G.P.» to find 
the. series (sompletely. ^ 

Exainple 1. Find the G P whose 6th term is 81 and whose 
8th teim is 2187 

, Let a=the 1st tertii 

and ? =the common ratio 

.*. 81=ai = *. 




( 1 ) 
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and 

2187=0?**'“^= or*" 

Dividing, 

=,27, 

* 

* • 

r=3 

Hence, 

aj^ — a3* =»81, 


81 1 
or, 


Thus, the senes is 1, 3, 9, 27, &c 

Example 2 If c and d be the joth and ^th terms respec- 
tively ot a G P , to determine it completely 


Let 

and 

« 

« « 

Similarly, 
By division, 


a=the 1st term 
r=the common ratio, 
c=the common of the GP 


X 

\U~P 


(!) 

( 2 ) 


’“( 1 ) 

Substituting for j m (1), we have 

i =fc!:iV 





,»-3 \rr-f 


Hence, the 1st term and the common ratio being known, 
the complete senes may be written down. 


EXERCISE 1^3. 

1 . IHnd the 8th term of the senes 4, 12, 36, &o 
2» Find the 6th term of the senes 3f, 21, li, &o 
3. Find the 9th term of the senes 1, 4, 16, 64, &c 
Find the 6th term of the senes 1, —3, 9,-27, &o 
5* Find the 5th term and the («— l)th term of the series 
1,-1, f,&c 

6. Find the 7th term of the senes— 21, 14,-9I'. &c 

7« The first two terms of a senes in GP. are 125 and 
25, what are the 6th and 7th terms ? 
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8 . Eind the senes (i) whose 6th and 11th terms are 
respectively 192 and 6144 . (ii) whose 2nd and 8fch terms are 9 
and lespectively , (m) whose 5th and 8th terms arp 
8 and — H respectively 

9. The jpth and qih terms of a G- P aie c and d respec- 
tively Pind the «th term 

10. If every term of aGP is multiplied or divided by 
the same quantity, the resulting senes is also aGP 

11. In a GP , if the (^+^lth term=w and the (p“g)th 

term=w, find the jith and qth. terms (B IF 1^ ] 

12. In a G P prove that the pioduct of any pair of terms 
equidistant fiom the beginning and the end is constant 

280. To fittd the sum of a number of terms in 
(Geometrical Progression. 

Let a be the first term, ? the common ratio, n the number 
of terms and S the sum reqmied , then 

S=a+ar+ar^+ai^'\r&o 

Hence, by subtraction, 


Si -8=ai”’-a, 
S{i -l)=a(?"-l), 



Note ^ The formula (2) may conveniently be used m all cases except 
when r is positive and greater than 1. 

Example 1. Pmd the sum of - 1 + 4 - &o , to 7 tenns 

The common ratio - -4-Ua j, 21 ^ _3 

9 IT 7 
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Hence by foimnla (2) 


the 


sum- ^^3 

_Ma±M.Ll§y231o 

I ~27^ 128 


2 .J1 

5 108“^108* 


Example 2. Find the sum of 3+4i+6|-+&c to 5 terms 
The common ratio=44— 3=|-x |^=f 

Hence, if S denote the required sum, we have by for- 
mula (1), 


« 3{(f)®-l}_3{W-l} 

sTTi ~ i 



x2 


EXERCISE lU, 

It Sum l+3-i'9+27+&c to 12 terms 

2i Sum 81-27+9-&C, to 8 terms 

3. Sum 2-4+8 -&c, to 10 terms 

4. Sum “i+T “ 1 ^0 5 terms 

5. Sum 2-4+8-&C , to 2? terms 

6. Sum 2|--l+|-&c to n terms 

7. Show that the sum of n terms of a GH beginning 
■with the jpth term, is t ^ times the sum of an equal numbei 
of terms of the same senes begmmng with the gth term 

281. If /{ be an integer and r a given proper 
fraction? to prove that r" diminishes as n 
increases. 

Let 1 =1^ How, since 4 of any number is undoubtedly 
less than that number, 

(4)^ IS less than f, because (4)^=4 of 4i 

(4)^ IS less than (4)^, because (4)^=4 of (4)^ , 

(4)* IS less than (4)®, because (4)^=4 of (4)® j 

and so on 
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Hence, it IS clear that in the series r* (T)^^'(4)^(T)^ •• 
each term is less than the preceding , which is briefly ex- 
pressed by saying that (f)" diminishes as n increases 

Similarly the pioposition may be proved for any other 
value of ) which is le^ than 1 

Hence, generally speaking, if r has a given value less 
than 1, diminishes as n increases 

Note. From the above it is quite clear that if r be a 'proper fraction, 

IS very small when n is infinitely laige 

282* The sum of a Geometrical series conti- 
nued to infinity. 

Let us consider the senes a, ai, m m &c 

If S denote the sum to n terms, we have 

^ l-i "*l-r 1-r' 


If then 1 be a propa fraction^ the larger n is, the smaller 
will (i " and ‘ ) be ; hence by sufficiently increasing the 

value of n we can make j^less than any assigned quantity, 

however small, and therefore by sufficienthi increasing the 
value of n, the sum of n terms of tli^^ senes can he made to 

diffe) ft Om hy as small a quantity as we please 

1 4 * 

This statement is usually put thus the sum of an infinite 

fiumhe) of terms of the Geonieti ical Pi ogt ession is jormore 

1 — ) 


briefly, the sum to infinity is 

l-j 


1 jet us apply all these remarks to a particular example 

Consider the series 1, -J, &o 

Here t ; hence the sura to n terms 
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Now by taking n large enough, 2"“^ can be made as large 
as we please, and therefore .-5^ as small as we please 

A 


Hence, we may say that hj taking n large enough, the sum 
of n tei ms of the sei les can be made to diffei fi om 2 by as 
small a quantity as we please, 01 briefly, the sum of an infimte 
number of ter ms of this set les is 2 

i 

NB It must be borne in mind that the sum of n terms of a Geo- 
metrical Progression approaches a fixed limit as n increases 
indefinitely only when r is less than unitg. If r be greater 
than unity there is no suck fixed limit. 


Example 1. Prove that in a decreasing Geometncal Pro- 
gresbiun continued to infinity each term bears a constant 
ratio to the sum of all which toJlow it 


Let the senes be a, ar , ai ar &c , where » is less than 
unity 

Then the w"* term=a7 and the sum of aU the terms 
which follow this 

= a?”(l+7 +>^+>®+&c, to infinity) 


—ar 


1-j 


Hence, the ratio of the nth term to the sum of all which 
follow it 




Now this is constant whatever value n may have, which 
proves the proposition 

Example 2. Sum to infinity f - 1 + ^ - &c 

Here^a=f, and r = -■g-. 

8 

Hence, the required sum* 
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Sum to infinity each of the following series 

1, 7+-|;4'^+-^+&C 2» 1 - !•+ 4 “'8-+&C 

5* 3|+2^+l'^+&c 
2 3 2 3 

6. -g- +p + ^ + ^ + &C [Spht this up into two senes ] 

7. |-+^+i^+i^+&o 8. V3+-;jg+^^+(!tc 

9. (a/2+1)+1+(,/2-1)+&c 

10. Find the common ratio of a Gr P , continued to infi- 
nity in which each term is ten times the sum of all the 
terms which follow it 


283. RecUPring Decimals. Recurring decimals 
furnish a good lUustiation of infinite G-eometrical Pro- 
gressions 


Thus, foi example, 284== 234343434 


+ 034 
+ 00034 } 
+ 0000034 
+ &0, &o/ 


I + M+B + 34 . « 
10 ^10® ^106 ^10* 


Here the terms after ^ constitute a G P , of which the 


34 1 

first term is and the common ratio 


Hence, we may take '234=: ~ + 

„2 . 34 2B2 
"iO‘^990"^’ 

with the value found by the usual Arithmetical rule 

284. Geometric means. Definition 1. When thiee 
quantities are in Geometncal Progression the middle one is 
called the Geometric mean between the other two 
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Definition 2, When any number of quantities ajj X 2 Xsf 
&c are such that a, Xi, X 2 Xz &c & are m G-P , then Xi X 2 , 
Xz &c are called Geometric means between a and b 

(il To find the G^ometnc means between two given 
quantities 

Let a and b be the two given quantities G the Geome- 
tnc mean 

r* h 

Then smce a G, feareinGP we must have-^ , each 

Cl G 

bemg equal to the common ratio 

*. G^ = ab and G= Jab 

(u) To insert a given number of Geometnc means bet- 
ween two given quantities 

Let a and b be the two given quantities , and x^ a;, 

X 4 , &c Xn the n means to be mserted. 

Then o, Xi, X 2 , Xz &c Xn, b are in GP 


Let j denote the common ratio of the senes 
then &=the (n+2)th term=a ? 



so on 

Example. Insert 3 Geometnc means between 4 and 128 
Let Xt, Xo, Xz be the means 
Then, j Xi X 2 Xz, 128 are in G P 

Hence, if j be the common rafao of the senes 
we must have 128= the 5th term =4 1 ^ 

* 7 '^=256 whence ; =4 

Hence a;i=i4 = 2 ) 

a:o=4'42= 8 [• • 

a;;=i43=32 J 
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285. The anihmetic nean of any two positive giiantities 
%$ Qi eaier than then geonieii ic vieoii 

Let a and h be two positive quantities 

I 

d'^h 

Their Anthmetic inean= 

( 

and geometric mean— Jab 


]^ow, 



=a positive quantity 


a+& 




EXERCISE 146. 

1. Insert 2 Geometric means behvfeen 3 and 24 

2. Insert 3 Geometric means between 2j and 7 

3. Insert 4 Geometnc means between f and —5jV 

4. Insert 5 Geometnc means between 3 | and 4 G|- 

5. If fl, & and c be m G P and cr, y be the arithmetic 
means between a, h and h, c respectively, prove that 

-^+-| = 2ana|+l=|. [PTJ 1892] 

t " 

6 . The Anthmetic mean of a and c is to then Geometnc 
means as mion, show that 

a [A IT 1889] 

7. If the anthmetic and geometnc means of two quan- 
tities be respectively A and B, prove that the quantities are 

A+ and A- JIF^ 

[ Let the numbers be a and h Suppose a > & 
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a+i=24 f (I] 

and iJab-B 

Now, ia-b)^={a+bY—4ab=4.iA^-B^) 

or, a-b=2jA--B^ (2) 

[taking the positive root, since a>b)te a—bis positive ] 

Adding (1) and (2;, 2a=2A+2 <JA} —B^ 
or, a=A+ >Ja~—B^ 

Also, subtracting (2) from (1) b—A- tjA^—B^ ] 

28 B. Miscellaneous Series and Examples. 

Example 1. If a; < 1, sum the senes 

l+2a;+3a;^+4a:®+&c, to infinity 

Let S denote the required sum , then 
iSf=l+2a;+3a;2+4a;®+&c 
and Sx^ x+2x^+Bx^+&g 

Hence, by subtraction, 

5(1 — a?) = 1 + a; + + a;® + &c to infinity 
1 

1-a;’ 



Example 2. Sum tow terms 5+55+555+&C 
Let 5 denote the required sum , then 
5=5+55+555+&o to n terms 
= 5{1 + 11 + 111 + &c . to w terms} 
=|x9{l+ll+lll+&c tow terms} 

= f {9 + 99 + 999 + &c to n terms} 

=-^{(10-l)+(10®-l)+(10®-l)+&c, to w terms} 
='|-{(10+10®+10®+&o tow teims)--w} 
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5 f 10(10"-!) - 
^l\ 10-1 



[CHAP 


F^-mr lc 8. Sura to n terms l+5+a3+29+to 

Let i. denote the »th tenn oi the senes, and S' the rejuired 
sum > then 


iSf«l+5+13+29+&o+in; 
also ,S'=0+l+5+13+&c +i„-i+^n 


TlierefoiS] by subtraction} 

0-(l+4+8+16+&c, to n tems)“i«, 

^„=l+{4+8'}-l6+&c to {«-!) terns) 


sl-b 


4(2"-^ -1 ) 
2-1 


= 1 + 22 ( 2 "'''- 1 )= 2"+'-3 


Hence, the 1st term ='22-3. 
2nd , =2® -3 

„ 3rd „ =2^-3. 

and so on 


Hence £f=(22-3)+(23-3)+(24 -3)+&c +(2’'+^-3} 
= (22+22+2* + &c toMtenns}-3« 


22(2" vD 
2-1 “ 


-Bn 


=4(3"-1)-3h 


Example 4. If a, &. c, d be m G P , show that 
(a-d)2=(&-c)2+(c-a)2+(d-&)2. 


We have each of them being equal to the 

U 0 c 


common ratio, 
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Hence, (6‘-c)®+(c-o)^+((?-i)® 

Hb^-^c^-2bc)HcHa^~2ca)-\-{d-+h--2db) 
== 2 (& 2 ~ac)+ 2 (c 2 - 6 {Z)+aHd 2 - 26 c 
=2xO+2xO+ffH^"--2flf2 [by a] 

^(a— (Z)® 

Example 5. If or, &, c, <Z be m G P , shew that 
b^-cS c^-d^'areinG-P 

Evidently a^-b^ b^-cS are in GP 

How, since a, b, c, d are in G P , we have 
fl“ b" c’ 

ae=b^, bd^c^ and ad^bc 

Hence, {a^-b^){c^ -aH^+bH^ 

^b^—b^c^—b^c^+c^ 

=b^-2bV + c^ 

=(b2-c2)2, 

. b®, b^—c\ c^—d^ are in G P 

Example 6. The continued product of thiee numbers in 
GP is 216, and the sum of the products of them m pairs is 
156 ; find the numbers 

Let a. ai be the numbers , 
then, by the conditions given, we must have 
~aar ~ 216 (1) 

f 

and ~a+~ a) + aa? =156 (2) 

11 ^ 

Prom(l) tt^=216 a=6. 

Hence from (2), -^+1 + i 

3(1+1+;®) =13) 


1-39 
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fCHA? 


or, (3 j2-10)+3)=0, 

01, (7-3)(3?-1)=0. 

1 =3, 01 -s 

Hence, the numbers are 2, G, 18 


EXERCISE 147. 

1. Find hy the method of summation of infinite (reome- 
tric senes the values of * 

(i) 027; (n) 1145, (m^ 21501; (iv) 142857 

2. Sum l+3a:+5a;®+7a;®+&c to infinity 

3. Sum 1 2a; +2 4a5^ 4-B 8ai® + &c to infinity 

4. Sum 1 3a; + 4 9a;® + 7 27a:® + &c to infinity 
5* Sum fl+2fl®+3ffl®+4rt^+&:c to teims 

6. Sum l-Ba;+5a;®~7a;® + &c to infinity 

7. Sum -|-+-|+ 2 T+&C to infinity 

2 3 4 

8. Suml+ +cf 2 +g 3 -+&c to n teims 

9. Find the nth teim, and tlie sum to ii teims of the 
senes 

ll,2 3,45,87,&c 
2 3 4 

10. Suml + -^+^ 2 +g 3 +&e to II teims 

11 . Sum to n terms 4 + 44 + 444 + &c 

12. Sum the series 9+ 99+ 999+ &c to v teims 

13. Sum the senes 1+3+7+15+&C to n teims 

14. Sum to n teims— 6-4+0+8+24+ &c 

15. Find the sum of 6+9+21+69+261+&C to ?i teims 

16. If (I 1), c, d be in G P , shew that 

(a® + + c®)(/i® + c® + d®) = (a&+ &c+ cd)® 
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[We have -^ = ~-==-j=ft(say) , thus a = 6=c/i, c=c?/l, 

hence 

and also a^ + b'^ + c^—k{ab+bc+cd)] 

17 . aie in GrP , prove that 

(i) (& + c)(&+ d) = {c+ a)(c + ct ) , 

(ii) (fl+d)f&+c)''(fl+cX&+d)=’(&— c)^ 

18 . Three numbers whose sum is 35 are in A P if 1 4 
and 19 be added to them respectively, the lesults are m GrP 
Deteimine the numbers 

[Let ff-jS, a, «+/3 be the numbers ] 

19 . Three numbeis whose product IS 512 are in Gf-p , if 
8 be added to the first and 6 to the second; the numbers aie 
in A P Find the numbers 

20 . The sura of three quantities in Gr P is 24|, and then 
pioduct IS 64 find them 

21 . If a, b, c be lespectively the ^th gth and ? th terms of 
a Greoraetiic senes, piove that 

22 * if fl, c be in AP and a;, i/ e in GP piove that 

23 . If S be the sum, P the product and B the sum of the 

1 eciprocals of n terms in G P , piove that ) • 

24 . Find the sum of ii teiins of the senes, the ;th teim 
of which IS (2) + 1)2’‘ 

25. If A=14-i’“ + » to infinity and P=l+»*'+»®*+ 

to infinity prove that i ^ * 

26 . If there be « terms in GP , piove that the «th loot 
of then pioduct is equal to the squaie root of the pioduct of 
the first and last terms 

27 . If 11 Geometiioal means be found between two quan- 
titles a and c, show that their pioduct inll be (ac)- 
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28 . If a, 6, c, (Z are m GP , shew that the reciprocals of 
&“-c^ c^-d^ are also in GP 

29 . li S 1,8 z Sg, &c , are the sums of infinite Geometric 
senes, whose &st terms are 1, 2, 3, &c,, and whose common 

ratios are 7, 1-, &c , respectively, prove that 

iS'i+«Si2+/S'g+&c +Sn=‘-^{n+B) 

30 . Pind the sum of the infinite senes — ' 

l+(l+a>+(l+a+a*^>H(l+a+fl2+^f*>®+&c. 7 and a 
hein^r propel fractions 



ANSWERS 


EXERCISE 1. [Pages 2— 4] 

1. 100 2. 10 3. 12miles 4. 8 niJes 

5* 9 6. 12 7. 45 minutes 8. 15 minutes 

9. 32 10. ^ 201- 11. 5s(iyds 12. 7s & 

13. 20 14. 9 lo. 28 16. 4 

17. 4480 18. 900 19. 1952 20. 720 


EXERCISE 2. [Pages 9 10] 


1. 

34 

2. 

0 

3. 4 

4. 1 

5. 

34 

6. 

n 

7. 

6 

8 4 

9. 12 

10. 

8 

11. 

2 

12. 

i 

13. 5 

14. 80 

15. 

29 

16. 

325 

17. 

0 

18. 14 

19. 114 

20. 

4 

21. 

69 

22. 

19 

23. 0 

24. 325 

25. 

9 



EXERCISE 3. [Pages 12 13 j 



1. 

24 

2. 

B7^ 

3. 4 

4. 720 

5. 

34 

6. 

o 

t 

7. 

1 

8. 40 

9. f 

10. 

ft 

9 

11. 

0 

12. 

50 

13. 1 

1.4:« /O 

15. 

100 

16. 

200 

17. 

1520 

18. 41 625 19. 22680 

20. 

845000 



EXERCISE 4. [Pages 15, 16] 



1. 

4 

2. 

2 

3. 6 

4. 18 

5. 

8 

6. 

16 

7. 

32 

8. 256 

9. 11 

10. 

21 

11. 

11 

12. 

9 

13. 3 

14. 162 

15. 

18 

16. 

9 

17. 

0 

18. 21 

19. 23 

20. 

1 

21. 

93 

22. 

50 

23. 9 

24. 42 

25. 

51 

26. 

2805 

27. 

7 

28. 171 

29. 2401 

30. 

192 

31. 

1029 

32. 

12J8 

33. 48 

34. 143 

35. 

18750 

36. 

16 

37. 

160 

38. 78 

39. 7 

40. 

2 
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EXERCISE 5. [Pages 19, 20] 

1. ^’sloss”£100 2. “70 3. “25 

4. -100 5. -30 6. 4,-3, 5 

7. 15,-10,-20, 30 8. -15, 10 20,-30 

EXERCISE 6. [Page 22] 

1. -22 2. -18 3. -31,-41 4. -19. 

5. -1180 6. -222 7. -2034 8. 658 

9. -7128 10. -220416417 

EXERCISE 7. [Page 24] 

1. .3 2.-3 3.-4 4. -47 5. -14. 

6. -51 7. 16 8. -8 9. -.32 10. 1 

EXERCISE 8. [Pages 27-29] 

1. -x-\-y 2. + 3. + 4. 2ahc-Bmvp". 

5. 2a^lf-9lf“c^—2df 6 . -Gx^y'-llxj/z—lOx^?/^ 

7. Mfl^hc’-b^ca+c^ab) 8. -2bx^mn+lBm^t\x 9. —14 

10. -234 11. 92 12. 5 13. 177. 

14. -4653 15. -12015 16. -Qa+b-Sc 17. 2x-z 

18. 2x^+9x-’\-7 19. -(?+2&-8(? 20. 2x--By\ 

21. 153 22. -125 23. 200 24. 120 25. 400 

EXERCISE 9. [Pages 30, 31 1 

1. -10 2. 10 3. -6 4. -22 5. 0 

6. -291 7. -77 8. 83 9. 17 10. 177. 

EXERCISE 10. [Page 32] 

1. 2rt+3&-2c 2. -3a+3H4c 3. Bx+2u-Bz 

4. 2m=-2w-4 5. 2x^+if~z^- 6. Bx^ -Ixip 

7. 4g““7a&— 8. 7&C— 7c®+10aj?/ 9. ’-x^+x~~~x+2 

10. -(x+2y) 11. Bx~Av+6z 12. 6-2;«2-5m 

13. -( 3 ft 2 &+ 3 ff& 2 ) 14. 2aH^ 15. Bah^-BaH 
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EXERCISE 11. [Pages .65 36] 

1. -4a+8& 2. 7x—4y B. —2x 4. -4rt+2& 

5. 6a+2b 6. 2b 7. 6 8. 8 9. '-2rt+7& 

10. 0 11. -2a3 +5^+75: 12. -2c 13. 15aj-15y 

14. 8a -8b 15. llin—7n 16. 6rt-6&-18c 

17, Qx—6y-20r 18. x—y—lBz 19. —Bx—y—z 

20. ft— 116+17C 21. 2x-12y'\~20z 22. 5ft-6+llc 

23. x—By+2z 24. lift— 2&— 16c 25. a—{b+c—d} 

+{—m+'n—x)+y—z 26 a—{b+c—d+ni-i-{-n+x—y+z)} 

27. {a—b—{c-d+m)}~{—n~{—x+y-z)} 

28. -{-a-{-b-c)}-{-d-{-m+n)}-{x-{y-z)] 

EXERCISE 12. [Page 37] 

1. 15 2. 18 3. 36 4. -32 5. -45 

6. -78 7.-24 8. -35 9. -45 10. 36 

11. 60 12. 64 

EXERCISE 13. [Pages 38, 39] 

1. 54 2. 47 3. -8 4. -393 5. -Ill 

6. 30 7. 0 8. 1136 9. -280 


EXERCISE 15. [Page 44] 


14. 

1 

cn 

15. 21aW 

16. 


17. 

-IbGx^^yh^ 

18 lA0x^y'^z^° 

19. 

-4a;”y’ 

20. 

-70ft'“&'2 

21. 48a;"®?/'V 

22. 

24a;'^7/‘'a^ 


EXERCISE 16. [Page 45] 



1. 

-lOx"^ 2. 

-20ft"&® 3. 

4. 

-18a;'‘y’^ 

5. 

Ba'^b^^ 6. 

— 40jn *' 7. 50a; -y^z^ 

8. 

-24xY^ 

9. 

4Sx^y^z° 

10. 25fl"J®c'3 11. 

—24:X^y^z^ 

12. 

B2a^b^x^y^ 

13. BbaH^z* 14. 

—Q0a^x''y^ 

15. 

70x^y^z 

16. -18aW 17. 

BBa^xY^ 

18. 

IQOx^^y'^z'^ 

19. 65ft'»&'^6=® 20. 

112a 

lZ^t0y9^7 
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EXERCISE 17. [Pages 47,483 

1. xy-2x^ 2. -5ff^+10a&-15flc 3. Qx^if'-l^xy- 

4. 2a^bc~’daPc-~ahc^ 5. -dx^y^ +Qx^y^ +3xy* 

6 . 7a^b^-7ahH21a^^-3Mn. -3a^x+Ba^x~-l0a^x 

8. ~8m^w+12m®9?^-20»i®«® 9. aH^c^-a^h^c^-a^b^c^ 

10. x^yz-^-xy^z-i-xyz^-xyh^-xhiz^-x^irz 11. I2c*d^ 
-18c«(^^+30c®£Z«+24c^c? 8 12. ■'16a’is+i2a«&^'-10fl®&® 

+8a*&« 13. 7x^-2x^ U. 0 15. 9a;«-25?/* 16. a:®+4a;® 
17. a*2j«+4a'&2 ig. 4a'»&' =+81rr®Z»^ 19. 3a^if 

20 . (i) w® + + 5:® - Sa;^/^ , (ii) 0 

EXERCISE 18. [Page 51 3 

1, --4a5® 2. “3ac^ 3. 4rt*a;®. 4. 3aj®?/® 

5. 2fl®6® 6. — 7. bx^y*z 8. — 8a®c® 

9. -3w®#pl0. 3a®c® 11. -bxV 12. 

13. <1^* 14. ‘-7ar*‘'' 15. -7^1® 16. -7«^^Ji®® 

EXERCISE 19. [Page 52 ] 

1. 3«-2& 2. 3H~2a® 3. 2a®-3&® 4. 3a;®-4a;v 

5. 3^®— 2a:® 6. ^?®— 3mn+4m® 7. fla?-2a:®+3a® 

8. -3a:®+2fl®»5aa: 9. 2m®«®-3w*~4«* 

10. 11, -2a;//®+3a;®~47/® 

12. |a;®-|a®-fa®a; 13. 3a;a+-V-«'“4a;® 

14. 7wi®«^~8j^® 

15. &®c®a:®?/®-2ff®c®y2^2^3^2jV2® 


Miscellaneous Exercises. I. 


1 . 10 , 1 
4. 6 5. 


[Pages 53—58] 

I. 

2* 8. 3. 15 , 2a ; 7a&® , lOwri^a 

'“i 8. 9, 7, 5, 2, “1, —3, -“4, — 8,~ 12 
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n 

1. 0 25,46,45 2. 16 3. «fee , 35 

5. -Taj^-Seo 6. 16a;*-8a;y8+24a;2?y2+2/*-32aj®7/;81 
7, -23a+30&+13c 8. aj-2?/+s 

III 

1. (i) c(a+i)=a;-y^ , (n) (a;+2/)^=a;®+V®+2a7y , 

(ill) tJm-n—ni^n^ < \fy , (iv) a > 6, Sa > 3& 

2. 5, ~4, —V. -10 3. -1000 5. 66 

7. — 6a^+6c-9a;®+16 8. a 

IV 

1. -11,1 3. 4U 5. 9 6. 3x+2a+b 

7. aH&Hc® 8. 7x^-7/^-2x}/ 

V. 

3* 2,a,b,a+b 4. 7-2 5. 503 7. ?/ 8, 32 

VI 

2. 536 6. 60 8. 3808 

VII 

2. 2,0 4. l+a3,3a+6-5c 5. (i) {a-^h)(a-b)=a‘-b- , 
(ii) (a+b)^-(a^+b^)=2ab 6. 0 7. a+b+c 

8 . 2a-lb+^c-^d 

VIII 

2. 2m, 2 h 3. mff+TO&+«a+«& i 4. 0,0 

0 1 + 1 + 1 . 7 . 

' X y z 

EXERCISE 20. [Page 60] 

1. ajH8»+16 2. 9a2+l2ff+4 3. a;2+4a;//+4?/= 

4. 4a;2+28a;v+49^® 5. 9fl®+24aJ+16&® 6. 25a=+70rt&+49&- 
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1, ({-ir-hQahxi/-^dh*x~ 8. a'^-¥ia^hc+4:b^c^ 

9; +12xhf 10. 16a3*+8a;%/®+|/® 

11 . (r-b4:b^-¥dc--\-4ab+dac^mc 12 . a^b^+b-c^ + c^a" 

+ 2ah-C'^2a^bc+ 2abc^ 13, + 16» ® + 12pg + IQp) + 24g} 

14. x^+y*+z^’\‘2xhj^+2x^z^+2'u^z^ 

15. 4x^+9y^+lQz^+12xy+lQxz+24:yz 

16. x^-Vy^->rz^+2x^y^+2xh^4-2if:^ 17. xHir 

+4a^+%"+2xtf+ixa+Gxb+4:ija4r^7/b+12ab 18. 9<i“ 

+ mh^+cHA(lH24ab+Ga( + 12acl+Sbc+md’\-icd 19. 

+05“ 4- 16?y" + 9«^ + 4(105 + 16c{^ + 12ttz + Sxi/+Gxz4r2iyz 
20. 16m H 9» H OjjH 1 ( 2 “ + 24«?» + 24mp + 16w2+ 18ni)+ 12)^2 
+12pq 21. ix^ 22. 23. IGa^ 24. aH4fl&+46® 

25. a5H2x?y+?/2 26. 1 27. 0 28. 4 29.9 

30. 1 31. 16 32. 2“) 

EXERCISE 21. [Pa^es 62, 63] 


I. a52-6j;+6 2. 4a:2-20a:+25 

4. (C^x^-2abxy^hhr 5. 64jn2-48Mm+9n 
“%wh+^2»2 7. p^-2(pHin-\-mhi'^ 

4-xhi^ 9. x^—lx^z+ixh- 

II. xhjh^+2abcxyz+a^bh^ 12. x^y 

13. 7i\v^~~2a^-xY + b^il^ 14. 

+8&c^ 15. ■ix-+d!/^+iC)s^~i2x?j-lQxz’i'24p 
+ IGfi - + 25{y2 - 2imn - + 40jig 


-2xb-i-2tia+2tjb+2ab 19. 

Say + 12a5&+ 16a;// + 2Abjf 
22. 2l8004 23. 986049 

26. 40(1' ^7. 1212^ 


3, 9a5®~30a5y+25?/®. 

6. p^in^ 
8. a5^^~2fl5®2i^® 

10. 9(j«~30(i®&®+25&‘> 

ft®+4&®+4c®-'4a&“4«(; 

16. 9m“ 

17. aHO&HSSc' 

® + 2/ ® + ft “ + & ^ — 2a5^ — 2a5(i 
ft* +4a;^ + 9&^ + 16y “ — 4aa5— 6fl& 

20. 7921 21. 13689 

24. 36&2 25. 64Z/2 

28. 25&2(5*+105c*ft+c*(j* 


29. 4 30. 81 31. 16 32, 25 


33. 144 


EXERCISE 23. [Pages 64,65] 

3. a;*~4ft^ 4, a^x~-¥7f. 

5. ahn--n^ 6. 7. x^-lyh^ 8. icV 

-x^y' 9* a5^~l 10, a^-b^ H. a^Jr2ab+h^-c^ 
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12. ft" — 6®— 2&C-C® 13. 14. 

15. a^x'^—bh/^+2hc}/z-c^z^ 16. hhj~-\-c^z^—a~x^+2bajz 
17. b^m^—c‘^n^—a^p^+2chhij} 18. ft®— 646®-729c' 

+4326“c® 19. ft^£C*+4 20. fl®a:® + a^a;* + l 21, 

22. a:®-l 28. 4ti(6-c) 24. 4ft(3c-2&) 25. 4:Xij{x^ + if-) 
26. 4x{y-a-hb) 27. 8ft(36— 5c+7rf) 28. 9376 

29. 1069840 30. 4985645 31. {5a:+6)(5a;-6) 

32. (3ft+4cj(3ft— 4c) 33. (im+7'n){4/in-7n) 34. (2jj+9?) 
(2j5-9g) 35. {fla:+8&)(fl£c— 8&) 86, {Qx^-¥lly^){Qx’^ —Ihj-) 
37. (7+8f/)(7-8^?) 38. (12c+5(?)(12c-5f/) 39. (a+b+c) 

{a+b—c) 40. (ft+2/j+5c)(ft+2&— 5c) 41. (2a:+3ft'-46) 

(2a;-3ft+4&) 42. (o+2&-3c)(ft-2&+3c), 43. 

(ft+3&)(ft— 36) 44. (sc-i/+fl-&)(£c— ?/— ft+J) 45. (9a:2+2oy®) 
{Sx+by){Bx-by) 46. {7ft-&)(ft+156) 47. (5a;-2?/)(a;+12?/). 
48. (2fl+3&— 4c)(&-2c) 49. (29»+5»— ^)(2???+??-8i?) 

50. {5a;-77y+l20)(;c-7/+22:) 

EXERCISE 23. [Page 67] 

1. £c®+9a!^+27ft:+27 2. 8a;®+12a:®+6aJ+l 3. 27ft® 

+ 27ft®J+9fli® + &® 4. 64a;®+144a;®?y+108a;g®+27?/® 

5. x^+Qx^y-^12x^V^+Sif 6. ac®j/®+33c®^®2;+3xy®2®+7/®2® 
7 ft®6® + 3ft*&®c®c?+3ft2&c^<?®+c®ff® 8. ft® + 6®+8c®+3ft®& 

+3fl6®+6a®c+l2flc®+6&®c+126c®+12ft&c 9. 8a;®+27?/®+c® 

+%x^V+b4:xy^+12x-z-^Qxz-+27y^z+Qijz^ + %xip 10 x'' 

+3a;®y®+3a;®^®+2/® 11 . r25w® 12 . x^+3x^y+Sxi/+y^ 

13. 276® 14. a:®+3ft;®+3x+l 15. a;®+6a;®+12a;+8 16. 8ft® 

17. 90 18. 175 20. 52 21. 0 22 -1 23. 0 24. 10 

EXERCISE 24. [Pages 68,69] 

1. a:® - 6ft;® + 12ft:- 8 2. 8x^-12x^+Qx-l 3 S-36ft 
+34fr-27a® 4. 27-108fl+144fi2-64ft® 5 8fl®-36fl=6 

+54ft62-276® 6. 125Hi®-300jH®«+240}Hjr-64??® 7 8a:® 

-60a;®9/+150a;//®-l25?y® 8 8ft®-6®-c®-l2ft=6+6ff6^ 

— 12« ® c + 6ftc® — 36 ®c — 36c® + 12ft6c 
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9. -£®-36a;®l/+54jcy^"12a:”2+6a;2--27?/®^“9p^ 

+36aJi/2 10. “+3j;2;4_324,2 

-3gV+6pV’^ !!• 12. x^-dx^y+Bx}/-'i/ 

13. 8a;® 14. 0 15. 343 16. -505 17. 27 18. 36 19. 140 

EXERCISE 25. [Page 70] 

I. 02®+! 2. 1+8o 5® 3. I25j;®+1 4. 343a®+64Z;® 

5. 512a;3+27«/® 6. a®&®+64c® 7. fl®a;®+J.2r;i® 

8. 123a®+729&® 9. (G+l)(a®-fl+l) 10. (a;+2)(a;®-2a;+4) 

II, (2a;+l)(4a;2~2a;+l) 12. (3a+2)(9fl®-6fl+4) 

13. (2?ji+4)(4m2-8»i+16) 14. (4i?+5)a6p®-20i?+25) 

15. {2x+ev){4x^-12xy+3Gi/) 16. (Ba+ly) 

(9a®-21ay+49g®) 17. (6ffa;+y)(36a®a;®—6fl, 1:^+2/*) 

18. {Bab+4xy)(Ba^^-12abxy+16x^y^) 19. (dabc-blOxyz) 

{Sla^b^c^-QOabcxyz+lOOx^y’^z^) 20. (llrt&®a;®+9c?/“2®) 

(121fl - Q9a¥cxhjH^ + 81c ) 

EXERCISE 26. [Page 71] 

1. l-Ba:® 2. a;® -27 3. 64ft® -1 4. x^-Syh^ 

5. 27m®-8H3g® 6. (5ft-l){25n®+5ft+l) 7. {1x-2y’) 

(49xHUxijHiyi) 8. {Gk-ol){BGk-+B0kl+2bl") 9. (1-8A) 
{1+Sk+Gik^) 10. (9«i-4cw2®X81m® + 36mftn®+16ft=H4) 

EXERCISE 27. [Pages 72, 73] 

1. a;®+3a!+2 2. a:®+ll£c+18 3. x^+x-BO 

4. a;®-14a;+33 5. fta+6ft-176 6. m2+12m-133 

7. p®+2i;-143 8. p®-5jt?-204 9. a;®+5a:-36 

10. a;®-15a;+50 11. a;®-7a;-60 12. ^2-ll/c-26 

. 13, ftHl9fl+70 14. w®-8m-84 15. a!2-18a;+6o 

16. a;®+19a;+84 17. a®-14ft+33 18. a;2-9a;-52 

19. w®-llm-80 20.- a;® jl8a;+80 21. ft®-6ft-72 

22. m2+6m-9l 23. a;®--26a;+160 24. a;®-13a;-90 

25. a5®-6a;-160 

EXERCISE 28. (Page 77 ] 

1. 4 2. -5 3. -4 4. -5 5. -6 6. -60 

7. 13 8. 5 9. -2 10. ~2 11. l 12. 2 
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13. 

3 

14. 

-4 

15. 

0. 

16. 

7 

17. -2. 

18. 

-1. 

19. 

7. 

20. 

S 

21. 

5 

22. 

7. 

23. -6 

24 

0 

25. 

-8 

26. 

9 

27. 

-2. 

28. 

1 

3 

29. 1 

30 

-1. 

31. 

12 

32. 

30 

33. 

12 







EXERCISE 29. [Pages 79, 80] 

I, 15-a;. 2. a;-20 3. a;+25 4. 25-y 

5. y-'2x 6. 7. lOO—Sa; 8. 4a;— 3y- 

9. xy 10. ~ hours 11. (x-h20) years , (x-3) years 
12. —miles 13. ^ 14. p rupees 15. x-2,x-lf 

ijo cc V 

X, x-hl, x+2 16. 3a; 17. 2w+3 18 2a;- 2 

19. ^days 20. 3a5 21. —• 22. 

23. ~ hours 24. fa; +15) years (£C+45) years 

X 

25. lOy+a; 26. lOOx+lOy-f-z 27. lOO^'hlOy-hx 
EXERCISE 30. [Pages 81, 82] 

1. 6 feet and 3 feet 2. 20 3. 40 and 10 4, 80 

5. 12 6. 60 7. 40 8. 96 9. 42, 43 44 10. 33. 

II. 25,65 12. 15 and 24 13. 36 14. 72 15. 10 11. 

16. £600, £250 17. £120, £300 . , 18. £3 10^ 19. 35,25 

20. 30, 10 ^ 

EXERCISE 31. [Page 86] 

2. Take equal to AD , by guess let F he the middle 
point of DB Then F is very approximately the middle point 
of AB, the error, if any being indefinitely small 
7. 256,168,379,239,140 

EXERCISE 32. [Pages 89, 90] 

1, 6f units of length 2. l^ieei 3. 7fyaids. 

4. 3 5 inches 5. 3 6 feet 6. feet 7. oyaids 

8. 65 feet 9, 17 feet 10. 28 3 feet 
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EXERCISE 34:, [Pages 97 — 99 ] 

1. (i) (11 8 ) , (-9 11) , (-5. - 6 ) , (9, -10) 

(ii) (2 2 , re) , (-1 a 2 2 ) , (-r - 1 2 ) , ( 1 8 - 2 ) 

2. (31, 21), (-3,3!) (-11,-2), (3-3)-) 5. 20 

6 . 13 7# 50 8. 11 —13 9, 1/5, 36 10. 12 , 8 

11 . 125tinits of aiea 12 . 16umtsofaiea 13. 1 units of 
area 14. 40 units of ai ea , 7, 4 5 15. (i) 83 , (n) 78 , (lu) 4S.0 , 
(iv) 72 16. 30 sq cm , 5 cm 90" 17. 2 5 tin 

18. 6,7 19 5 20. 32 units ofaiea, 7 , 5 

Miscellaneous Exercises, It 

[Pages 99—101] 

1 

1. x^+yHz^-2xij+2,fz~2zx 7. mHn^-+9r+2mn+Siip 
tSpm 8 . 27x--99xy-{i9ir 9. 217 


11 

1, -4 2 . -1 3. 3 4 . 5, 

7. 11 8. I 9. \ 10. IJ, 


wnp 


7 


1. 7 2. 126 
5. 40,20,36 


III 

3. Rs 1500 4. S2250 , £900, £750 £300 

6. ^o2 , £2 12s 


EXERCISE 35. [Pages 106—108] 

® '*• 6- a=6'-6»c=>+c=«® 

1« I 2 ' 8. 2(a:+„+5) 9. 2{a;+./+2) 

12 . 13 . 

14. n(a:+v+2) 15. o le. q 17. 0 Ig. 1280 

19. 1280 20. 0 21. (i>“+i=)(m+n+^+j+;)+(a!_ja) 

24. 3f» ■*-i-+c-~ai-tc-at) 25. f(i+i+6)(x=+i;Hs») 
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EXERCISE 36. [Pages 110—112] 

1. lOx^-llx^^+lOx^i/^-i-Gx't/^—S?/* 2 2m^nx—7n^xm 

+12a;®mK+7m“«®a;+8j?®£C“w 3. llx^-Gx^y—oOx^tf- 

+ 15a;®t/®+26a;®?/'‘— 19a;?/®+40?/® 4. oax^ —Ga^x^ -^Gyzht' 

+2y^zhc+4:yz^bc 5. ~2-x^y^z-^2xy^z^ +2x^z^yi-Gx^y^:- 
-Gxyz* 6. ixhj^z^--80x^ij^z^-l-2^x^y^z^~22x^y^z^ 

—102x^yh^ +lbox^y^z^ 7. — 12a;®f/^^®“100aJ®?/®c* 

+58cc^?/®2®+92a;^?/®2:®+39a3®?/®5:^-38a;®?/^*:® 8. -~Ax--\-6xy 
—7y^~8yz 9. Gx^ — 12x~y^-^2a^bx—7xby~~dxyab 

10 . —2x^+bx^t/—2x^y-+8x?j^-l-7y^ 11 . —2x^+'dx^y 

-10sc®7/2-4a:27;®-13a:i/H50fy® 12. a^+bab~8b^ 13. ix~ 
—8xy-\"y^~12X‘-lby-{’0 14. 2a®-4fl®&+7«&^-15&® 

15. -12a;®y+7a;®?/®-8a;®+17?/“29 16. ba^-Aab-bk 

+115- 17. ~2x^~B7j^~bxy-3x-2 18. -3a®-1162f 
— 6ac^“55® 19. — 4flj®— 22a;?/®— 45^®— lla;-— 24a;?y— 15 

20. H-aJ+iW2/+-Tr~ 21. 

22. 12a®ca;+3008c®5?/+ 456®2 23. "~ 3 -ya“C^x--i^a-b^ij 

—b^c^^zA-lx—Gmy—binz 24. (i) 12a;+23?/— 6c , 

(n) S5a;-24 7y-Trc , fm) 3 4a+1904/®+20???®+30/j 

25. 2(6c®+ca®+a5®) 26. 0 27. 0 28. ax+kj+cc 

29. 2ax+12by~cz 30. 14a; +44?/+ 7c 

EXERCISE 37. [Page 114] 

1. 2a®+5«5+36® 2. 2m®-5w«+3??® 3. a“A-b^+c- 

+2ab+2ac+2bc 4. a® + 5® + 6®-2n5+2ac-26G 5. (r + b- 
+ c®-2a&-2ac+26c 6. 2(i®+2fc®+3c®-5a5-7rtc+55L 

7. 2x^+Sy^+Az‘-bxy‘~GxzAr7yz 8. bx' -2a^ -Bb“ +Bxa 

-2xb+bab 9. x^"V^-z^-x-y-x-z+X}r-irz+x:--:hi 

10. x^y^'^ii^z^"-z^x-—2yz'X 

EXERCISE 38. [Pages 118-121 ] 

1. 27fl®-75fl5®+4'3fl®5— 1256® 2 4fl®— 96®+246c-16t® 

3. a;*+3a:=+4 • 4. «^-2fl®6=+6" 5. a;"+a;*+l 
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Q, 7. OT®+M® 8.i>®-g® 9. a»-26fi®&2 

+25a&^ 10 . x^~bx^ +0X^-1 11 * a)®-2ft®jB®+a® 

12. 13. a;® + 10ic-33 14. a® -2®®+! 

15. a®+fl®&®+a^&Ha®&®+&® 16. x^+ij^+z^-dxyz 

17. a® + &®+c®-3a6c 18. 2a®-rt®&-14rt^&®+13fl®&® 

-43tt®&H23fl&®-20&° 19. apx^+{bp-ay)x^-icp’{’l}(i)x+c(i 

20. ninx^'-{n’^+mj)x^+i“ 21. fla;^“(l+ft)&a;® + (c+&“'“flc)a3® 
-c® 22. a&a;’-(&®+ac)£c^+(2&c4'flc?)£c®“(2&<^+c®)a;® 

+2cc?a!-t?® 23. mpx^~{mq-~m} +9?2?)a;®+(ms+«2“W ’~ps)x“ 
-n)sx-s^ 24. aZa;®+(2/?Z+a)H)a;®?/+(W,'+2/m)a;?/® 
+&m^®+fljza;®+2/i??a7v+&?iv^ 25. Ppx^'^m^px^y+n^px^y" 
+ (l^g+2o^p)x^+im^q'{-2f^p)xhj-\-n^qxy- + {c^p + 2g^q+l^)}x^ 
■¥[mh + 2pq)x!ij + nhy^ + {2gh' + c^q)x + 2/®?y + ch 
26. a®+lif|a!V+3lHa:V=*+2fHa5='2/H2Aa;2/^ 27. a® 

+Ua;®«j+33^a;^?/®+B*®z/®+4^aj®«7'+i^«y®+?/® 28. 621a;‘® 
+3 197a;*® + 207a;® + 403a;® + '3321a;* +2 OSoa;® +16 0872a;® 
+1107a;*+58675a!®+2925a;®+6 95a;+45 29. 399ft®+7289a^& 
+ 1671a®&®+83 867a®&®+23789a&^+252&® 30. 23Za;® 

+(3 15?+2 3?»)a;Sy+(l 17?+3 15m+ 2 3w)a;®v2+(2 07Z+ 1 17w+ 
315»Oa;®2/8+{207w+117w)a;z/H207w/® 31. a^x^-^abx^ 
+(-^*ac--6®)a;®t/® + {i^-^bc‘{-^ad)x^y^+ (c®— f&tZ)a;y^+|ca!?/® 
32. 2 25a®m8 + (3 Qac - 1 44&®)m^n® - (3 Sibd - 1 69c®)«t®«^ 
■ — 256dl®w® 33. 16ft^— 81&^ 34, 623fj^a;^“1296ZiV* 

35. as*®-?/*® 36. a;®+49a;®?/H625?/® 37. a* 

51. -6a;® 52. -2?/* 53. 6a;®?/ 54. 15a;V. 

55. -3ar® 56. -o?/"* 57. 12ft®&®c® 58. 16xi/z 

59. -30a®&c"* 60. 76a^a:“^7/-2 61. a+2ah^‘¥b 

62. a-2a^b^+b 63. 9a;*‘--16?/^ 64, a+b 

65. x-y ,66. a^+aW-^b^. 67. 4a;^-37a;V'+9z/^ 

68. 69. a;® -7/2 70, a-b^ 
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71. x-^y+Z'-dx^ij'^z^ 72. a®''+a5®" 

73. a-^-Ga~^h + - 13a-®6® +6a-ii ^- ¥ 

74. £c“®— 5a;~®2/®+%® 75. 4a~^®+12fr~&~'+9a“°&~® 

-25&~® 76. 6a;®+19a;®+42a;+45 77. 2a;®-7a:®-24a:+45 
78. 3a:®+9a:^+lla;®+21a;®+28a:+12 79. jpcc^+ga;® 

+j9®a;“+^(g;+?)aJ+2r 80. ■jic®+'3a:®+7'5^a:^+4ia;® + 164a;® 

+5a;+10. 


KXBiR.CISEi 39. [Pages 125 — 128] 

1. a;-2 2. x-6 3. 3a;+4 4. 5a;-7 

5. 2a~-Sb 6. x^—xy+tf^ 7. 2x—Ba 8, x^—ax+a‘. 

9. a®+2a&— 6® 10. aj+3 11. 2aj— 1 12. 2ay—b 

13. am+3n 14. 2a3®+3a??/-4?/® 15. 3y®— a;®7/+2a;® 
16. 4)n®-6mM+8ji® 17. 18. 27(2+ a) 

19. 2 -a; 20. £C*+2fla;®+3a®a;®+2a®a;+a^ 21. x^-2x^y 

+3a;®?/®-'2a;y®+?/^ 22. + 23. x—c 

24. a+&+c 25. fl&+ac+&c 26. ab+ac—bc 27. a;®— 
(a-b)x-ab 28. a® + &®+c®-fl5“ac-Jc 29. a;®+y®+l 

~xy+x+ij 30. x^+A?j^+Qz^+2x}j+dxz—G7jz 31. x^ + 
y~+z^+xy~xz+yz 32. 2xSy'-'Z 33. ab-ac-bc-\-c~ 
34. £c+c 35. a;+fl 36. a^+ab—bc—c^ 37. ab^ac‘Vbc—b“ 
38. y^x+2i/z-^i/x^-2yz^~~x^z-xz- 39. x^-ax-\-a^ 

40. c+fl— & 41. 2{a+b)x 42. x+y+z+xifz 


43. 16a;'‘-8a;®(27/®+fl®)+(4v®-a®)® 48. a^b 49. ab~‘^c^ 


1 2 


50. —dx^y^z ^ 

53. a^—a^b^+b- 

55 . aF+ a^b^ + a^b + b - 


51. 3a;®^-4?/® 


52. a® —a® 6® + 6® 


2. 2 


54. 2x^-~ox^ij^—By^ 

56. 2a-’«+3a'^'&"^+55-® 


57. 3a: ®?/ “ + 7y 58. a^+fr&''+a®5^'+fl6+a"5*''+?;^ 

2 ^ a JL X t i 4 J 

59. £c'® +y^ + z'^'-x^'ir-y^z^ - z^x^ 


1-40 
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EXERCISE 40. fP.iges 129, 130 j 

1. 2. (r—Hah+b- B. 

4. a^-iax-ix- 5. 3+2a;~2a:"+ic® 6. x--2x+‘6 

7. 2fl2+S(?&-462 8. a2~2£iic+<la;2 9. rr-2f/&+2ft= 

10. 2ic=-3i»-8 11. 9;3+3a;2+9a;+27 12. «'+2rtH4rt® 


+Bft+1G 13. 3-a;H2a;=’ 14. 3a;=-la:+5 15. 32+10® 
+8 jc2+4®®+2®H®5 16, xH2x^+3x"+2x+l 17. 2«“ 

-3o&+4&® 18. fl'+3rf6~5&" 19. fl;®+2aj^a+2rcr"+rt® 


20 . a^-dan-b^ 

22. »+6+ -^g. 23. 

25. ^( + ’®+ + 
lemaindei 


21. .rH2v.'37'^+37/"®^+27/®®+7/^ 

®“ + i®V+ + ;:~4r* 24. ) 

X'^ {-7/ 

]*? tlie Quolicnl .incl is Iht' 


EXERCISE 41, IPages 133,132] 

13. x^+x^+x+l 14. 7/3 15. ®^+®3 

+®2+a;+l 16. 

+®3+®H®+l 18. ®®~®^7/ + ®37/2-®2?/ + «;,/•« 

19. 20. ®3-®®7/+.rV=-»®V® 

+ ®®7/* — ®?/^ + 7/^ 

EXERCISE 42. iPageb 135-137 ] 

1. 23®2+ 90037/+ 817/2 2, 256a2~416«&+169&2 3. £C= 

+200®+10000 4. 7/H 10007/ +250000 5. rr + 1908fl 

+998001 6. »/H20()027/+ 100020003 7. 976144 8. 1024144 
9. 10100 25 10. 9920 16 11. 8®® +60®®+ 150® +125 

12. 1157625 13. 985074 875 14. 5131528G4216 ^ 

15. (i) 50000032, (11) 2000288 16. (i) (3a:+37/)®-(®-7/)S^' 
(n) (5®+8i/)®-(®+27/)2, (in) (®+100)2-22 (iv (500)-” -6= 

(v) (2®+100)®-'(4)® 17. 18 . iGn^-gl 19 . «« 

+ a & +&» 20 99999984 21. 99999744 22. Sa^+12a‘X 
+6a®®+®^^ 23. fl°-^12ft*+4Sa®-.63 24. ®®+6J 

25. 8//®~27 26. ®'>-.64 27. 4®®+240®+1675 28. 36®= 
+108®-1076 29. 36®®-408®+1075 30. 100a= 

31. ®=+?/®+2®;/ 32. 8000«3 33, 125«® 34. 1331fl» 
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35, 5a;® 36. (a;+2)(a:+3) 37. o(i/-{-S)(^-i'o) 

38. (fl®+2a&+2i>®)(a®-2a&+2&®) 39. (x+?/+3)(a;+i/+12} 
40, (9fl+8&+8)(a+8&— 4) 41. {2a;+5?/)(4a;®'-10a;(/+25y®i 
42 (8a+13a;-4)|f8a+13a;)2 +4(8«+13a;}+16} 

43. (15cf+3&+2)(15fl^+3&— 2) 44. 5x(x~h2//)(cc—Si/i 

45. 225 46. 512 47. 10000 48. 8099 999996 

49. 92355 50. 1 51. (2 +5a:+3a;=)(2+5a;-a;®) 

52. a®&®(a:®+l)®-(ft®+&®}®a;- 

53. (llx^+28x+10)^-(x^+cc+d)^ 

54. 49a:H98fla:+39«®)®+(5fl®)= 

EXERCISE 43. [Pages 145,146] 

1. (i) 121 , (ji) 49 , (ill) 4 3. 144 s(i ft 4. 15 sq ft 

5. 55 sq yds 6. 84 sq yds 7 500 sq yds 8. 50 

9. 76 10. 171 sq yds 

EXERCISE 44. [Page 147] 

1. a{b+c) 2. £i®&®(&+o) 3.x^y^{y—2x) ^>2xyz{x^2ij~dz) 
5. 2a®&(2a®— 3a&— 4&®) 6. ax^{y~baxy^+3x) 

7. 3x^i/z^{xhj-Ay-=+7z^x} 8. 14a“'J®(2a®-3i®) 

9. 33x^iA2x--^3if) 10. \3a^h^A3r-c-~bc-a---lan^) 

EXERCISE 45. [Pages 147, 148 ] 

1. {6a+ib){3a-Ah) 2. fl(2fl+5a;)(2fl-5a;) 

3 (6a;®+l)(6a;®-l) 4. (4a;®+l)(2a;+l)(2a:-l) 

5. x{ix^+3)(4:X^—3) 6. fl;(4a;®+9)(2a;+3)(2a;— 3) 

7. {l+4fl®)(H-2a)(l-2a) 8. xKl+9x^)(l+3xXl-3x) 

9. (6+x^a)(6-x-a) 10. (8a~+7x^}(8a~-7x^) 

11. (ll+w®)(ll-Hi®) 12 (7a;®fl®+9)(7a;®fl:®-9) 

13. (fl&+5cd)(a&-5cd) 14, (9a;®+8a®)(9a;®-8cr“) 

15. ii®((?”+10)(g® — 10) 16. x^(12x~+oa~){12x^-~oa-) 

17. 3a^8a-+dx-)i8a^-dx-) 18. 2ax(7axHS)(7ax--S) 

19. 4a;®a®(9a;®fl®+ll)(9a;®«®-ll) 

20. 5Hi^®M'(7}H^??®+ll)(7j«'‘jz®— 11) 21. (fl+di+jc) 

(a+3&— 5c) 22. {a-T3h—bc)[a-3h-¥bc) 23. 4a,?/ 

24. f5rt+3a;)(fl+a;) 25. {2a~'2b-^3c-~3^](2a-2b—3c’{-3d} 
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26. {7a;+5?/-32)(7a;-5?/+3c) 2^ /2{5a:-l){T+2) 

28. 4c(&”C) 29. (3fl+&-c)(a-7&+9cl 30.' (Ufi-i-21rc-23y) 
(2fl+27a:-4l2/) 31. '-9(a;+fl){£C-flXa;'+«") 32. 23a{5r7-‘3) 

EXERCISE 46. [Page 149] 

1. (a;®+a;+l)(a;®-r+l) 2. {'C"+.'C+l)(a;"— a:+l){^^— 

3. {q}-^ax-¥x~\ci~—ax-\-x^) 4. ox+aj") 

{a^-a-x^-^x^) 5. (a:“+4a;+8j('U“-4.x+8) 

6. (2a;^+6a;+9)(2a;2-Gr+9) 7. 9(a:=+2a;+2)('C=-2x+2) 

8. (flH2fl+3^(fl— 2fl+3) 9. (a;= + a;-3XT=-a:“3) 

10. (2a;=+2a;+3X2j;=-2a;+3) 11. (2a;=+2a;-3X2a;=“2a;-3) 
12. (2a;2+3a:+3)(2a:=-3a:+3) 13. (2tf=+5a-3)(2rt=-5n-3) 
14. (2rt=+10fl+25X2ff--10a+2o) l5.(3a;=+a:+4X3x=-.'«+4) 
16. {3flHfl-4j(3a®-rt-4) 17. (3a;=+3u-4X3a.= -8a:-4) 
18. (3a“+5a+4X3fl”— 5c[+4) 19. (4r"*-6'Cfl+5n‘) 

{4a;®+6a:a+5a") 20 . {Sn^+7ax+QX'){Ba'~7nx+ox~) 

21 . (a;H4'r+12Xa"-4a;+12) 22 . (a~+oab-bb") 

{a^- oab- 0&2) 23. {Qa = + 2«&- &=X6a= -2ah - &=) 

24, {7w® + 2mM— 4?2“X7?«®“2 mj??— 4h") 25. (Sfr“+12na;+9a;") 
(8a2-12aa;-»-9a:=) 26. (2a;Hl4a:a+49rt=X2a;=-14a:n + 19a'"} 

27. {x+y-z)ix-y+z) 28. {2a-¥h-Bc){2a-b-\-Bc) 

29. [Bx+2tj-dz){Bx-2ii-¥dz) 30. (a+2&-5c)lfl-2&4-5c) 

31. {hj^Bx-oz){iy~Bx^hz) 32. {a-21}-¥Bc-2d) 

(a-2&-3c+2c/) 33. 34. (2'c+3rt+5&+l) 

(2a;+3fl'-5&-l) 35. (3a;+2y-7c-5Xaa;-2//+7--5) 

36. f4o+3&— 4c— 3X4a— 3&+4c-'3) 37. (a;— 7;/ +5:;— 2) 

{x-7y~hz^2) 38. (4a;+5a+3?/-7ij('irr+oa-3//-7&) 

39. (7a;-4?/+8i:“3X7a;-4i/-8s'^l] 

40. {a-\‘l)-~c-d)[a-h-\-c~(X) 

EXERCISE 47. [Page 151] 

1. (ft-2&)(a2+2aH4&2j 2 . a(a-3a:XflH3a.T+9r=) 

3. (2a;+lX4a;2“2a;+lX64a;e-8a;®+l) 

4. ((t-2&)(a2+2aJ+4&=Xa®+Sa^&®+64&®) 

'5. f3a®+5a;®)(9a^— 15a®a;®+25a:^) 
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6. (7?i+w)(m— 7. (7fl3+8y) 

(49x^ - 56a;//+ 64v') 8. (2x- - l)(2x^ + 1 )(ix* +2x^ + 1) 

(4a;^— 2a5^ + l) 9. (a--2x^)(a'h'Jx^Xa^+2ax^+4:X*) 

(a^-2ax^+4:X*) 10. (5aj®-6fl®)(23a3®+30a;®a®+36a®) 

11. fl&(4f*H76*)(16a‘'~28a^&H496«) 12. xYi3x^+2y^) 

(Sjk®— 2z/^X9ic®'-6a;®7y®+4y®)(9a:®+6a;®2/®+^V®) 13. (a+i)^ 
(a*—2a^b+6a^b^—2ab^ + b*) 14. 2(x+^)(x—i/) 

(ix'^-lixY+lSt/) 15. 2(a-bXa^ + ab-i-b^)(4a^-2a^^+bV 

EXERCISE 48. [Pages 155 156] 

1. (a;+l)(a;+2j 2 (a:+2)(a;+3) 3. (a+lXa+3) 

4. (x-4)(x~-l) 5. (a;+2)(a:+5) 6. (a;“3)(a;— 4) 

7. (x+o)(x+d) 8 . (x—o)(x4-3) 9. (ai— 4Xa;-9) 

10. (a;4-4)(a;— 9) 11 ,(a;— 2)(a:-12) 12. (£C-2)(aj— 20) 

13 (a;+10)(a;-3) 14. (fl:+8)(a;-6) 15. (a;+18}(a;-2) 

16. (a;+12)(a:— 3) 17. (a;+14)(a;-3) 18. (x+18)(x—4) 

19 (a:-8)(a;+5) 20. (a;-16)(a;+5} 21. (x-32Xx+3) 

22. (aj-14){a:+4) 23. (a;-7)(a:+6) 24. (a;— 9)(a:+8) 

25. (a3+10)fa:+12) 26. (a;+20)(£c— 4) 27, (x~24Xx+3) 

28. (a;+12)(a;-7) 29. (a:-12)(a:-8) 30. (a;+26){a:-3) 

31. (a;^12)(a;+6) 32. (a;-21)(a;~4) 33. (a;-22)(a;-4) 

34. (a:+15){a;-8) 35. (x-lOXx+8) 36. (a:+l4){a;-6) 

37. (a-'8)(a+7) 38. (7Ji-15)(?}i+6) 39. (a+20)(fl-3) 

40. (a~9)(a— 6) 41. (jp— 24)(^+2) 42. (7Ji+9)(m-8) 

43. (jJi+30)(m-3)44. (a~24)(a-o) 45. (a:+lS){a;-6) 

46. (a— 51)(«+2) 47. (a— 15)(a-4) 48. (a;+16)(a;-4) 

49. (a-30)(fl+4) 50. (a:+15)(aj-7) 51. (x-7tjXx+6y) 

52. (a-8&)(a-4&) 53. (m+GnXm- on) 54. (a+4b)(a—3b) 

55. (a—5b)(a+3b) 56. (X'-8i/)(x'i-f/) 57, (x-h8i/)(x-5i/) 

58. (77-6ff){i;-8(z)59. (i7+102)(i?-8iz) 60. (a:+24?/)(a;-42/) 
61. (a+l)(a~l)(a=+o) 62. (x^ +5)(x^- -3) 63. Ca!+2) 

(aj— 2)(a;®+7) 64. (a;— l)(a:‘+a;+l)(a;®+3) 63. (a— 2) 

(a^4-2a+4)(a^~2) 66. (a;-l){a;+3)(a;=+a;+l)(a;'*-3a+9) 

67. (tt-l)(a+2)(aHrt+l)(fl=-2a+4) 68. (a;''+2){a;--2) 

(a3+2)(aj— 2)faJ®+4) 69. (a+2)(a-2)(<i"+4)(fl^+5) 
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70. (fl;2+l)(a;®~2)(a;'-a;“+l)(icH2a;=+4) 71. (a+1)^^ 

72. (a:+i)(a;+2)(a;H3ir+l) 73. 

ia;+l)(a;“3) 74. (a+l){fl-4)(a®-3a+D 75. 

(a;2-4a!+l) 76. (.'K+l}(a?-2)(a;+2)(a;-3) 77. (a;'-2) 

{£C-3Xa;'-l)(fl;-4) 78. frt-2)(a+9)(a+2){a+5) 79. (fl-4) 
frt+10)(a+2)(a+4) 80. (a;+l)fa;-9)(a;+2Xa;-10) 

81. (2a?“’oXa;+B} 82. (3fl"‘5)(2ft+3) 83. (4?w+3}(2j?i-“3) 
84. (2a;-3?/)(3a;+8y) 85. (5a-B&)(2fl'-7&) 86. (B?»-4«) 
(4j»+5h) 87. (2a;+57/)(6a;-v) 88. (4fl+5&)(5fl-6&) 

89. (3a;-5?/)f6a;-7y) 90. (4i»-3y)(Ba;+87/) 


EXERCISE 49. [Pages loij, 160 j 

1. {a?+3;(a:+l) 2, (a;+5)(a7+l) 3. (a?+5)(a;+3) 

4. (x-7}(x-^} 5. (a;-8)fic+G) 6. (a:'-9)(a;+5) 

7, (ic-8j(2c--4j 8. (aj-llKaj+G) 9. (<i+2&~cX«+c) 

10. (a:+7/)(ic-'^+2) 11. (x+y+lXx-ij+d) 12. (a+6&-c) 
(fl-t+c) 13. (x-i/~-z)(x~~6?j'\-z) 14. (x''2t/''2z) 

(x-8}/+2s) 15. (fl+&-3cXa“13&+8c) 16. (a;+12^-32) 

(x+3s) 17. (x+i/- 5z)(X'-157/-h5z] 18. (2£c+1Xju*' 3) 

19. (3a;+lXa;'-2) 20. (3a;+2Xa7+4) 21. (4aj-lXa;+2) 

22. (2a:-lX3a;+2) 23. (2a3+lX8a;-4) 24. (3a;-l)(2a;+3) 
25. (2a;+3}(4a:-5) 26. (2a;-5)(2a;+7) 27. (2a;-3)(3a;+4) 
28. (3a;+2)(a;~6) 29. (2a;+5)(a;-7) 30. (2a;-7)(a;+G) 

31. (3a;-5)(a;+6) 32. (3x-2)(4x+3) 33. (a+5l;X2a-Slf) 

34. (2a;— 3?/)(3ar-2y)35. (3m+27?)(2w— 5?*) 36. (3/?— 4g) 

(p+Sd) 37. (2a-5&)(4a+3&) 38. [om’^2ft)(2m+3n) 

39. {4x-y)i3x-hAy) 40. {3a-4h){ha-{-3'b) 41. {2a~b)(a-2h) 
42. (fl-3&)f3a+&) 43. (a;+3vX3a;-7/) 44. (a+4X4a-l) 
45. {a‘'4h){^a-h) 46. (a;-5X6a;+l) 47. {x-6y){6x'~v) 

48. (a;+6)(6a;+l) 49. (ti+6&X6^*“&) 50. (a— 6&X6ffl+2>) 

51. {a~'7h)i7a-b) 52. (fl+76X7fl-&) 53. {a-7h){7a-Yh) 

54. {Sx~y){x+Sy) 55. i9x-y)ix-9ff) 56 ilOx-y^x+lOy) 
57. (2a+2&-lX«+&+2) 58. {x-‘v)\2x^+2ij^+xv) 

59. {a+by(2a^+2h^ + ab) 60. {x—4y)[4x-“v)[x“4ry~) 
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61. (a;+2)(a;-2)(2a52+3; 62. i2a+3b){2a-Sb}{2a^+ , 

63. {Ba&Ab){%~U]{aH2b^). 61. {aJ~2)(2a;-l)(a;2+2a;+4) 
(4a;=+2a;+l) 65. (2a- + b^){2a^-P){a~+2bV~^b^) 

Miscellaneous Exercises. 111. 

[Pages 167—172] 

I 

1. (ij y^[x-2c)-y^xz’\-y(xz^~x^—2z^}-^{x^z~xz^) , 

(ii) {xy^ —x^y)-\- z{x^ — xy- —2y^)+z ^xy -zHx+2y) 

2. 94 4. x^+x^y+x^y^+xij^ + y^ 5. Sab , 128 

6. 2{x^+y^‘i-z^~-yz'~zx^xy) 7. (a+c)^ -{b-dY 

8. (2£c+37/)(2ar+3y-4) 

II 

1 . l-{Bax^+Sax“y+Saxy^+21djY} 2 . m{am + b){irY+2) 

J 

3. x~2x-'l-l 5. £c®-(fl+&+c)a;*+(fl&+&c+m)£C- ate 

6 . x^ -{p~l)x^'^[y~P’\‘l)x'^—{p—l)x‘\-l 

7. ft^+a®6® + &* 8. frt— 6X&— c) , (&+2ff+3r){6-2fl-3c) 

III 

1, px^-l-qx^-^tx-l-s 2. — dZi® 3. 492 4. 16 

5, x^—xy-x:+yz 6. l4a-lXlba"+8fi+3j 

IV 

1 . + — 21^11^ --dPnYiY —U~ m^) +blin^ii—2vi^ 

2. 3a®ic'‘+6rt®ia:®+3a&"a;®+4J®a;+12 3. fl®-64&“ 

4. u) a®— 3a&c+(&®+c®), (ii) a^{b~-c)~-a[b-—c^)+{bh~bc-], 

(m) a*[b—c)-a{b*—c^)+{b*c—bc^) 5 a;® + (fl + Z»+c)a;‘ 

+ (fl&T-Zic+cff)a;+fl&c , — 11 , — 68 8 fl+2J+3c 

V 

1. 121 2. ^2{ax^ + hx*y-tx^y--dx-y^+exy^—fy^) 

4. 8a®+12fl;®c+6<ic*+c® 5. 8a:®+4£c®+12a;'*-8a;®+24a;'-32 

7« 8. (i) rt®a:(fl-a;V6ffa3+l) , 

(ii) ix+yzXy+sx) 
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0 

71. 

I' 

1. 87659405 2. -125 4, X’+l 5. (a;=*-7a;+9)“+(5)^ 

6 , {a+b+G+dya-h-~c+d){a-^b-c-d){a-'b+c-d} ^ 

7. (i) (a-5)(fl-6+2) , (h) (2a- &)f3a+ 6+"3) ; 

(ill) (5jc+2j/)(3a5-2v+2) 8. {2r-v)aH{r-^t})ax-x^ 

VII 

1. 7 3. +z^’-f^x^ipz^ 4. £C+a 

6. 2x-y^-\'2y"z’^-^2z^x^-x^-y^-z^ 7. (i) (2a;-3)(3ct;+5), 
(ii) (5a;'-52/-3)(7a:-7«/“4) , (iii) (a;-B?/2)(lla;-21?/^) 

VIU 

1. 1+ (q+5)a;+ . 2. 55 4. 2(a+h)x 

5. a®-2, a®-3a, a*-4a®+2 
8, {x^-Sxy-y’^){x^+Bxij-'y^) 

IX 

1. a^+a^ai^+ic^ 4. a:®+6a;+~ + 

X X'^ 

6. a^[b-c)-a(b^-'c‘)+bc(b-c} 8. 3 

X 

1. 2{a+m)(c+a)+2&d 2. 16 5. a**+6+c^-3a‘4'^c'^ 

6. (3a;-7)(5a:-2) 7. 17 8. £125 each 

EXERCISE 51. [Page 175] 

1. 2. 4a=' 3. 3a;y= 4. 5aY 5. Vnrn^ 6. 4aa; 

7. 12Hii; 8. 16x^yh- 9. 18a®c® 10. 24c® 11. 12z^ 
12. lom^nYd^ 13. 18a^W 14. 6 15. 8xY 

EXERCISE 52. [Pages 176, 177 ] 

1. a(a+&) 2. xY(x+tf) 3. 3(a;+3) 4. 4a®(a= + 6c) 
5. mV(m-ny 6. a£c(2a+3a;) 7. 2a®&®(3a+4i) 8. 3xY 
(x-2y) 9.2ab[a+2b) 10. 16a;®a®(a;®-a“) 11. 8(x^+ax-i-a^) 
12, 8xa^(x^+a^} 13. 6(a+35) 14. 4cc(aJ— 5) 
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15. 16. a^x^{a-{-2x) 17. 2a; +3 18. a—2h 

19. 3C-2 20. 18(a;+2a) 21. a~h 22. ap+2 

23. 4fl7;(3ff+&) 24. a;®+5a;+6 

EXERCISE 53. [Page 180] 

1 rrft’ 2 a^h 3. SOa;^' 4. 28m*?;®;? 5. 24a;®?y®^® 
6. UOaH^c^ 7. 120fl®&®c® 8. 180a;*y®2=fl= 

9. 10. 21(a;®-?/2)2 11 (a;-l)(a;-2)(a;-3) 

12. a~{a—x){a+dx){a—2x) 13. a^(a— 2)(a+2)(a+4) 

14. 12a^x’^(x^-a''}[x^—ax+a~) 15. 48(a;“2)(a3+5)(a;+6) 

16. (a;-3)r^+5)(a:+4)(a;+7) 17. Ba\ia^-9b^){a^-b^) 

18. (8fl®+27&®)(8fl®-27&®) 19. 12x^(4^^-2af)(2x-y) 

20. (2x-3a)H9x^--a^) 21. 2x(4x*+8l) 

22 6(3fl-x)®(a®-4a:2) 23. (2a;-l)®(4a;®-l)(a;+3) 

24. {a;-'2;/)(a;-4?/)(a;-3;/)(a;+5^) 25. (a;+2)(2a;-l)(3a;+l) 

26. (l-4a;®Xl+2a;+4a:2)(l+2a:-4a;®) 

27. (a;=-3]®(9a;2-lX9a;*-l) 




EXERCISE 

54. 

[Page 183] 


1. 

1 

2b 

2 

3a; 

%* 

3 

2a 

bx 

4. 

bi/ 

5. 

2d 

Bab 

6. 

2^. 

bxy' 

7. 

2rf® 

Ba 

8. 

Bvpq 

9 

x—a 

X 

10. 

1 

”a;+3' 

11. 

2t--3« 

2a; 

12 

a 

ff+4& 

13 

3f7 

T+4n 

14. 

2a;* 

x^-2a^ 

• 15 

4a; 

£C + 3‘ 

16. 

x-2 

x—B 

17. 

a;-3 

a;+4 

18. 

1 1 

19 

o 

g- 

a-\~b 

20. 

1 1 

21. 

^x-7i 

x+7ij 

22. 

l-2a* 

l+3fl* 

23 

X--1B 
x-~4 : ' 

24. 

Bax 

a-6x 

25. 

2x+3 

3a;+4 

26 

x—a 

x+a 

27. 

x-^ba 

xB-7a 

28 

2a;-‘) 

3a;--2* 

29. 

2x~oa 

Sx~-7a 

30. 

2 -Bax 
1—bax 

31. 

x—a 
•> . * 
a;“Ta 

32. 

3ff+5& 

30-1 

33. 

2a;+3f; 

3a;+2fl* 

34. 

2a -b 
a-— 1 

35. 

a-b-c 

a+b-c 
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^ '2a((f ‘ )hcf 4&f/c 

ibflf -ibdf' 


EXERCISE 55. [Pages 185. 186 ] 

6ax- 4&v" 36^2 


2 . 


12fl&c’ 12a&c’ 12fl&6 


Q 157 ;-g& 10x//bc 6v~ffl . a^(a+b) Gh[a—b) 

(jOa:®?/®’ 60a;®?/’’ 60a:®?/®* ’ aUi^-b^Y 


c^n-h) ^ x-{a-2h) ayHa-Vlb) 

aCn=-b~f G{fl®-4&®j’ Gffl®-4i?®}* 

r— G rr 2ala+b) —Sb(a+b) 

*• ..2 7.2 ’ 


6 . 


(i{a-b)' 


n^~b^ 


8 . 


a--b 

Sc®a®?/(a+a;) 


<> 5 


2a= 

a{a-by 
4c(g— Z?) 
a^-b^ 
ia^bh 


2b~rx'a—x} 

a=~b\-(tt--x^P aW{a^~x^y a®&®c®(G®~ar®) 


Q (r x(2r+^u) hhf{2x'-Si/) 

xtfibc^—^hyf £C?/(4a:®— 9?/®)* 

•lA ff’/'r“-a;+l) S^l’aj^+aj+l) 


a://(4ic®-9[/®}‘ 
8(£C+3) 


a?^ + a:®+] 
Jfr+1) 


a;^+a:® + l * ■"■’•' a:® + 2a:® ^ 5a;- 6’ 

«®— 4&® a&c 


12 . 


r®+2r®-5r-G 

iq ?7ir/® +6(7^4- 9&®j 
g®-27&® ’ 

11 .pll?zkj£L 
nhia^+b^ — c^—2aby 

abr 

Aaddl ( b~cY 

{(i~b}{b-c)[c-ay {a~-b){b-c)[c-'ay 


a^+8a6®’ «^+8a&®’ 
b(a~Sb) c 

rt®-27&®’ 


g®-27&® 
bHa-b-c) 
ab(a~ + &® — c® — 2fl&) ’ 


15. 




{fl-&X5-cXc-G)’ 


EXERCISE 56. [Pages 188 — 190 ] 


1. 

n®+5® 
flZ; * 

2. 

0 3. 1 

4. 

4a& 

Di 

a+5 

6 

12 x 1 / 

7 

CM 

1 

>C5 

1 

CM 


'2[a—by 

v# 

4a-® -9?/®* 

!• 

{a+by{a—by 

8. 

2a® 

a--b-' 

9. 

1 

10. 

2 

a;®— 4a:+3* 

11 

2 

12 

Sxtj 

*10 

2ab 

xx» 

a:'=+lUa:4-l6* 


8a:® +27?/®*' 

lo# 

• 

Cl 

1 

d 

14. 

0 

15. 

8a:®?/® 

4 ’ il • 

16, 

-64Ga;® 


X^-l/^ 


0^ -16a:^ 



ANSWEKS 


685 


on 8ft’ & 

09 4ft& 

(ft -6)2 

an 48a2 


1-I6ft262' ft;"-16ft^’ 

108a;* oo 9fta;(a;+ft) 
81a;*-?/** a;* -81ft* ' 

6a;2— 12 Qa^x 


91 6a;2-12 Qa^x _ 

a;*— 5a;2+4’ * 4a;*— oft^a’^ + ft*' 


9fi 97 OQ 

^ ' a;*-10ft2a;2+9ft** 


i2_03,+5- 

32. 0 

oer 66fta;^ 


a;2+14fta;+13ft2 

4a;2 

l + a;*+a;'^ 


x-~c __ 
(x—a)(x—b)' 

31 ^ 

* a;+3* 

o. 12a;* 


l + a;*+a;'^ x^-61 

G6ax^ 

16a;« -65610"* 

EXERCISE 57. [PaAes 191 192] 


1. 

1 

J 

2. 

ft® 

9 * 

3* xyz 

4. 

X" 7 I“Z^ 

9o®6=c®* 

5. 

0 0 

fimy 

6 

a;+2 „ 3 

8. 

• 

a 

9. 

ft2-4a;2 

i> . 

10. 

x^ 

9 

11. 1 

12. 

] 


(r 



• r-6 


13. 

a 

14. 

X 

0 • 

:c+B* 

16. 

ff®(fl-6) 

X ’ 

17. 

ft* ft® 


18. 

Sal) Lo 1 9a;® 
9a:® 8fl6* 

19. 

-[ad^bcJ 

20. 

1 


21. 

« + 6-6 
ft+6+f 

22. 

1 


EXERCISE 58. (Pages 195 1961 
o (ft+6)2 o r-7. 


^ oax a (ft+6)2 
^* 6'6?/‘ h * 


6 ' 6 ?/ 


03-0 


4. 


-I A o(/“ 8'3C“I* 12 1 i'* HO 

10. -o — iTi — * !!• — • 12* a- -a- 13. rv 
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U. a1? 15. 2x 16. 1 17. 

18 . -- Xr'tS - 19 . —h- 20 . 21 . a-i 

ab{a-hr a-o 
EXERCISE 69. [Pages 199-201] 

1. 2 2. 2 3. -5 4. 1 5. 2 6. i 7. 3 
8. -5 9. 6 10, a+b 11. 2a 12. }(a+b). 13. a+b 

14. m-n 15. a+b 16. 17. 18. — 

4 a+b a+8b 


19. 

c+d 

20. 

'l(a+6+c) 

21. 

(a+b+c) 


22. 

ah 

23. 

1 

• 

ab 

24. 

13 25. 16 

26. 

20 


27. 

~3 

28. 

8 

29. 

10 30. 9 

31. 

9 


32. 

5 

33. 

B 

34. 

5 35. 7 

36. 

Ba 

25' 


37. 

24 

38. 

18 

39. 

j 40. 56 

41. 

4-> 


42. 

6 

43. 

tOf 

44. 

45 _93 9 

J2+g2*4D. 

46. 8 47. 

. 11 

48. 

2 

49. 

25a+24& 

50. 51. 

a+b 

72 

52. 




EXERCISE 

60. [Page 202 ] 




1. 

27 

2. 

5 

3. 

20 4. 2 


5. 

10 

6. 

5 

7. 

5 

8. 

5 9. 7 


10. 

5 



EXERCISE 61 

. [Pages 203, 204 J 



1. 

35 

16 

2. 

3 

2 

3. 

2f. 4. 

405 

5. 

3 

6. 

3 

7. 

10| 

8. 

aH&Hc® 9. 

Hab+bc+ca) 

10. 

0 

11. 


~3abc 12. 

0 




EXERCISE 62. [Pages 208, 209 ] 

1. 90 by 180 , 100 by 230 2. 15 ft , 12 ft 

3. £33 4. 50, 30 5. 20 men, 16 women 

6. A, 84 miles and B, 70 miles in 56 hours 7. 28 days 
8. £2 15s 9. 24 ft 10. Worked foi 22 days. 
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11. 4 days 12. £52, 52s 13. 4 £162 , 5, £118 . 

C £104 14. 34 sheep , £70 15. 9S~ miles fiom London, 


10| hours 

16. 

44 


17. 

32 18. 

72 

19. 23. 

20. 

5,8 2 

24 


21. 19. 5 4, 32 22. 

22 

31, 9, 54. 




EXERCISE 83. [Page 212] 



1. 

a;=2) 


2. 

x=d\ 

3 

. x=7\ 

4. 

a;=4) 


Z/=3i 



?y=23 


y=63 


y^7i ' 



» y- 

ab~- c 

6. 

, fl:=2) 

7. 

fl:=40l 

3a 

OC ““ ** 1 7 

"a'+y 


2/=33 


V=3G3 ‘ 

8. 

x=Q\ 


9. x=Q) 

10. 





y=53 


y=d 


?j=83 






EXERCISE 64. [Page 214] 



1. 

x=6\ 


2. 

x=2\ 

3. 

a;=7') 

4 

. a;=3| 


y=2\ 



2/=33 


2/=23 


y=7i 

5. 

X = 4:\ 


6 

a;=13] 

7. 

a;=6') 

8. 

x=5} 


?/=45 



?y= 33 


2/ =53 


7/=5J " 

9. 

x=m 


10. 







7l=m 



y=23 







EXERCISE 65. 

[Pages 217, 218] 


1. 

x=S) 


2. 

a;=4') 

3. 

x=7\ 

4. 

x=2\ 


y=2i 



Z/==13 


?^=43 


77=33 

5. 



6. 

a:=6l 

7. 

ic=2] 

8. 

a;=~2l 


l/=2i 



?/=4J 


y=li 


y= 33“ 

9. 

a:=5^ 


10 

a;=l) 

11. 

X=l} 

12. 

x= B\ 


2/=2J 



?/=33 


y='2i 


77= -13 ‘ 

13. 

JC^ll 


14. 

a!=— 5] 

15. 

X- -2') 

16. 

a:= 5] 


?/=4j 



!/=■ 23 


V= 13 


77=113 


hc- 

•c“ 





18 

x=7\ 

li. 

a;=^ — 
oa- 


^•^~ah-h- 

« 



7/ =93 

19. 

a;=^') 


20. 

x=B\ 

21. 

a:=2) 

22. 

:c=7] 


2/=i3 



7/=23 


7/ = 3] 


77=43 

23. 

£C=101 



II 

• 



25. 



!/= 5) 



y= 

103 



7/=33 

26. 

o 

a**' 

am- 

1 1 

a^-h^ 

an—bm' 


27. 

x=j. 

II 

28 

11 

1 

2 


29. a?= 

4 y~ 

■2 30 

II 

. 7/ =18. 



638 


ALCtEBKA ^iade easy 


.EXERCISE 66. [Pages 223-225 ] 
i 2. 7 9 3. 6, 2 4. 60, 15 5. 24 15 

6, ^ 7. 5 8. I 9. Rs 15 , Bs 24 10. 3, 5 

11. 6 miles and 3 miles pei lioui 12. 8 , 16 13. 20 days 

14, 480 sq yaids 15. Tea 2^ Sd and colfee I 5 Qd pei lb 
16. 3 imles, 4t miles pei houi 17. 22 and 26 18. Jl, Rs 500 
B,Rs 400,CRs 200 19. 75 20. 65 21. 21 40 

22. A hoise, £24 , a cow £12 23. bs,Ss 24. A 24 days 
B 48 days 25. rs 26. 15 miles 27 72 28. 76s , 35.9 

29. 34 sheep £70 30. 27 

EXERCISE 67. [Page 231] 

7. (1) bar-5?/=0, (2) 5ai+7?/==35,(3)a;+i/+2=0, 

(41 21cc- 52/+ 124=0 , (51 5a;+9y+55=0 

EXERCISE 68. [Pages 233, 234 ] 

1. 3,-3 2. a -a 3. 14,-14 4. 2[,-2[ 5. 5-5 

6, 3—3 7. 5,-5 8. '2a —'2a 9. a,— a 10. 6,-6 

11. 1-112. 2-2 13. 6 vds 14. 9 yds 15. 5ft 
each 

EXERCISE 69, [Page 236] 

1. 2, 4 2. 5,-4 3, 1, — 1 4. 4,-13 5. 3—4 

6. 7. 7-J, 8. 2 i 9. 2,-xV 10. a, h 

11. 19 21 12. 16,-6 13. ,3,13 14. 40yrs 15. Rs. 75 

MiscGllaneous Exercises. IV. 

[Pages 236—241 ] 

I 

1. 12a3 , 7'20a°h^G^xY 2. (a;-3)^ (a;-3)(4a;+l) , a;-3 

3. {a—h)ib—c)(J)—2a—dc){2a+b+Bc] 4. (aj+?/— 11 

(a;-+7/--a:?/+aJ+V+ll 6. ajH2 7. x= -s — t-tT'’’ 

a--ab+b- 

a Q ab , abc , 

ab-fc-ac 
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1 . 

4. 

v= 

1 . 

5. 

7. 

2 . 

7. 

1 . 

4. 

1 . 

7. 

1 . 

5. 


x~d 2. ix~a)ix+bXx“+a) 3. (i) }x-y^,{n)3 
a^&a • 3(a;-5) ‘‘ ^ 2fr ’ 

26 * 

in 

(a— 6)(a5+rt) 2. a;®— 1 3, a;+3 4, (x+a)(x—b){x+b) 
8 A 2(6-1) 2(a-l) 

ac*— 16’ ■ ^^2db-a-b’ ^ ^ab-a—h' 

£2800 and £1200 8. 8,-3 


^ a ;=‘- 3 a ;+ 2 * w ^- m + l ’ ®* 

W 8 . 8,-8 


ic®— ffl+6)aj+a6 2 280a;® ~ 123a:" “37a; +6, 3, 1 
4-. 8 i,-4. 


a; -2 2. rt6c(a?-a)(a;--6){a;-c) 4. 0 6. 2 

12s 8. 4,-4. 

VII 

9 

a;® +5 2. («-6)(6-c)(c-fl) 4. 




. 7. a;=10, ii=lh 


8. 4,-J 


EXERaSE 70. [Pages 242 243] 

1. a;®+6x® + lla;+6 2. ic®+14a;®+59a;+70 3. x^~x^ 

-24a;-B6 4 a® -re® -70a; -200 5. a;®- 4a:® -29a;- 24 

6. a:®+a;®-46a;+80 7. a:®-B7a;+84 8. a;®-6a;®-37a;+2lO 
9. a:® -23a;® + 167a;- 385 10* r® -18a;® + 99a;- 162 

11. a;®-13r®-8a:+240 12. a;®+25a;®+199r+49') 
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13. a;8-52a;+96 14. a:® -23^®+ 151a; -273 15. a;®+ 

13a;® -144 16. a;®-7a;®-138x+1080 17. a;®-3a;=-73a;+315 
18. a:®+B5a;®+39Ga;+lJ-i0 19. as® -148a;- 672 

20. a;®-31a:®+290a;-80() 

EXERCISE 71. [Pages 244, 245] 

1 . x’+y^+z^-^^xy—^xz—^yz 2 . x^+y^+z^—2xy+^xz 

~-2yz 3 x^+y^+z^-2xy-2xz+'2yz 4, x^+y^+z^+2xy 
-2xz-2yz 5. x^+y^ +z“-‘2xij-2a:z-\-2tjz 6 . «®+a;®+?/® 
+2®-2fla;+2fft/-2oz-2a;;y+2a:5:-2?/0 7. fl®+a;®+?/®+ 2 ® 

-2ax-lay-2az-\-2xij’\-2xz'V2!iiz 8. 

+ ^ ® + 2mn + Imp + 2mq + 2 w? + 2np + 2nq + 2 m?* + 2pq + 2 ^?? + 2qt 
9. + ?® + a;® + ?/®- 2 jpg+ 2 jM ’-2px~-2py-2qr-\‘2qx 

+2qij—2tx—2iy+2xy 10 . fl® + &® + c®+a;®+y®+;s:®— 2 fl& 
+ 200 — 2 aa;+ 2 fl?/ + 2az—2bc + 2bx-' 2by-~2bz-'2cx+2cy -^^cz 
-2xy-2xz+2?jz 11 , «®+4a;®+9?/®+16a®“4aa;-6a?/-8a2r 

+12a;?/+16a;^+24?/c 12. 4fl® + 6®+4c® + tI®-4a&+8ac-4a£? 

-Uc+2bd-^cd 18. 49 14. 9 15. 0 16. 144 

17. 1635 18. 1 19. 63 20. 0 21. 47 22. 69 

EXERCISE 72. [Page 248] 

1. a;®+5ar‘+10a:®+10a;®+5a:+l 2. a;«+6a;®+15a;^+20a;® 

+ldx-+Qx+l 3. a^+8a^b-}-2Sa^b^+56ii^b^+70a^b* 
+56a®&H28a®&®+8fl&’+^>8 4 a®+9a86+36a’6®+84a®&® 

+126a®^>H126a^is+8k®i®+36a®6^+9a6S + 6 ® 5. x^-6x^y 
+10x^V^-10xY-^^xi/-V^ 6 . 7M’-7?M®??+21??i®?i® 

-35??j^?®+35??i®M^-21???®M®+7M2M®-?i’ 7. a;H8a;®+24a;® 

+32a;+16 8 , a;®+10a;^+40a;®+80a;®+80a;+32 

9. a;®+8a;H28a;H36a;® + 70a;H56a;®+28a;®+8a;+l 10. x* 
+12a;»+54a;®+108a;+81 11. a;®-5a;^+10a;®-10a;®+5a;-l. 
12. G4-1922:+24O22-lGO2®+6O^^-120=+^«» 13. 16a;^-32a;® 
^Mx’—Sx'i'l 14. x^ ■"9x^f/'f‘36x^y^'-8ix^y^'i-126x^y* 
-12GxY^‘i-8ixY-3Gx^y^+9x?j^-i/ 45 . 243a:® -SlOa;'* 

+1080a:3-720a;2+240a;-32 16. l-8fl+28fl®-56a3+70a4-56a® 
+28a®-8a’+a® 17. l-7c+21c2-35c3+33c4-21c®+7c®-c’ 
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18. l-183;+135;c=-540a:®+l2l6a:^-'145Sj:®+729a;® 19. 1 

-14a;+84a;®-2S0a;3^530j;4-672a;5+J4S2:®~128a;^ 20. 256a;® 

— 1024a;^a + 1792a:®fl^ -• 1792a;^a^ + 1120a;^a* — 44Sa;®a®+ 
112a;V~16a;a’+fl® 21. a!"®-10a;®fl+45x®c=-120a;’a®+ 

2l0a;®a^— 2o2a;®G®+210a;^a® - 120a5®fl‘+45a;'a®— 

22. 243a;® - SlOaj'a+lOSOa;^^- - 720x"'a^ + 240a;a" - 32fl® 

23. 10x*-h2dx^+2 24. 2a;®+30a;"+30a;"+2 

25. 14js®a+70a;^a®+42a;-fl®+2a' 26, 16 27. 32 23. 64 
29. 128 30. 256 31. 30 32. 3 33. 0 34. 16 35. 0 

EXERCISE 73 . [Page 250] 

1. x^-\-y^—s^-T9xijz 2. j?®— 82 ^-?®— 6j7gi. 3. 8x^—27y^ 
-'Z^-~18xi/z 4. o®— 8Z>®+ 27+ 18a5 5. 27fl®— 12353-64 

-180^5 6 , (x-y-l}(x^-{-y^+l-hxy+x-y) 7. (x~i/+2) 
(a;®+y®+4+a;7/-2a;+2y) 8. (x-2i/-3zXx^i-4y^'i-9z- 

+2xy{-3xz~6tjz) 9. 0 10. 0 11. 0 16. 0 17. 392000 

EXERCISE 74 . [Pages 251, 252] 

3. 8(lf-c)(c-ti)(a-d) 4. (l/—s)(z-x}(x—y) 5. 0 6. 0 

EXERQSE 75 . [Pages 253 254] 

1. 2x^y+3xh+12f/^z-i-4:y^x+9z^X’i-18z-i/-i-12xi/z 2. 64a;®y 
+320xh4-5y-z'i-8y~x-h200z"x4'2oyz='i-80xyz 3. 2a=5+3a®c 
+125®t+4a5®+9flC=+lS6c®+l2fl5c 4. 9x-y-i-90x-£+l0y-z 

+3xy~+300z-x-hl00s-i/'hWvi/z 5. 2x^H-2y^+2z^ 

•i-7(x^y-j-x^z+y^z+y'x-i-z^x+z^!/)+16xi/z 6 . 2a^-3j'C 

— 125®c— 4fl5®-9«c®+185c®+l2a5c 7. 4fl5c 8 4 g5c 

9 0 10 . 27(75<? 

EXERCISE 76 . [Pages 255 256] 

4. 0 8. 84fl56 9 6x>/z 10. 3(?/+r-a;)(2a;-2?/+rj ^ 

(x+ij--2z) 11. 3^2a;+3y+3r)(3a;+2y+3“)(3a:+37/+2r) 

12. 2567 13 16S00 14. 1280 15. 1331 


1—41 
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EXERCISE 77. [Page 259] 

(jp®+4(j;“+?®+^2+i??“22?) 3. (2a;— 3?/— ^)(4ic®+9y®+£:® 

~3z/5+2^a;+6a;^) 4. {a+2&+l)(a^+4&*^+l— 2 &— a— 2a&) 

5. (2a+3&-4)(4flH9fc2+16+12Z;+8a-6fl&) 6. 

+4+2^-2a:+a;y 7, (a;2-a;+2}(a;^+a;®-a;H2a7+4) 

8. '‘2{z-^y}{^x^’¥i/-¥z^+ijz-‘Szx—Sxy) 9. (ft"+3a+5) 

(a^-3a®+4fl2-15fl+25) 10 . x-by+B 11 . a^+b^’{-c^—ab 
+ac+6c 12. x^+y^+l+xy+x—y 13. a;“+42/^+92:‘ 
+2xy’-BzX"i‘6yz 14. 2fl-3&-c 15. (2a'-&)(7a^+8a&+4&^) 

EXERCISE 78. [Pages 263, 264 ] 

1. -(b—c]{G-a](a~b}{a^+b^+c^+bc+ca-^ab) 2. -(b-c) 
iG-a)(a-b){b+c){c+a)(a+b) 3. — (&~c)((;-(2)(fl-&) 

{a^ ■\-a^{b+c)-¥b\c-\-a)-\-c%a’{-b)-\-ab^ 4 . -{b—c) 

ic-a){a’-b}{a^-\-b^ + c^+bc+ca'\-ab) 5. — (&— c)(c— a)fa— &) 
(&c+Cfl+a&) 6, {y-\-z){z+x)[x+y) 7. ( 2 /— a;)(a;-?/) 

(j/a+^aj+a;?/) 8, b{y ■~z){z-x)(x~y){x^+y^-\-z^-’yz—zX'-xy) 
9 -iy-z}iz-x){x-y) 10 . -{b-c)[c-a)[a^b) \l.-ib-c)[c-ci) 
[a-h) 12. (fl+&+cX&c+cfl+a&) i.B.B{2x~y+z)[x-'z){x+y) 
14, - (& - cXc- a){a-b){b ^ + 5c+ c®)(c- + ca+a^){a^+ ab+ b^) 
15 —iy"~z){z—x)ix—y){y^z){z+x)(,x+y){y^z^+z^x^+x^y^) 
16. 3(2a+HcXa+2&+cXa+6+2c) 17. ( 2 /+;g-a;X;s+J»~^y) 
(x+y-z) 18. -{v-'z){z''x){x-y) 19. -{y-zXz-xXx-v) 
(a;+y+0+3) 20 . {y-'z){z—x)ix—y)(x'i'y'i‘z) 

21. («a;+ by+cz)iby+cz - ax)(cz+ ax - byXax-^ by- cz) 

22. (a;+2«/+3^X22/H*3^-a:)(30+a;'-2y}(a;+%~3a) 23. 4200 
24. 249- 25 1950 

EXERCISE 79. [Pages 271, 272 ] 

1. (a;+l)(a;='+l) 2. (a;+l)®(a;-l) 3. {x-¥l){x-iy 
4. (fl6+cXflc+6) 5. {x—a){x-\-b){x^-bx'^b^) 

6. iflx-^hjXbx-Vaij) 7. {x-z){x’\-y’¥^ 8. (a:+flX*'”^) 

9. (a;®-a&X2fl~3&) 10. (a-&X«+^>+®) 
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11 . (2rt— 3&X2a+3&+4c) 12 . (ax'-by){ax+by+cz) 

13. {x^-v^)ix^+yz+y^) 14. (4r-~5fl)(4«+5a+3&) 

15. (a+&Xa®+<i&+&") 16. (m—n){m^—mn+n~) 

17. la'-b)[a+b)^ 18. ix+y)(x-y)^ 19. (a+2Xa^+3o+4j 
20. ^a;-5Xa;2-12a;+25) 

22. {x-y){x~y-l) 


24. {x^+a^X^~(^y 
26. {a+2b)ia-^b+c) 

28. {m~2nXm—Sn+2p) 

30. (fl;+4fl)(2a;— 3cr+4&) 

32. (3ac+?/)(a;— 37^+2) 

34. {x—2y+Bz){x+2y~3z+4:) 


21. (2a-3&X4«+3i)(a+3&) 
23. {2a-b){2a~b-B) 
25 {a^+2b^){a-b)[a-2b) 

27. {x-3y)[x-y+z) 
29. ia-Bb)ia-7b+5c) 
31. (c-4«>}(rt-2&+3) 
33. cXflf+ &+C+1) 

35. (Sx-iy-Zz) 


(3a;-4y+2s-5) 36. fa+fe)(fl-&)(a:-i-aXa;-oX2a;®-3rt’') 

37. {2x—Bb)(x^+ax—b) 38. {x-\-a){x—a){a+bY 

39. (a-l)X2fl='-a+2) 40. (ff-lXa2-6a+l)(a=+3a+l) 

41. (2fl;+2?/+2Xa;+27/+25) 42. (x-y-s}(2x+3y+z) 

43. {a^+l)®(a*-7fl®+l) 44. {2x-¥y—3z)[2x-3y-{-3z) 

45. {x~a){x^-¥ax-\-a^){x^ -ax+a^) 46 te+lX£C+2Xa;*f 4) 


EXERCISE 80. [Pages 275, 276 j 


1. (a;+l)(a!+3)(a;+4) 

3 (£c-l)Ca:-2)(a:-3) 

5 {x—l)ix~-~3x‘~2) 

7. (a:-2Xa;^-4a;+5) 

9. (a;-l)(a;+2Xa;"-4a;+5j 
11. (a;-2Xa;+3Xa;-+4a:-6) 
13. (a;-5Xa;=-2j;+3) 

15. (a;+2)(a;-4)= 

17. {x+2y){x--2xy-by^) 
19. (a-'26X3a-+7a6+146=j 


2. (fl;+2)(a;+3)(a;+4) 
4. (a;-2Xa:+3Xar+4) 
6 (a:+lXa:"+4a;-6) 
8. (a;-2}(a:+2)(7;®-3a;-5) 
10. (a;+lXa;-3)(a;=-3a;-2) 
12. (a:+2)(ic-4)(a;“-5a;+7) 
14. (ic+3X3J"“3a;+4) 
16. (a;— 2X2ajHa;+2) 
18. (a+3bXa^+ab-3b~) 
20. (2x ~ l)(4a:- + 2a;+ 8) 
{x+iyix-2) 23. (a-b) 


21. (a:-l)[a;+3){2a;+l) 22, 

{2a^+ab+b-) 24. (a;-l)(3a;2+lla;+3) 25. (aj+Sy) 

(a;=-3xy+3^^) 26. {x+a—b){x—a+2b) 27, {a;~+(a+ &)"?/“} 
{x+(a—b)y\{x—{a—b)t{) 28. {ff”+(a;+7/)"i”}{a-+(T;— 
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29. ia-\-2x-y)ia-x+2ij) 30. (£C+2a+ &](«:“ a+2&) 

31, 32. (2fl+5— 3c)(2a— 3&+3(3). 

33. (a:2+4a:-3)(rj:®+2:c+3) 31. (a^+a&-&®)(fl®-5a&+6®) 

35. (23c2-4a;-3)(2a;2-6:c+3) 36. {x-l]Xx^+l) 

37. (a®+3fl-5)(fl®-3fl+5) 38. (a-&a;)(a-&a;-ca;®) 

39. {x^y^+xy-z+lYxhj^'-xy+z-^l) 40. {{y-\’z)x—y-\’z} 
{{y-z]x+y+z\ 41. {(a +6)a:+(Gt- &)?/}{(»- &)sP+(«+&)t/} 

42. (j:2-2a;'-l)(a:2-2a;-4) 43. (a^-Sa+SXti^-Sff+l) 

44. (2a:®+3a:-3)(2a;H3a;-4) 45. ix^'-xy+y^)[x^~-'4x?j+y^). 
46. {a;2-2a;+4)(a;2-3a;+4) 47. (a"-2ff&+2&2) 

(a“-5a&+26®) 48. (a;®~3a;+6)(£C^+7£c+5). 

49. ia-hYia^+Qah+h^) 50. (a:2+4a;+10)(a;H4a;-2) 
51. (a!2-3a;-5)(a;2-3a;-17) 52. (a:-l)(a;+8Xa:H7a;+30) 
53. (a;-3X2:t:+3)(2^2_3^^7j 54 ^ q 55 ^ q gg^ q 

57. 300 58. 5 

EXERCISE 82. [Pages 299-301 ] 

1. 179 2. 3 3. 65 4. -8| 5. ^(ad-hc) 

16. 5fl“— lla+15=0 17. fl=0, 01 1^ 18. 2;?a, where ms 
any positive integei 29. {h - c)(a- c)(fl - l){ab + &c+ m) 

36. l+a;+a;2+ +a:^‘’+5c3’ 3S. 11111111 41. x^-xhi 
+x^if~-xiY+iY 42. x^-xS+x^v^-x^iY+Xi/'-i/ 

43. xHoc^y+xY+xY-^xY-^xiZ+V^ 44. x^^-x^hf 

+a;^V'-a;V+icV-«V^‘’+a;2?/’2-7/i« 45. jcis+a;!*?, 

+ 46. p=12,a=4 49. 0 50. 1 

EXERCISE 83. [Pages 306, 307 J 

1. 2aj— 1 2. Sac— 2 3. 2a;+5a 4. x{dx+A) 5. Sa^— 1 
6. 2fl— 3& 7. ai^+ac+l 8. x“~-xij+y^ 9. a:(2ac®+ic+l). 
10. a;H3a;+l 11. a;2+4cc+l 12. x^+2ax+5a^ 

13. x^+Bax+ba^ 14. 2a2-3aic+7cc- 15. 2-3aJ+5a;2 
16. l+^x-Tx^ 17. x^(2x~4-3xa-i-4:a^) 18. 2(a®+5«+2) 

19. X-+3X-2 20. x^-3x+6 21. x^-hbx+l 


( 
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»* 

22. a;“+2a;+4 23. a;^+3a;+5 24. 2 (£c^- 2 aa;+ 2 » 2 ) 

25. 3a;2+2a»/+4v“ 26 aj-+2a!+3 27. 4a^+2a-6 
28. a;^+ 2 a ;+3 

EXERCISE 84. [Page 310] 

1. a;®-5a;+6 2. 2a;®-17fl;+12. 3. a:®+3aj+4 

4. 3a;3~5a;H7 5. 6^3„ll£i5+4 6 . 2a;2+ 15x^8 

7. 3xH5x“l 8 . 5x®-3x“l 9. 2 !bH3x-1 

10. 3x3~2x+l 11 ajHx+2 12. x2+3x-2 

EXERCISE 85. [Pages 312, 313] 

1. x+i 2. 2 x-l 3. 2x-3 4. 2 x 2+1 

5 3a-2& 6 . 3a-5& 7. 3 x -4 8 . 2 x *-3 

EXERCISE 86 . [Page 314 ] 

1. 9x^+30x®-17x®-76x+32 2. l&x^+3x^-109x® 

-84X+32 3. 48cc®“64x^-120x®+160xH27x-36 

4, 45x^-24a:®-123xH40x+80 5. 12x'‘-14x®-94x=* 
+63X+180 6 . 12x®+8x®+25xH34x*+15xHl8x+8 

7. 32x®“24x®-8xHl8x®-48x®+27x-18 8 . 12 x« 

+24x® +95x^ +118X® +249x® +144x+2l6 


EXERCISE 87. [Page 316] 

1 . 12x*-100x® + 195x2+70x~72 2. 6x'‘-79x®+273x« 
-188X-96 3. 48x^~92x3--128x® + 157x“30 

4. lex*^ +40x’ +20x® + 38x5 -20x^ _ 32358 _ i5a;2 -9a;+ 9 


EXERCISE 88 . [Pages 318, 319 ] 


1. x+3 2. 


5. 

8 . 

11 . 


3x— 2?/ . 

2 x+o?/ 

x®+3x+o 

■ I - - • 

x-+dx~5 
3 x®-"«x— 2 fl^ 
Bx*+flrx— 2 fl® 


A x^~ax+b^ 
x-\-b ' a— 4& ' x~+ax~-b^* 

l + 2x-3a;= _kzllL. 

l—'ix'+ 6 x~ * x^— dx+l 

X"+ 3 flx+ 7 /t= ^ 2 rs+ 3 . 

2x®— dax+5a® ' dx+4 

.0 2(«— 5a&+76=) 

3 (fl“+ 5 fl&+ 7 ^;")' 



m 


ALGEBRA MADE EASY 


a {3a^-b^) . 4a;(2a;^-3y^) 

4(2x2+ da;+4)* ^ * 2a^-b^ ' dy^Sx^ -2y^y 

16. 2(o+6+c) 17. \+X7jz 18. 


19. 2 


9ft 

5x2-3xv+2?/2 


EXERCISE 89. (Pages S22 -324] 

1 lOSx^ o 9gx(x+g ) « 4a& 

’ Slx^-v/"* ' ' ia—b)^ 

A 6x2-12 - 6ffi=x „ 48ri3 

X*— 0X^ + 4 ’ 4x*— • a;* — 


« 2x 
• x*-l 




(x-fl)(x-ft) 


x2-6x+5 


x2+14at+13a2 ^ 


l+x'‘+x‘' 


12r* 96rtx^ 

x®-64* i6x«-6561as' 


2^ - 17 _ fl-c? t)a-ii ^ 

(x+fl)(x+4ff) ’ (x+fl){x+(/) * {a—l){a—2)(a'-3} 


6a- 11 


19 - •*■ . 

(x+2)2 


(x-3)(x-4)(x“5) ’ a-1 


22. I 23. 0 24. 0 25. 

EXERCISE 90. [Pages 325— 327 J 


—x^yh^ 

2. 

i 3. 1 

1+a 

6. 

4a‘ _ 

3 

3{x— 2) 

10. 

x*+xV^+?/^ 

xy{x-7j)^ 


bdf+be+cf 


17. I 


18. 7 


19. 1 20. a 
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21. 0 


EXERCISE 91. [Pages 335'~340 1 

9A a OK a*—10a^b—6ab^—b* 
a^+lOa^b + bab^-b^ 


26. ] 


27. 

^jzP. 

a+b 

28. 

, 0 

29. 

i 

x^+2 

31. 

8ffl+&) 

. t 

a-b 

32. 

1 

34. 

0 

36. 

x+y-i-z 

37. 

a^ + b^+c~ 38. 

a+b+ 

39. 

0 

42. 

0 

43. 

1 

45. 

1 

46. 

0 

47. 

1 

— t 


xtj/ 


30. 1 
35. 3 

44. 2 


lst:~a)(cc-bA7;-c) 


(x-aXx—bXx-c) 


(x-a)(oe-bj(X'-c) 


e:^ x^ + hx + k ca ^ 

01. r;; 56. X~ 

{x-aXx—bXx-cj 


Miscellaneons Exercises. V 

[Pages 340—8451 

I. 

1. (i) (a;^+20a:+95)®— 16 , (ii) (a;®+5a;+5)“— 16 

2. 3(^+a;)fy+20+a;)(5+2a:— «/} 3. 18(o~b^+b^c-+c^a^) 

7. 0 

El 

1. 0 4. 0 5. 6. 2«+3&+6 

ab 

7, 18a;^-45a;®+37£c®--197;+6 8. (ft~b)(b-c)(a-c) 

m 

1. jr®+10'c®+40a;+"+^+^* 3. 0 5. 2a:— 1 

to o SI/ 

(x~^)(2x'-l](3z-2} 6. a;=-2a;+3 


7. ab-i-bc-hcfr 
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IV 

1. 242 2. (ft-&)(2a''&)(a+&)(<*+2&Xft®+&®). 3. 2528000 

5. 7. (aj-5?/)(a;-3?y)(a;+2vXa;+7y), 
ix-Sy)ix+2y){x+7y) 8. 0 

V 

3. 1 5. (i) (3a2-4a&+3i“X2a“+17a&+2&2}, 

(ii) (3a;^-7a;+3X4a3®-3a;+4) , [m) {ax“'\-bx-¥a){bx' + cx+b) 

7. (i) x—a (ii) x—y—z 

VI 

4. {a;+2/)H^* 5. d{xHif+z^-} 

6. (i) aH{2w-3)a;~6m; (u) a:~3 7. 2a;'-3a;+l, 

2a3®-3a;®-7a;'+28a:3-36a;2+20a:-4 

vn 

1. 2. a: 4. W «+^, (..) 

5. (5a;+2j/)2+4(2a;-5j/)S jj«5,3=2 6. (2a;-lX3a;-l) , 

(a;-2X2a;-lX3a;-lX2a;+l) 7. -42 


vni 

4. {a+h+c+d){a+b-c-d)[a-b-c+d){a-b+c~d) 5, -t 

6 . 0 8 . x’^+l. (aj^-lXaj^+l)^ 


EXERCISE 92t [Pages 348 — ^350 ] 


1. 

-oi 


2 

0^+ab+b^ 

a+& 


3 I[fl+&+c} 


4. 

a"+b^ + c^ 

• 5. 

2 6. 3 


7. 4 

8. 6 


2{a+6+c) 



9. 


10. 

4 

11. 4 

12. 

7 



13. 

1 

14. 

4 

15. 2 

16. 

1 2 

17. 

3 

18. 

2 

19. 

3 

O 

20. 21- 

21. 

26^. 

22. 

13 

23. 

55i 

24. 

- 1 0 

25. 

26. 

—44 

27. 

15. 



ANSWERS 




28 


U 29. 


ab {(i+b — 2c) 3 ^ {ci^—nb+b^)o+ab 

a^-^b-rac-bc «6(cTIj 


32. 

bn— am 

m—n 

S3. 

a^-\ 

b+c- 

^ 3i 

■2a 

a+b ^ 




EXERCISE 

93. 

[Pages 352, 353 ] 



1 . 

j 2 . 

-3 

3 

_ 46 
Ui 

4. 2 5. 1 

6 . 

2 

7. 

1 8 . 

1 

9. 

2 

10 . i 11 . 4 

12 . 


13 

i 14. 

7 

15. 

41 

16. 6 17. 7 

18. 

4-J 

19. 

-4 20 . 

1 

21 . 

, 5 

0 

22 , 31 





EXERCISE 

94. 

[Pages 355, 356 ] 



1 . 

24 

2 . 

~b 

3. 

4. 2 

5. 

7 

6 

a^-hb\ 
a + b 

7. 

ah 

a+b 

8 . 

ab(c+d)~ed(a+b) 

ab~cd 

9. 

2 

10 

3 . 

2 fl^* 

11 . 

4 

12 

a-+b^ 

a+b 

13. 

S 

14. 

2 

15. 

ab 

a-b 

16. 

25 17. 3 



18. 

2{a^+b^) 

a—b 


19. 

6 20 . l(fl- 

b) 



EXERCISE 95. [Pages 361— 368 ] 

1. 16i^ minutes past 3 2. 27-^ minutes past 5 

3. (i) 5^ minutes past 7 , (n) 21xr and minutes 

past 7 , (ill) 3Sj^ minutes past 7 4, (i) at Sir minute*? 

past 7 , (ii) at 16xV uunutes past 6 5. miles 

6 . Smiles from the staitmg place of the fastei ivalkei 
6 hours 8 . 36 minutes 9. 3i and miles per horn 
10. 160 11. £6 12. 300 13. areyhound, 860 

haie, 1200 14. 180 15. 20shdlmgs, 5 shillings 

16. 40 17. 76 lbs of gold and 39 lbs of silver. IS. 4 hours 

and 6 hours 19. 42 years 20. 63 oz from the 1 st bar 
13^ oz from the 2nd 21, £430 8 .? 4d , £156 139 4d 
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22. 11 pice , each man of the 1st set 6 pice of the 2nd 
set 5 pice, of the 3id set 4 pice, ami of the 4th set 4 pice 

23. 189 24. 25 oz 85 pei oz 25. 75 . II 5 8^ 

26. 2080 27. each , 512 28. 12 29. 654 

30. 1504 31. 80 32. 736 33. 4550 


EXERaSE 96. [Pages 373 374] 


1. 

a;— 1 

l/= 

2 

2. 

x='2 

!, ?/=3 

3. 

13 = 3 

7/ = 4 

4. 

a:=4, 

?/= 

5 

5. 

x-c 

) ?/=6 

6. 

13=6, 

7/=7 

7. 

£C=:7 

?/= 

>8 

8. 

03=8 ?/=9 

9. 

03=4. 

7/=2 

10. 

x=^6 

l/= 

3 

11. 

03=7 

?/=4 

12, 

, r=5, 

7/=S 

13. 

x-=S, 

!/= 

12 

14. 

3C=6, 2/ =14 15. 

03=8, 

2/=18 

16. 

a:=8, 

y= 

9 

17. 

r=l2 ?/=16 18. 

03=21 

,y=12 

19. 

x=21, 

y= 

24 



20. 

03=18. 

, 2/=28 


21. 

a; =99, 

y= 

15 



22. 

03=10 

y=8 


23. 

a;=3. 

?/= 

( 



24. 

r=4 

7/=7 


25. 

a;=3. 

?/= 

'5 



26. 

03=1 

y=2, 

£=3 

27. 

a:=2. 

2 /= 

-3, 

1 ■ 4 


28. 

03 = 3 

7/ = 4, 

£ = 2 

29. 

x=2 

v= 

6, 

c=4 


30. 

03=1, 

7/ = 3 

£=5 

31. 

x=2 

y= 

'3 

2=4 


32. 

03 = 3 

y=6 

£=9 

33. 

07=4, 

y= 

10. 

£=14 


34. 

03 = 8 

7/=12 

£=20 

35. 

35=3 

y= 

4 

s=b<. 








EXERCISE 

97 . 

[Pages 377 378] 


1. 

a:=l 

y= 

=2 

£=3 


2. 

03=2, 

y=s 

£=4 

3. 

07=2, 

y= 

=3 

£=4 


4. 

33=2 

y=B. 

£=4 

5. 

a:=3, 

l/= 

=2 



6. 

03=3 

y^2 

£ = 1 

7. 

a7=4, 

y= 

=3, 



8. 

03 = 4, 


2=6 

9. 

03 = 7 

?/= 

=5. 

5^=3 


10. 

03 = 1 

7y=-2, 

2=3 

11. 

03=3 


^=5 


12. 

03 = 3 


o 

13. 

03=10, 

y= 

=20. 



14. 

03 = 2, 

y=-3. 

£=4 

15. 

a?=5. 

y= 

=6, 

z=7 


16. 

03=2, 


£=6 

17. 

x=2 

y=b. 

£=10 

18. 

03 = 12, 

?/=12, 

£=12 

19. 

x~G, 

?/=12 

£=8 


20. 

03=4, 

2/='m 

£=} 

21. 

a3=7 

v= 

=10 

£=9 


22. 

03=1, 

;/=-2 

£=3. 



ANSWBES 


Go] 


oo h^+c^—a^ c^+a^—h^ a^+h^—c^ 

23. x= — o7 » «/“- — n ’ 2= — cm — * 

2bc 2ca 2ab 

24, rK=l, 2/=2, 2=3 25. £c=— 28, ?/=10, 2=9 


EXERaSE 98. [Pages 381, 382 ] 

i ^ ^ & Co 2 

1. a:=2’ 2^=2’ ^= 2 ’ 2. ®=«-nr:re’ 

2 „ 2a6c 2abc 


, 


2 


- 3.2? = ' 


a—b+c 
2abc 


b+c~a ab+ac—bc ^ &c+rti— ac’ ^ 


jt a^+b^ a^+b^ 

4. a?=— 2~- r2»c v=-cnr’< 
a^-b^ ’ 2ah 

6. ii?=5, 2^=3, 2=1 

8, a;=13, 2/=8, 2=9 

10. ,1=^= ^ 

a—b b—a 


5. £c=2, v=4, 2=6 

7. ^=12, ?/=10, 2=8 
9. a;=4, i/=5, 2=7 

<4 4 he a 

‘^“(b-aKc-a)’^ 


y^T^rzr^ 


ca 


A, z=, 


ah 


'{c-b)[a-b} (a-c)(6“c) 

10 1 1 1 

^"’(b-cXa-c)’ (c— &){»-&) ■‘ (a-b)(a—c')’ 

i„ a^bc __ b^ca _ c'ab 

{a—b){a—c)' ^ (6-c)(&-a) ^ (c— fl)(c— &) 

14. a:=a&c, ?/=ft&+&c+Cft, 2 =fl+&+c 15. £c=&-c:, 2/=c-ff 

z=a—h. 16. as{biC 2 -b 2 Ct)+bsicia 2 —C 2 ai) 

+C 2 {a-ib 2 ~(i 2 b\)=Q 17. a=6 18. ««=4, x=>12, t/=5, 2=7 
19. a!=5 «/=4, 2=3, 14;=2 i=l 20. aJ=aJ ?/=&c 2 =frc 


EXERCISE 99. [Pages 389-892 ] 

1. 375 2. 50 lbs , 28s per lb 3. A, 14s 5, 19s 4. 20. 
SO, 60 5. 3s 6c? , 4s 2tf 6. A, ■ > B, days 

’ ’ ’ p+n—m ’ m—7J 

7. Rs 980 , B, Rs 1540 , C, Rs 2380 8. 8 liouis 9, 720 
miles 10. 4 and 3 gallons 11. 253 12. 3 half-crowns , 
8s , 9 six-pences 13. 20 persons , 6s 14. Each of the equal 
cocks in 32 hours, and the other m 24 15. 8s and Ss. 

respectively 16, 75 and 23 quaits 17. 6 qis of wheat 
10 qrs of barley 18. 45 and 22i miles per hour 

19. 20 bushels of rye, and 52 of wlieat 20. 21 guineas and 
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21 crowns at fi)st ,d guineas and 12 ciowns left 21. 2^ miles 
per hour 22. 5 , 5, 6 minutes 23. 10 and 12 miles 

pel hoiii 24. miles pei houi 25. 100 miles 

EXERCISE 100. [Pages 398, 399 ] 

I. ?/=4 2. sc=7, 7/ = “5 3. x^S, 

4. a;=9, ?/=’ll 5. x==lQ^y=lB 

6. [Take ten tunes the side of a small squaie as the unit 
of length] 33=12 7. x^7 8. 33=7 9. 9 10. 4 

II. (-6,4), (8,2), (6,8), area=40 units. 12. (5,4) 

13. (i)(3,0), (0,3), (-3,0), (0,-3), aiea= 18 units 

(ii) (1, 5) ; (12, 5) , (12, 10) , (1, 10) , area=55 units (in) (3, 0) , 
(8, 0) , (0, 5) , (0, 12) , area 40 5 units 14. (i) (0, 0), (5. 0), (0, C) , 
area= 15 units (ii) (2,1), (2,4), (5,1), aiea=4'5 units 
(ill) (4, 6), (-4, 2) , (2,-4) , aiea=»36 units 

15. 33=1) 16. 33= 7) 17. 33= 9> 

?/==l] ?/=— 5 ] ?/=ll; 

EXERCISE 101. [Pages 406-^08] 

1. 13 as 3 pies , 2 seers 11 chattacks 

2. Re 1, 9 as 6 p , 19 

3 . S? hours ; 19 miles 

4 . 8| feet , 4i cubits 

5. 2^ houis aftei A starts, 74 miles fiom the place ot 
starting 

6. 4 hours after staiting , 12 miles from A 

7. Re 1 3 as , 39 8 5 

11. At 4-30 P K IHi miles fiom B 

12. Rs 434 

13. 16 4 minutes after 3 

14. Rs. 3263,Rs 113 7 as 15. 6 hours 59 4 minutes , 

108 miles fiom Calcutta 
/ 
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EXERCISE 102. [Pages 411, 412 ] 


1. 

Vfl® 

2. 

1 

^/a;® 

3. 

3^/^ 

4. 

3 

Ja 

5. 

8 

6. 

BVx* 

7. 

1 

2i}x 

8. 



9. 


10. 


11. 

x^ 

12. 

J. 

1 

ft 2 

13. X' 

14. 

2 

0^ 

15. 

a;^ 

16. 


17. 


18. 4 

19. 

27 

20 

32 

21. 

1 

IT 

22. 

36 

23. 4, 

24. 

81 

25. 

36 

26. 






EXERCISE 103. [Pages 414, 415 ] 


1. a-® 2. 

5. 6. 

9. y 10. 

13. 14. ah'^c^ 

EXERCISE 104. 

1. ar-2a;^+l 2. a-27b 

4. x^+Gxz^-iy+Qz^ 

i _i 

6. «+«■*— 1+0 '*+0“^ 

8. a2’"-9&2’'+12&V-4c2^ 

1 _J. L 1 

10 . a+a'^x *—a*x *~x~^ 

12. 2a:-“+4a;-^+2 13. 

15 x^"-l+x~^” 16. 4x- 

2 lA L 1 ’> 11 

17. x^—x^a'‘+x^a^-x^a 


3. oJ® 4. 

7. x^ 8 0”* 

11. 12. ah^K 

15. o^&2 

[Pages 419—421 ] 

3. l+o®i»""+o*&"'‘ 

5. x~^+x'~hj~^+y~^ 

i 1 j 

7. x-\-y+z-Bx'^ij^z‘ 

9. fl®-64&= 

11. x-x-. 

y+x^y'^+x 14. a+a-b^-b 

X -1 J - 1 , . -J J i 

•2xhj ^+ 2 a;^ 2 '^+?/“^+?y “C“+?* 


n H n—l n— 1 im—I 

18, a;®-a® 19. a;® -2/® 20. a 

N 21 a3^+3a;^-l 22. x^+xij~-~2x*y ^-2x‘ii*+2x^7j‘^+ji 

23. a;"+a5V+a’' 24. x^-^4x^+4x+2x^—4x''^-i-x“ 


C-lg 
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4 1 IT 2 2 

ii 3 /v*8 /» 




1 +A-. 

Va tjb 


2r±^£. 28_ 
X—liV 


x+a 

ct:"+3a;a+</‘ 


i i -11 
30 x^y^—x 

34. 2 35. 


29. 1 30 x^y^—x 31. 1 32. 3 

33. 5 34. 2 35. 4 36. a;=l, y=2 

37. a:=2, ?/=3 38. ^/=3 

39. a;=l, ?/=2c=3 40. a;=2, ?/=4, 2=6 


EXERCISE 105. [Page 422] 

1. V45 2. \I21 3. V96 4. Vi2^ 

5. 6 7. \JaP¥ 

EXERCISE 106. [Page 423] 

1. ^^|2 2. 4^5 3. 6V2 4. 2^4 5. 3t/5 

6. IVA 7. oyS' 8. a-Vb 9. x^ Va 10. -8^5 

11. -4fl& Vd& 12. 5a®aj \/iax 


EXERCISE 107. [Page 423] 

1. 7J8 2. 7^2 3. 8^5 4 2J2 5. ^2 

6. 5V5 7. V3 8.J3^/3 9. 6^5 10. 0 11.0 

12. 17V2_13. {7x+y)J^ 14. [x^-2}f+Bz-)^a 

15. 4fl ij2x 

EXERCISE 108. [Pages 424, 425 ] 

1. y2^idy4 2. ^y^and^yi^ 3. 'VSand 

4. 'V^and^y^g 5. ^V^SGand^ySe 

6. The latter 7. The foimei 8. The fonner 
9. V4,V6, >/2 10. ViO,V3,^2^^ 

EXERCISE 109. [Page 426] 

1. 5^/2. 2 isjB 3. 9 4. 3a/10 5. 30 6. 5 

7. Baxlf^ 8. V864 9. «/288 10. 41/2 

11. 9VB 12. 13. 14. 

15. '^^024 16. 40^/3 17. 288 ^2 18. 480y3 



ANSWEHS 


6"3 


19. mahxlh 20. 'iJi 21. \ 22. Vi 

23. VI U. 577 25. 1341 26. 3535 

27. 26832 


EXERCISE 110. [Pages 427 428 i 

1. a»Jb-hb>jG 2, a-b 3. Qa-lO^Ja 4. lba:-y// 

5. 6x-o4 6. 6+ s/10 7. 7+4s/6 8. 6-6 s/5 

9. 2+ 6 s/2 10. 5+33,/l2+3?/i8 11. 2x-2sjx^- 
12. 182 +80s/3 13. 83+12s/^ 14 
15. 29a;2-21y=+20s/aF^ 


EXERCISE 111. [Page 430] 


1 . 


2. 5+2s/6 


10 


4. 9+2 5. 


a+ Ja^—x^ 


X 


3 24+17^/2 

6. as®- s/as^-1 


7. K2+n/2-s/6) 8. 5828 9. 6464 

11. 3630 12 6 854 13. 504 14. 2a; 15 

16. 2+ s/3 17. i(s/B0+2s/B-3s/2) 

19. 4xV^l 20. 2r® 21. 


10. 5414 

s'5a+ s/2) 

18. 193 

^/9- ®/6+ V4 

o 


22 ^+®/12+4/9 


EXERCISE 112. [Pages 434 435] 

1. V3-1 2. s/3+2 3. 3- s/2 4. s/o+ s'B 

5. 3- s/5 6. 5+ s/3 7. 4-s/5 8. 3+2s/2 

9. 6+ s/5 10. 5-2s/3 11 2s/7+s/3 

12. 3s/o-2s/7 13. 2s/lI+s/3 14 s/ 7 -s/i^ 15. s/:-^/-^ 
16. t/2( s/2-1) 17. V2( s/3-1) 18. ^3(1-- s/2) 

19. t/5{s/3+s/2l 20 s/2 21. 

22 & 23 x+Ja’^-x- _24. s/fl+ &+ s/ fl-&. 

25 s/fl+^+s/?« 26. s/^^+^/®-3 27. s/a;+y+ s/^r 
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EXERCISE 113. {Pages 438, 439] 


1. 

9 

2. 

3 

3 . 16 4. 

1 5. 

9 

3ir 

6. 

25 

7. 

8 

8. 

25 

9. 2 10. 

— 11 

(5-flP. 

'2b 

12. 

5 

13. 

9 14. 

7 

15. 

5 16. 6 

17. 3 

18. 1 

19. 

81 

20. 

«. SI 

X=t— 

a 

• 21. 


22. 0 

23. ^ 

' 24. 

. gO 

25. 

36 

28. 

2ft®-2fl64'6® 
2{t-o) ■ 

n 

27. 4 28. 1-1 

29. 


30. 

.M 

25 

31. 

-J— .■ 82. r’-, 

33. 1 01 - 1 34. 


. m 





-P 



^0 

35. 

4k 2 
40& ■ 

36. 

7 

9 , . 90 P-Aa- 

o7. 0 38. — 3 

4a 

• 39. 5 

40. 

4. 


EXERCISE 114. [Pages 444,445] 

1. ‘2rs+37/ 2. x^-'2x+S 3. x^-x+1 4. 2a;^-3a;+4 
5. 2a;H2fla:+4&2 6. 3a;2~ia:2/+3?/= 7. r/;®~a;+| 


8. 7a;2— J+3 9. 

It 

2& fl 


10 . 


14. — -3-p^ 
lx 


V ' 7a; y ^''x 

17. a;“a;^+l 18. x^-2x^-x^ 

20. 21. 22. o 

23. 3o[’''+(i“™+^-5c’’-2 

EXERCISE 115. [Pages 447, 448] 

1 . 5a;y-4 2 . 7ax^-Bb^ 3 . 

5fl& c“ 


16 ^ 

ly 

19. oa;~’4'l+a''^a; 


4. 

7. a— &+C 
10. 2a2-3&H5c= 


5. 2-3. 

8. 2a-1)~~Bc 
J) 


6. fl+&+c 

9. fl2+2&=-ac^ 
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13. 

a;2+i + l. 

14. 

0 a. 

15. 

V.. 

V X 

16. 

Bx -t , a 
a ■*'3a; 

17. 

a;+2+— • 

X 

18. 


19. 

a-h+c—d 

20. 


21. 


22. 

P + a-l 

23. 

2a(6+c)+2&c 




EXERCISE 116. [Page 451] 


1. 

32 + 9 2. 

3a3-8 

3. 4a— 3& 

4. 

a:^-3iC+2 

"b. 

2a;*+a;— 3 

6. 1 

-Sx^+2x^ 

7. 

2a;® -3ca;-f c® 


EXERCISE 117. [Pages 455, 456] 

1. The latter 2. The latter 3. The former 

4. The former 5. The latter Q. a d 7, 1 4 

8. 1 1 9. 75 8 10. 28 27 

11. 5 7 12. 3 4 13. 63 and 72 14. 85 and 51 

15. 28 and 35 16. 42 and 54 17. -15 18. 35 

19. -17 20. 23. 76 75 

c—a 

24. 1772 1771 25. B 

EXERCISE 118. [Pages 457, 458] 

1. 4 2. 18 3. 37-1 4. 36 5. 20 

6. 60 7. 20 8. 6 9 14 10. 18 

EXERCISE 119. [Pages 462, 463] 

1. a;=9, 7/=6 2. a;=25, ?/=9 3. flj=56, f/=30 

4. ka 5. 6 f 7. A 8. I 9. 2| 

10 . •J2c(.b'-b~ 11 * ^ ^1 ~ * 1 ^* ^ 

EXERCISE 121. [Pages 468-470] 

26. 0 

EXERCISE 122. [Pages 474, 475] 

1. bH^=aH^ 2. 3. 

4. ad"— &d+c=0 5. JP—mah-\-a‘n-0 

1-42 
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6 . {hi-cm)[am-hl)==>{cl-any. 7 . 

8. 35p2=6 9. (&iC2-&2Ci)(^^i&2-“Ct2&i)’^=(cifl2”C2fli)“ 

10. (&iC2~&2Cl)®(fl'l&2"’®^2^l)“(®l®2*”®2^l)* 

11. (&iC2’“^>aCl)®(^ll&2“f^2^l)^(Cl^2""®2^^l)^ 

12. (ciw“ •“ + Gm){ain ^—an-\-l))=‘{c+ amn ) " 

13. (c^ + Sab)[h^ ^2ah — ac) = (3a“ — 2ac + &c) ® 

14. a^-^h^=m^+n^ 15. (a&i+&Ci)2+(ai&+&ic)= 

=(cci— aai)^ 16. a"ii+hH=ahn 

17. a&+&c+ca+2a&c=l. 18. a+&+c+a&c=0 

19. a^+&®+c®“a&c=4 20. d®(a+&+c)+a&c=0 

21. £cH?/^+0H2a!y2:=l 

EXERCISE 123. [Page 477] 


4. 

il 

=& 


5. £C=1, y=l 

6. cc=a, 

ij=a 

7. 

x=l,y 

=1, z- 

=0 

8. £C= 

= a,y = h 





EXERCISE 

125. 

[Page 480 ] 


1. 

8 

2. 

7 


3. 

6 

4. 

5. 

33 

6. 

2 


7. 

-k 

1 

00 

9. 

IH- 

10. 

1 


11. 

16,16 



Miscellaneous Eisercises VI. 

[Pages 492-B07] 

I 


1 . 1 | 2 . 0 
{a+by 


3. bh{a+b) 



4. 2x^~'ix}j+^y^ 
8. 5+ /s/6 


II 

1. 21 2. 4»=-6»-l 3. 12 4. 

o 

5. x^-Sx+2 6. I 7. 11 
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m. 

t -30 

2. 3. (a+&-3c)(a-&+3c) 

■ 

I 

B. te-lX»-2X«:-3) 6 

7 

w 


1, 2, 3, (i) (a:-l)(a;+l)^ , 

(u) (a+l)(fl-l)(J+l){&-l) (64a;®-729)(3a;+2) 

6. —f 7. a;=a^6, y=a&^ 


V 


1. 1 2. a®(&~c) + &®(c— a)+c®(a“&)= ~(&-c)(c— fl)(a— i>) 

o 9(a^+3) 4 e. 

a(a*+27} * x ^ sjy * 11 

7. a;=>3, 


VI 


1. 1 2. 


e OJC®— 405-8 

3x2+4a:+24* 


b a +^2 j 2 * 


6. 35 = 1, ?/=F 


3. x^+(a—b)x-'ab 
7. £C=3, y=5, 2=7 


1. 2xhj ^-dxSj 


5. 7 


VU 

2. a^*+e*+(*+l 
7. 80,128 


4 «x+|y_ 

ax- by 


vin 

2. (i) (6+c-flX^+c-5fl) , 

o fl4-& c 

(a— ^+cXi'+c-a)' 

7. a;=7i, 2/=3’-, 2=li 


(ii) [x-a)(x+2i/'ha) 
6. 2a:^— 335“*+4a:‘'^ 
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JX 

1, -20 2, 3, (a-&+l)(a“ + &“+l+fl&-a+&) 

4. 6 6 . ac=16, ^=4 7, 273j minutes past 8 

X 

1 . 9a^+4&^+9(‘““66c+9ca+6(i& 2 . a;“+2a;+3. 

3. {(«+&)»+ (a- %H(fl-&)a:+(fl+%} 4. 

6. 8 7, 20 days 

XI 

2. (i) (a+J-c- (?)(«- &+c—(^) , (ii) {x+y'-z){x—y'^Z’¥l), 

(I 

5. £C®-5a;y+7;/= 

6. 480 at 16 a shilling , 00 at 18 7. 1 

XII 

2. 0 3. (i) {x--b){x-^b-2a] , (n) (x-hajix+b+c), 

4. 3a;-l 5. 20 6. 10 7. 13V3 


XIII 

0 4. 0 5. 30. e, ;l 7^ 401^2, 

XIV, 

5. fl;=4(2a+&+4 

2/=iia+2Hc), £=4(a+&+2c) 6. 5 days 

7. (a:“+6«fl;+5«“)”-a'‘ 


1 . 

7. 


4 


9 2a;+3 

ai^+aj+l* 


54 gallons 


XV. 

4. 2aj-3Z>. 



6. 4- 


xn 

1. a;®H-2a:+3 2. 1 4. a,«21,?/=DJ 

5. (xy+ab){ayHb^x) 6. -a^-b^-c^+2ab+2ac+2bc. 

8. In the 1st, the wme is <, of the whole, in the second, “ 
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1 . x^+xH 

6. 72 


XTO 

2. x=lG,y=>^b. 3. 7iln-l), 

7 x--2x+3 

2 as^ + 5 x— 3 ’ 


xvni 

2. |a 8. (i) f7a:-l)(2fl3~5) , (u) 2(£i— c)(l-ac) , 

(m) 2 to‘*w(?»+m) 4. 1920 5, «+&+<?. 


7. 05=2, 1/^4, z=»6 




XES 

1. |a 3. 

7. V6-2 8. a®+i® + c®— 3a&c=0 


4. • wj;. 


or, «c — 


4. — (a® + 6®+c®+a6+ac+&c) 6, x=Cj 

n _ &+C a+c G+& 


8, 4 and 3 miles an hour , 3^ miles 

XXI. 

5. (a-b)ia+3b-2c) 

7. (ac'- afcY =iba' —b'aY(b'c—be') 


6 , 05 ^- 05+3 


xxn 


4, 1020 yards 
8. a®+&®+c®~3a&c=0 

2 (7a;-2)(4a;-l)(3a:-l) 

8 . ^+^-1 

ji® g® 


7. 05=6+C, i/=c+«, ::««+& 


xxiir 


ft fl° + /r + r° 

* 6c+c« + a6* 




EXERCISE 126. avisos 530, oil] 

1. ±7 2. ±; 3. ±2 4. ±9 

5. ±2 6. ±-^^. 7. 8* ±^mb 

9. ± — ^ — , 10. 11. 12. ±n/V 

13. d:9?^a-^)“* 14. ±1 


EXERCISE 127. IPiigo 514 } 


1. 

-1,-12 

2. 

15, 

-14 

3. 

0, 3o 4, 

. b.2fi- 

5. 

c c 
a * b 

6. 

Bo 

4’ 

8n 
“ 3 ‘ 

7. 

„.7& 

0+-^, «+2'* 

8. 

6a— & 2a+5& ^ 

5 ^ 7 ‘ 



10. 

29 -10. 

11. 

, 2!. 

12. a. 


13. 

0 3o 
2 ’T' 

14. 

4,8 

15. 

f. 2ab-( 

a+& 

JC— &c 

^ ’ 


16. 

0, 5 • 

17. 

0 — "r 

j* 

18. 

0 w. 1 8 

A — S 

19. 5,- 

4 

20. 

. -14 
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EXERCISE 128. [Pages 515-ol7] 


3. 

s 7i 

T) 'i 

4. 

31, 2| 

5. 

2i 2-i 6. 

6^-lf 

7. 


8. 

4, 05 

9. 

11. 

9 8 

12. 

3 4 

5J 7 

13. 

2. 3 

3) 10 

14. 

29,-10 15. 

10,-29 

17. 

2,-3 

19. 

^ 0 

3} v; 

20. 

10.-f 21. 

24,^ 

22. 

1 57 

29 14 

23. 

^4.6. 

^25. 

1,-14 26. = 

ll±^/^3 

6 ^ 



EXERCISE 

129. 

[Page 517] 


1. 

3, 2f 

2. 

-4,-5 

> 3, 

1—1 4 

» 35 2 ^ 

5 _ " 

■ 37 3 

5. 


6. 

0,1 

7 

— 1 5 

* -L 4 




EXERCISE 

130. 

[Page 520] 


1. 

1,-6 


2. If,- 

-li 3. 

139 o 

I--34 

5. 

9ff,— 11 


6. -g, 

- 7. 

c 

I. 



EXERCISE 131. [Page 525] 

1. 1,2,3 2. 1, K3±^/17) 3. 1, -i, -3 

4. -1, -2± ^/10 5. 1, i(3± V17) 6. i(l± ^/^) , 2± ^/3 
7. 1± ^/^ , i(3± ^/^) 8. '-2± ^/6 ,-2± 9. 1 ,-8 , 

i(-7±v/^) 10. -1 ±v' 5,-1±2J2 11. l±^/2,l±^/5 
12. K3±V5),K3 ±n/^ 13. l,l±V2,K"l±-s/17} 

14. ±1 , ± 15. ±1 , ±6 16. 2 , 3 17. 2 , 3 18. 0 , 

1,2 19. ±1 , Kl± , K-li ^/^) 20. ±2 21. 2 , 
i , K5± V201) 22. 2 , i , K9± 23. 1 , 2 , i(3± -vTT) 

24. 4,-6,-l±4^/2 25. 

EXERCISE 132. [Pages 527 — 529 ] 

1. Real but irrational 2. Lnaginaiy 

3. Rational and unequal 4. Real? lational and equal 
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5. Real but iriational 6. Imaginaiy 

7, Imaginary 8. Real, iriational and unequal 

9, Real, iirational and unequal 10. 8 11. ±12 

EXERCISE 133. [Pages 531-536 ] 

1, 4a;+3=0 2. £C^+2a:— 35=0 

3. 3a;®--10a;+3=0 4, (i) cc^—Gaj+l^O, 

(ii) x^-'iaxi-4:a^~b=‘0 5, (i) sum=5, produot=6, 

(ii) sum= -9, product= ”13 , 

(hi) sum = product = - 5 , 

[iv) sum=-^, product=”-j, 

(v) sura = - product = ^ 

6. (ii) 2g')=0, 

(m) q^x^-p^q^x+2{^^-2q)=0, 

(iv) qxHp{q+l)x+{q+iy=0 

10. (i) 91a;2+8a:+3=0, 

(ii) cx^+bx+a=0 13. a=12, &=31, c=181 

14. /c=l 15. a=7c=2 

EXERCISE 134. [Pages 545 — 548] 

1. 16 , £6 2. 18 3. 3 inches 4. capitals £5 , 

J5’s capital=£l20 5. 5 miles per hour 6. 12, 5 , ^2’ 

7. 5,3 8. 4120,5,80 9. 7,^2 

10. Rs 90 11. Small wheel 4 feet , large wheel 13 feet 

12. 4 pence 13. 56 14, 20 and 30 miles per hour 

13. £60, or, £40 16. 12,16,18 17. 26 and 38 feet 

18. 25, 13, 6 19, 40 and 45 miles per hour 20. 256 

square yards 21. 14,10,2 22. 6400 23. 4 10 

miles per hour , B, 12 miles pei hour 24. 

d 

25. The sides were 30 yds and 19 yds , and the height 4 yds 
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26* 100 shaies at £15 each 27, 15, 12, 10, 7 


29. 

625 


30. 334 square feet 





EXERCISE 

135. 

[Pages 557, 558 ] 



8. 

x=8} 

a;=6l 

9. 

1) 

II 




f/=6J' 

y=8j 


y=3r y= - 

-4/‘ 


10. 

fl;-51 

*=61 

11. 

x=-2, 01, 6 




y=7r 

11=6/ 





12. 

—2 j 8 


14 

a;=8, a;=-4, y- 

=9,2/ 

S3 —3 

15. 

(6. 0) , 

(0,6) 







EXERCISE 

136. 

[Pages 575, 576] 



16. 

(i) 1 , (n) 4 , (ill) - 

7,0v)2 5 17. 

(i)4, 

(ii) 4 , 


(ill) 21 

,(it)15 





18. 

a;=4’l 

and a; =>11 

20, x= 

41 and x= —21 

21. 

■ 

1 3 


y=l} 

y‘=4r 

y=- 

-2] y= 4i 



22. 

1 -2 

1 3 

23. 1 

,25 

24. 1,-1 




25. (i) a;=>12l 

and a;=* —1 21 

(ii)a:=>-51i 

y=6j 

2/=- 6J 

’ 2/ = -lJ 

a;=— 11 (ill) x=l 

01 and a;=l'l 

[iv)a;=01 and a 

7/=— 5) t/ = ( 

OJ y=2y 

2/=0J y 


EXERCISE 137. [Pages 578, 579 ] 

— OC) —101 

1.^ (i) 16,40, 2n-6, (ii) 15,39, 2?i-7, (m) 

j-2n, (it) (t) 47,119,611-19 

■ 2. 29i;i, 46(/i, (3»-10)ffi 3. 6 4. 93 5. -48, 

-44,— 40 , 20^/i term=28 6. Isf terin=13, 18th teini 

=—38 7. 1st toim =»2 cora diff=3 

o dip-i^-citj--)) 
o« :: — • 



666 


ALGEBEA MADE EASY 


EXERCISE 138. [Page 581] 

1. 325 2. 900 3. 504 4. 8S 5. 

6. 8. 524 9. 0 10. 25452 11. 

^ ™ ” 

15. n{a+hY-n{n-l)al} 16. 899 17. 704 

18. j{{x-2y)n+x} 19. 4080 20. 

EXERCISE 139. [Page 584] 

1. 3 2. 9 3. 7 4. 13 or 7. 

5. Last teim 3 or — 1 , nrunbei of terms 10 or 12 

6. 18 01 19 7. 8, l,|,4,i 2.«&:c , 1470 

9. 1; 3, 5 7, &c , 10. 2 11. 4 oi 10 

EXERCISE 140. [Page 586] 

1. 6i,8,m,fl2+a;2 2. (i) 94, lOf , (ii)|-,7l 

3. 207,297,387 4. -2,-6 -10,-14 

5. I,"!"! &c,— 39 6, 14 

EXERCISE 141. [Page 590] 

1. •|(6w2+3j2-1) 2. 

3. •|(4«2+6n-l) 4. n^{2n^-l) 5. 

0^ w(w+lX2?i+l) ^ ^ 9 t(n+l)(«+2)0?+3) ^ 

8. "b 46}i® + 51w — 34) 

9. (if ?ns even) and (ifjiis odd) 

10. ■ (if n IS even) and (jf „ jg 
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EXERCISE 142. [Pages 595-597 ] 

1. ~^(2n+l) 2. 9,13,17,21,^ 

3. 13,6 4. 70 5. 

o 

6. -|(2wH3n+7) 7. -|(2^iH9}i+l) 

W)-»* 8,12,16,20 

10. 3, 5, 7 11. 1, 3, 5, 7 12. 3 6 7, 9, 11, 13 

16. 16 19. 20. J(«“l )?2 (2?i“l) yaids. 

21. 16 22. 5 

EXERCISE 143. [Pages 599, 600] 

I. 8748 2. I 3. 65536 4. -243 5. 

2"“® 

or,— according as « IS even or odd 

«. -m 7. 8. (i) 6,12,24,48, ; 

(n) 27,9,3,1, or,-27, 9,-.3, 1, , 

(m) ^,-27,18,-12, 9. • 

II . iJth term = /m« and gth teim =»« 

EXERCISE 144. [Page 601] 

1. 265720 2. 60ff 3. -682 4. 5. |(l-2=0. 

6 . 24* " 01, + according as n is even or odd 

EXERCISE 145. [Page 604] 

1. 1 *2, j 3. 4. I 5. lOJ- 6. H* 

7. 8. 9. i(4+3v/2) 10. -h 
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EXERCISE 146. [Pages 606, 607 ] 

1. 6,12 2. 1,1J 3. 

4. 1^,8. 1-2, 18, 37 


EXERCISE 147. [Pages 610-612] 


. , 8 . 358 1 

36’ 55’ 1683' 7' 


A 1 “1“ n 

(1^2’ * 


. (1+603)^01 _ 

*■ -ww ir^-T^- 


1-a; 


7 . 1 8. 

„ 5"+i-5-4?^ 
16x6"-' * 


9. 2"-K2n-l) , 2’'(2»i-3)+3 

11. 


12. 13. 2”+i-2-3? 

14. 2(2"-l-4n) 15. i(4”-l+16?i) 

18. 2,5,8,01,26,5,-16 19. 4,8,16 

20. -f, 4j 20 24. jz 2"'*’^— 2"‘^^+2 

1 

(l-?Xl-cw)’ 

n 


30. 



UNIVEKSITY MATICULATIOn paPEKS 


ALLAHABAD 


1927 


1 Eesolve any tivo of the following into elementary factors 
0) (2) 8fiH2a®-45, ' 

(3) a\b~c)+b^{c-a)+c‘[a-b) 


2 


Solve an j two of the follov mg equations 


tn 3-2a; 2r-5 _, 4{x^-'l) 

' ■' 1-^j; 2x-l~ 7-l6j;+4a:® ’ 


( 2 ) 

(3) 


32 ^ 8 ^ 

x+y^ x-y ’ x+y x-y 

2ar+3 4a; 1 
“F"^2a:+3“^ 6 


3 Solve graphically the equations 

3a;=17-2y , 3y=2a;+6 

4 The expenses of a faniiJv are Rs 72 a month when rice is at 
10 seers a rupee and Rs 7o uhen nee is^t S sqej-s a rupee , if the 
other expenses remain constant, find these, the quantitj of rice 
consumed every month being supposed constant 


1928 


1 B^olve mto factors 

y^a) a;®2/®-6a:y»-72»® , '(6) l“2a;-p2a!*-a;® , 

• “-N 

(c) x^ -y^+x"^ +^xyx 


a 


{a-b)[a~c) (c-a){c-b)' 


2. {a) Sinipl fy 



11 


ALGEBRA MADE EASY 


3 The sum of a number consisting of two digits and of the number 
formed by interchanging the digits is 110, and the difference between 
the digits IS 6 Fma the numbeis 

4 The annual expenses of a hospital are partly constant and 

partly proportional to the number of patients The expenses were 
Bs 7,680 for 12 patients anclRs 8,640^, foi 16 Diawagiaphto 
show the expenses for any niimbei of patients, and find fiom it the 
cost of maintaining 15 \ N 

In a iival establishment the expenses uereRs 7,500 foi 5 and 
Rs 8,900 for 15 patients Rindi graphically foi what number of 
patients the cost would be the same^in t^e two' institutions 


1929 

1 Resolve into leal elenimtaiy factors ^ 

(a) , {b) (c) ®“-l 

2 (a) Solve a;'“-17T;+ 72=0 

Find the sum, difference and the pioduct of the roots of the 
given equation 


(b) Find the value of 


x-2a 


2 . 1 ^,. (^ab) 


3 Find fli| HCF of 24*‘-2i’-60»“-32!i, and 
-dUa; -18* and the squaie root of 4a;-*+I2®'' -IH'* -30*;h|£_ 

„ f below shoM 8 the distances from Allahabad of 

certain statiop, and the times of two tiains, one up and one down 
Supposing each run to be made at a constant speed, shon by a giaph 
the distance of each tiam from Allahabad at any tune 



Distance 
111 miles 


1 


air 


Allahabad 

dep 

3-30 A M 

No stop 

dep 

nil 

78 

Fatchpui 

arr 

dep 

[ 5-45 A M 

1 6-0 A.M 


depj 


Cannpoie 

an 

7-0 A M 


< anothei, and how far is each 

irom Allahabad at 4 am 
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0 } , (6) The following table gives the population (m millions) of 
tflo countries A and B for the years specmeu 


years 

1861 

1871 

1881 

1891 

1901 

1911 

1921 

A 

1 

31 

34 

37 

40 

447 

1 

47 

50 

B 

1 

58 

54 

52 

47 

445 

1 

42 1 40 

1 


Plot the graphs on the same diagram Estimate approximately 
the population when it was the same in each country and the year 
in which this happened 


1930 


1 Resolve into factors 

(a) x*+llx^-180 ,(b) a;*+£y^+y* , (e) 


2 (a) 


h°(g-n) c'(a-b) 

^ ‘ Ca+1>)(a+cj'^ (i>-hc)(d+ar (c+a)(c-h/j) ’ 


(b) Solve 


a;+l 3 v-1 _ 2 

y-l~ 6 


3 (a) If «+ — = 5, find the value of a® + 

' ' a? X 


{b) A colonel wishing to form his men into a solid square 
finds he has 55 men over If he increases the side of the square 1, 
he has 40 men too few How many men are there in the regiment 

4 (a) Draw with the same axes the graph of 

(i) y+x=5 , (ii) x=2i/-8, (ill) x=l, 

and find the co-ordmatcs of the vertices of the triangle formed bj 
them , also show that 2a; -y- 2=0 passes through the intersection 
of (i) and (ii) 

Oi , (b) The following table gives the average n eight and chest 
measurement corresponding to diflerent heights , E is the height R' 




IV 
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the Tvei!;ht, and C the chest measurement in feet and inches, lbs , and 
inches lespectively 


H 

IT’ 

C 

5 ft 0 111 

5 ft 1 in 

5 ft 6 in 
) fr 9 in i 
b ft 0 in 

122 

131 

137 5 
151. j 
173 

34 

355 

37 

39 

405 1 


Eepresent these graphically and deduce the weights and chest 
measurements of the average men of 5 feet 4 inches and 5feet S inches 


1931 

1 (a) FindtheLCM of* 

4i:’+16:e’--3a;-45 and lO^c’+CSaj^+llO^+GO , 

(A) Find the H C F of 

27a®-45a*-16 and 18fl®-45fl-' -5a-14 

2 («) Solve the equation 

331-15 

231+5 2 a ?- 1 ' 

' (A) SimplJj 

(g+AF-aA (A+c)°-Ac (c+gF-cg 
(A-c){c-^ (e - g)(g - A) (g - Ai(A - c) 

3 (g) What number must be added to 

a;‘‘+4ai‘'+10x®+123;+3 to make it a perfect square ? 

(^) -d. sajs to B, “I am twice as old as you were when I uas 
as old as you are The sura of their present ages is 63 Find their 
ages ® 


Centigradc=32'’ Fahrenheit 100 “(7= 21 2 "F. Draw a 
graph shoAving the relation between the Centigrade and Fahrenheit 
scales, and find the Cciitigrado reading corresponding to 73 “F 

0), (A) Construct the graphs 6f the equations 

(i) 43?+6y=24 and (ii) 23?+3^=6 

Find graphica’ly the co-ordmates of the points of intersection of 
4a;-3j/=b Mith (i) and (ii). 
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1932 

1. (a) Solve 7ar+4 =35-| 

iC 0 

(6) tophfy . 

2 Ecsoh e into factors . (i) »*-646® ; 

(ii) ; (in) {a+2f»)a*-(6“2c)&®. 

3 (a) A man distributed Es ICO equally among Ins friends j 
if there had been five more friends each u'oulcl have received one 
rupee less Hovr many friends had he ? 

(6) If ®+ — =5, find the value of +~. 

' fl/ X 

4 Using the same axes and unit, draiv the graphs? of: 
(i) t/+x=0, (ii) 5y=3a;, (iii) y~3a;+l2 F'nd the co-ordiuates 
of the vertices of the trian^e forme! by the straight lines Ci)> (u) 
and (lu) 


BOMBAY 

School Leaving Examination, 

192S 

1 (a) Find graphically the value of ’ -which will make the 
two expressions 22+3 and equal (units=*4 mch ) 

(6) Draw a graph of plotting at least seven points. 

2 (a) Eesohe into factors 

(i) x*+G4t/*: (ii) (a+26— c)*— (a+£)®— (i— c)“, 

(6) Solve ^ = -2 j 4a;+5v=60x:. 

3. (a) lip-x-Vt and i -x-z, express r*-p*-2p2-2’ 

in terms of z, y and # 

(i) The H C F of two quadratic expressions is 5a;-4 and 
their L. C M is { Lox^ -32x+ IGKiJx -5) Fmd the two expressions 

W solve 2+^_(^f'+4)=p+J. 

A 
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m 


4. 


(a) 


If a+5=c, prove that 

. 1 , 1 1 ■ n 

6^+c^ -ft"* G'-a^-V 


(6) Extract the square root of 

**+|+4(:c+i)(*-i)+2 


5 A father says to his son, “You are now thrice as old as your 
mother was when yon were born I am now thrice as old as your 
mother was ten years after your biith Ten years hence, I shall be 
t\Mce as old as you were ten yeais ago” Emd the present ages of 
the three. 


6. (a) Solve 

33+6 * 

^ [b] Prove that 2a;y {'k®+i/®) cannot be a ratio of greater 

inequahty. 


•a G=b d 


(a) lii^ap-^Zbq)[2ep-Mq)={2ap-Uq)[2ep'\-Z^), proj^e^that 


j numbers in continued proportion such that the 

■product of the Ist and the 5th is 144 and the sum of the 2nd and the 
4th 15 30 


•8. fff) If (a;+2^)oc(®-?/), prove that a;i/a(a;+2/)(a;-?/) 

expenditure of a boarding establishment is 
partly constant and pptly varies as the number of inmates and is 
contribution from the inmates With the fall in the 
■frnm individual coutributiou rises 

to Rs 40 What will be the total expenditure if the 
aiumber of inmates rises to 15 ? 


School Lea-ving Examination, 

. 1929 

1 (a) Find graphically the value of that will make* the 
<Qxpression^^® equal to 5 

(b) Draw a graph of ^ (Plot at least 7 points ) 

^2 (a) Find the square root of a;*(®-6)+17a;®~8{3«-2). 

(6) Ifp“a;+— andg'=®— — j showthat2}*+^*-2pV~^® 

3, [ay Solve theeqiiation j 
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»• 

Til 


( 6 ) If 2a-|- =3, prove that 8 ^ 

(a) Solve' the ^eqnatldn — _A-A_i 3 =J — 9 

y y » 


=63 


i •((.). Solve the Mmtioa 

(A) Resolve into factors +96® 

'6 (a) Solve the equatioR (a?+4)(2a;-3)==6, 

(6) If »+y+»=0, prove that (3^+»)(y-«)+a;(3:+2'y)=0 

7 ( 0 ) If show that 

' y+S-J q'-s’ ic 1 -p 

(6) If the sum of two numbers is 45 and the mean propor- 
tional between them is 18, hnd them 


8 (a) If p=3q and ap~bq, prove that a varies as b 

{b) The expenses of a hostel axe partly constant ind partly 
vary as the number of inmates. The expenses were Bs 1,200 when 
the number of inmates was 40, and Rs 8 (X) when their number was 
20 Find graphically or otherwise the number of inmates when the 
sxpenses were Rs 900 


/ 


'i 


[a) 


Simplify 


1930 , 

i g^~2ic-"8 ^ fl;°-7a;+l2 a;°+9"6g 

a ;* +8 X* +4«^ +ib +4+2a! 


( 6 ) If — - ^varies inversely as»-^, prove that a;®+j^® axy 
X y 


2 (a) Find the factors of a® -4®+-V^. 

' ( 6 ) The weight of a sphere varies directly as the* cube of its 
radius and as the density of tpe material of which it is made The 
radii of two spheres are as 16 7 and the densities of their materials 
as 2 * 3 If tne weight of the first is 256 lbs , find the weight of the 
secondk 



(b) Solve the equation graphically 

4 {«) Resolve into factors icy® +y®+l. 
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(5) If jp=3+^, prove that =119-^, 

5. (a) Pmd the square root of 

Tf hi+cx> ax-\-hv t ?/ » 

6. A father sa^s to his son, “Six years before jour birth I was 
thrice as old as ^our mother Ten jears ago jour mother Mas tiuce 
as old as you then u ere 1 hree j cars hence I shall be twice as old as 
you will be." Find the piesent ages of the three 

7. (s) Solve 

' x-i x+b x~2 z-S 

{h) If b+c le the mean proportional between a+b and c+Or 

T.'H/v.r/v fVrtf a—a 

prove that -r- = — 

^ oi-a a-b 


8 («) Simplify 

^ (p-m)lp^fi) 

(6) Draw the graph of plotting at least ten points 

(Unit= 5 inch.) 


1931 

1 (a) Factorise {3a;® -2a;)® -25 
ib) Solve 

a;-2^2a;+I 2a; z+2 
2. (a) Resolve into factors a;’‘ -16a;®?/®+36y^ 

(6) If , find out two fractions, each 

equal to any of the given ratios, and having as their denominatora 
aX'\-by+c» and a+b+c respectively Hence prove that either 
{x+ij+x)[a+b+c)==ax+bt/+n, or, z^y^%> 

/3. (a) Simplify g°+ 6^g° + 12nq -4pj±W 

/ +2L)pj+04j‘’ p''+4/;j+-lbg' - 

{b) If a, b) c are in continued proporlion, prove that 

a-hb ' b+c=^a^(b-'c) b*{a—b). 

4. (a) Simplify -j--4 + — 1 * 1 

^ ^ .^bff+b^a^+5a+6 a-'+ 7«+ 12* 
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(6) The volume of a pyramid vanes as the area of its base 
'ivhen its altitude is constant, and vanes as its altitude vhen the area 
-of the base is constant When the area of the base of a pyramid is 
16 sq ft and its cubical contents are 32 cub ft , its height is C ft 
Find the area of the base of another pj ramid vrhose height is 20 ft 
and cubical contents, 120 cub ft 


6. (a) Estracfc the square root of 

[b) Find graphically the value of x which will make 
— equal to (State the units ) 


6 . 


1 1 
(a) If p - ~ =2, find the numerical value of +~. 


(6) Draw the graph of y~x^ plotting at least 9 points 
(State the units you choose.) 


7. (1) Solve|-|.=4. 


y" X 


(2) Fill up the gaps m the following statements, using the 
word “directly” or “inversely” as the case may be and express each 
statement thus completed in algebraical symbols 


(a) If the total amount of money to be spent is the same, the 
•quantity of sugar purchased varies as the price of sugar 

per cwt 


(6) The distance travelled in a certain tram by a railway 
tram moving uniformly varies as the speed of the tram 

8 The mother was twice as old as the son 18 years ago Thirty- 
two years ago the age of the father was equal to the sum of the ages 
of the mother and the son The father is 6 years older than the 
mother Fmd the present ages of the three 


1932 

1 fi 

1. (o) Find the factors of 8Ia:^+47+-r 

^ X 


(i) If ax=by=cx,, prove that 
a’+i’+c’ 


ab-^-bf+f'a 

2 (a) Factorise lii:' -f ISx'y - 27a;^’ - 27y * 

3x+7 Gt;-29.4a;-7 


{b) Solve 

' ^ a;— 1 x+ii 


x-o 


2-x 


X 
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3 {a) Solve a;+2“a;+3“2^1 

(6) If »’ -2a;-l=0, prove that -4»-4)s=I. 

. l^c^ 3 9,3'n 3 9 7 

4. (a) Solve 

(6) If », ft are m, the continued proportion, prove that 
x-i-y y+x-x‘{y-ti) y\x-y). 

5. (ff) The vdocitv of a bodj at the end of the 2nd, 3rd and 4th 
second is 16 ft , 22 f t , and 28*f t per second rcspectn ely Draw a 
graph to illustrate this and find from the graph the number of 
seconds at the end of which the velocity is 46 ft per second 

{b) What expression of the first degree in x should be added 
to 9a?* -42a:® +103a;‘ -l00a;+80 to make it a podect square 

6 (a) Simphfy by clearing brackets 

2-{3a;-(2a;+5[a;+3]+7)+2®+9}-<2a;-5) 

{b) Draw the graph of Si/=a?®, plotting at least 7 pomts. 

(Use 8" as your unit of length)' 

7 (a) Simplify 

/ a?® -64?/® 33g"+8a:;/-j!/ = \ 13a?® -45xi/+4y " 

\15»®-®7/-2y 7a?*+28a:y+U2yv bx^+6xy-~2y* ‘ 

[b) If 2x-3?/ a y+bx, prove that 

8 A piece of work can be done bj a certain number of>men in a 
certain number of days If the number of men is increased by 25, 
the work is done in 5 days less , but if the number of men if 
decreased by 50, it will take 20 days more to finish the work. I^nd 
pe origmm number of men engaged to do it and the number of days 
taken by them to do it 


1. (a) 


show that 


1933 

Factorise ~,+ix-+d 

Qj 

I ' > I I 

^P) fire unequal quantities in continued proportion, 


Pj^-Pip-Q) 

2. (a) Find the factors of a?® - V® + 1 
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« 


3 


4 

5 


(A) If a 0 = A, prove that g ah. 

(a) Solve the folIoTving equation 

4a; - 15 , 5a;-ll 2a5~l 3a;"16 
a;-4 ‘ 2-a; “ a;-!"* a;-5 ' 

(A) If bcx=cay=ab», prove that 

ax-hhy hy-\r€J> 
c'+A"* A‘+c" c“+o*' 

[a) Solve--— =29, 

' y X ’4a: 4y 

(A) Ifa;®=3a;-4 prove that 2a;* -lla;’+23a;=20 

(c) Si“Pl^](a,„^^,_c)+(A-aK5-a)^(^^ 

(A) Find graphically the value of x which will make 


3a;-7 2a;— 5 

4 7 ^ ’ 

and read from the graph the common value of these espressions 
for that value of x 


6 [a) Prove that 

x‘{x-yY *(a; -»)* +a;* = dxyx(x - y]^ -a;) 

(A) Solve 

7 A person spends a certain &red sum of money in hying copies 
of a book at a certam price He finds that if the price were reduced 
by 16? per cent he would have bought 24 copies more and if the 
pnce were increased by 1 rupee per copy, he would have bought 30 
copies less Fmd the fixed sum of money he spends 

8. (a) Eesolve mto factors 9a;*(3a;+l)-16y“(4y-kl) 

(A) Draw the graph of oy=x* taking 5" as a umt of length, 
and plottmg at least the seven pomts whose abscissse are 0, ±1. 
+2, and +3 


CALCUTTA 

1925 

Compulsory Paper 

1. (1) Eesolve mto factors a;®-3r+2anda*-A* 
a’ A= c= 


(2) Simplify 


X'^d 2C— 0 ^ — c 


a 


x^a ' x-6 «-c 
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•• 

3H 


2. (1) Find the H C.F, of ?«’+0a;+4 and 2®’ -3®-2. 
(2) Find the L.C.M. of -®-6 and -4®+3. 


% 


Bttha, Solrc* (1) 


®+5 y+l r+B 
0 " y 4 


(2) 2a5+r^=3, 5®-2y==4. 


Oij (3) The sum of tbe digits of a numboi less than 100 is 6 , if 
the digits be leverscd the resulting number will bo less by 18 tbau 
the original number , find the number 


Additional Paper 

1. (1) Solve lCte^-C9j;--45a=0. 

(2) Find the common diffcience of an A.P. of which 

the 1st term is I and the 10th term, 10 

’ rP^ ’ common ratio of a G.P. of which the 1st term 

is 2 and the lOth term, 1 

2. EtOiei , (1) Find the square root of 

*‘+2*’4-f+a 

Oi,(2) Simplify ■■ j 

3. Draw the graph of =4® and piovo that there is no part of 
the graph on the negative side of the axis of 


1926 

Compulsory Paper 

1. Bi/icr, (1) Find the product of 

(2) If a;+ express ®'' +-i in toims of p> 

•fj 05 

Oi,{3) Resolve into factors ; (rf fl;®-12®+20; (n) 

(4) Showthat (n+ftX^+y) isafactorof (a®+i»y)''+(l>®+<»y)** 
2 Etikci , (1) Find the H C F. of - 2, + 1, (®+ 1)®. 

(2) If ~=|-, prove that 
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Or, (3) FmdthcLCSI of Caj'-a-l, 3a;*+7a;+2and2a;’+3»-2 

(4) Prove that (a“+6®X<j“ ■\-d'^)=[ac-\-bdY -(od-ic)’. 

8. jRj/7ier, Solve . (1) — 

' ' * x-1 x-i x-6 ' 

(2) 4a;-t(=5, 7®-4y=2 

Or, (3) A number consists of two digits whoso sum is 7 K the 
digits are inverted the number is increased by 9 Fmd the number 

Additional Paper 

1. (1) Solve the equation — + — =0. 

x^o X’^c 

(2) The arithmetic mean between two numbers is 15 and 
their geometric mean is 9 Fmd the numbers 

2. (1) Fmd the square root of x* — 2aa/’ +5a®®* — 4a“a;+4a^, 

Or, (2) Simplrfy 

l+ar-" 

8 Draw the graph of a;®— % 


1927 


Compulsory Paper 

1 Either, {1) Divide a;*+aj®+l by 
/ (2) If a+6=3, show that a* +9a6=27. 

■v6r, (3) Resolve mto factors : (i) -12a;+20 , (u) jb’ -8 

(4) If x=a^ -bo, y—b^ -ca, -ah, prove that 
0®+ + <»= {a+ 6 + c)(j;+ y + ») 


2 


(1) Fmd the H C F of +®"' -2 and ®* +2®= -3. 

(2) If fic+m+uS^O, prove that- 

1 + 1 1 =0 
a —be b-—ca c'—ab 


8 . 


Either, Solve the equations • / 

ns 'c-ti .x-b ,x-o_^i,,y!^ 2 



1 ] 


"2y" 6 


Or, (3) The perimeter of a rectangular courtyard is GO ft If the 
length of the ronrtyird is increased bv 3 ft. and the width be 
decreased by 3 ft the area is decreased by 21 sq ft Fmd the dimen- 
sions of the courtyard 
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Additional Paper 

1 . Solve tlie equation a /«-'+ 9 + - 9 = 4 + a / 34 - 

2 Show that the Bum of n termB of the senes 4, 12, 20, 28, ...le 

the square of an even number. “ __ 

3 (1) Prove that >Jy+,J2xy 

Or, (2) Emd a value of x which vpill make ts*+6a;® +llaj*+3!S+3I 
a perfect square, 

4 Draw the graph of 


1928 

Compulsory Paper 

1 Either, (1) Eesolve into factors . 

(i) ap® --3a;-*28 ; (u) 

(2) Prove fMl[a®+6®+4u&)®-{a®+^'®)*=8ff5(a+f')®. 

Or, (3) Dmdea®(&'-e)+J®(c“«)+e*{ff-'J)by{a+J+c). 

(4) If a+4»l,proTethat (a®-6®)®=a®+6®'-a6 - 

2 (1) PmdtheHCF of!B''+a;®+a:+landaj’+3a:®+3a?+l* 

(2) If !»+y+»*2 and xy-^-yx-^xa-l, find the value of 
(y+»)® +(»+«)*+ (s+yf. 

3 Fit/fer, Solve the equations 

(1) (2) i»+3y=7, 5a;-y®B; 

Or, (3) Find a fraction uhiph becomes on subtracting 1 from 
the numerator and adding 2 to the denominator, and reduces to i on 
subtracting 7 from the numerator and 2 from the denominator. 


Additional Paper 


1. (1) Mwg|+^''+2=a 


(2) Prove that the arithmetic mean between two numbers 
greater than their geometric mean. ^ , 

2 (1) Fmd the square root of x* +4®+2+4ar® +4ar’ +ar** 

! ^ 


Or, (2) PE x-y, prove that ( 

« \ y / 

3, Draw the graph of y® +4a;«0. 
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1929 

Compulsory Paper 

1. (1) iFind the factors of as^ -27 and 6-5a+o“. 

(2) Mtker, Multiply a" - a® +2^“ +a° +1 by a* -1 
Or, (3) Find the simplest value of 

' 1 , 1 i 

-3)'^(®-3j(a; -l)^(a;-l)(®-2)‘ 

2. (1) Fmd the H C F of 3a;* - 13a;+.12 and a;* -}-2a; -15 

Mther, (2) If find the simplest value of 

m+a m+b 
x—a^x—b 

Or, (3) Eesolve [a - by + (6 - c)“ + (c -ay into factors 


3. Eithet , Solve the equations : 


a?+3 x+4: a;+5 a;+6 
4 " 5 “ 1 7 » W 


a;+y-3=0, 4a;-5y+6=0. 


I 

Or, (3) A motorist does a journey of 80 miles m 6 hours During 
the first part of the journey he travels at the rate of 10 miles and' 
during the latter part at 18 miles an hour How far does he travel 
at eaph rate ?, 


Additional Paper 


1 (1) If (a-i-b+(f+d){a-b-e+d)=(a+b-e-d)(a-b+c-^, 

prove that a b=o d 

Oi , (2) If q=af>, and (p‘' 9 *)*=a*> prove that xysi^ 1 


2 


Either, (1) iFmd the square root of 


'|+4a;*+ 


ax^ , a* 
T'+¥ 



0;, Solve (2) (3) s/a-d^b 

3 Either, (1) Find, without assuming 'any formula, the sum of 
the first n natural numbers. 

(2) The second term of an A P is 6, and the fourth term is- 
14 Find the tenth term 

Or, (3) Estabhsh the formula for the sum of any number of 
quantities in G P ' ' 

(4) Exhibit 0 do in the form of an infinite Geometrical .Senes, 
and hence find its value as a vulgar fraction 


4 Draw the graph of y-x^ between the limits *=3 and ,a;=-3,^ 
and thence find the value of v 5 to the firsi: decimal place 
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1980 

Compulsory Paper 

1 (l) Paclorise . 6-0-12^^*111^ a;’‘~3a;+2. 

(2) Find the simplest value of 

179x1*79+242x1 79+121x121. 

Or, (3) Divide 0 “+.^ by o’ +fl^ +^^. 

MS la-b)^ . (A-c)’ , (c-o)’ 

2 W Brow that 

(2) J!.ito,S™pUy *4l+,-rj|rj+?+|:+2- 

Or, (3) K 0 . b~c d=c * /■, prove that 
a /o'*+c®+c®\iJ 

A “U^+d^/ . 

3. FilAe;, Solve 

Or, (3) If a:«3andy=6, how would you express the numbers 
36 aud 03 in altfebraic sj mbols ? 

(4) A monarch who came to the throne at the ago of 30 
reigned for fr of his life Hon long did he reign ? 

4 OTie plan of an orchard can be drawn by joining in order tho 
points AH, 4j, B0,-1) C(-2, -4) and D{-6,“2) Draw it on squared 
paper, taking five small divisions of vour paper as unit An artificim 
fountain isknonn to bo situated at the intersection of AG and BD. 
Find the co-ordiaates of the position of the fountain 

Additional Paper 

1. (1) If m and n be positive integers, prove that a*" x 
JS/dher, (2) If a;=2+ 2^' + 2^, prove that x' - 6®® + 0® — 2 =0. 

Or, (3) Show that (®-l)(®-3){®-5)(®-7)+10 is a perfect square. 

2. Either, Solve 


( 1 ) 


2 -‘ 


( 2 ) «^+®^- 2 = 0 . 


2 - 


2 -® 


Or, (3) A man who went out between 4 and 5 pm and returned 
betneen 5 and 6 pm found that the hands of his watch had exactly’ 
•changed places. When did he go out. 



TXNIVERSITY MATEIOULATION PAPEES 


3rm 


3 Biihery (1) Fmd the sum of n terms of a senes m A P 

(2) A man undertakes to pay off a debt of Es 65 by monthly 
instalments, hepajsRs 2 in the hrst month and continually in- 
creases the inslalraent in c\ery subsequent month by Pie 1. In uhat 
time u ill the debt be cleared up ? 

Or, (3) Insert three geometric means between 2 and 102 

Prove that a* to infinity=a 

(4) Find the sum of 

4 In the same diagram drnu the graphs of 2a;+l and r’ From, 
your graphs ic.id, as accurate!} as }Oii can, the value or values o-f a? 
which uih make a;®=2j:+L 


1931 


Compulsory Paper 


1. Ettker, (i) Divide Gjs® +a;® -5x-2 by 

(u) IindtheLCM of 3a;® -10^+8 and 2ic-- 3a; -2. 
Or, (m) Eesolve into factors ; ^1) 4a;®-4a:-3, (2) 

(iv) If »+— =3, find the value of a® +■— 


2 Either, {i) Simplify, — — \+/ — ^ — r\- 
1 •' {a-0){fl-cy {b-c){0-ay ie^a)ic-'b)'- 

Or, (u) If prove that ciUier 

a+5+c=0 or, at=b=c. 


8. Either, Solve the equations ; 


w 


X+-i 7 

a;+l'^a;+2 *+3 





g-H/_ 3 
x^ij~ a 


Or, (ill) The denominator of a fraction exceeds the numerator by 
3, and if the numerator be mereased by 7, the fraction is increased by 
unity. Fmd the fraction 


4 Drawthegraphsef 7g-2y=14andg+2y=?, and hence find 
the co-ordinates of their pomt of mterscction. 


Additional Paper 

1 Etlha , (i) Prove that when « is a positive integer, 

(u) Find the s mplcst vatuc of 

/a' \» /c’’V 



xviu 
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0;, Solve: 

^nl^ 1 / \ * 1 / 3 i( 1 , iy,\ Si 36 iQ 

^“1 -STr*— 4; (w) ■3-+-:;=«! (v)»’+j 3=13 
2 (1) Find the sum of a+a? + a? *+»>*+.. to terms. ' * 

Eiihe},{n) Exhibit O'? as an infinite Geometrical senes, and 
thence find its simplest value as a vulgar fiaction. 

4; groups of terms enclosed within brackets, 

lind the value of the ?ith group and the sum of the first n groups 

(l)+(i+3)+(l+3+3=)+(l+3+3“+3’)l(^. 

J,o successively thepoints ( 2 , 0 ), ( 4 , 3 ), ( 2 , 5 ). ( 0 , 2 ), 

and ( 2 , 0 ), and calculate the area of the quadrilateral, so formeci. 

smallest equal lengths on the graph paper as the 
unit of length, and each of the smallest squares as the unit of area ] 

find the 

ruinates of their points of intersection from the diagram 


CO 




Compulsory Paper 

1 . Eitiic}, (i) FmdtheHC.F of a;’‘-3i;''+a;-3anda!*+6aj®+5. 

(u) Solve »=9 . 

'Of , (in) Efcsolve into factors 

a“(Hc)+ 6 =(c+a)+(j=^+j)+ 3 ^g 

iaefra^%mteSSon°* and ae+%=0 and meaBiire 


Additional Paper 

1 Solve ( 17 a- 8 )(a;- 2 )» 5 B 5 . 

(ll) Simplify (a;‘«)l-e(jgl.J^-a,^g,e^a-6 
0 / , (lii) Extract the squaie root^ of ‘ 

a;*+6«*,+lla;=+8a:+7+ ■|+A 
(iv) Solve ((^3)2*+* = 216 . ’ 
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2ax 

2 Mthe } , (i) Find the sum of n terms of an arithmetical progres- 
sion of which the first term is a and the last term I 

(ii) If a, 6, c are respectively the jith, jth, and rth terms of an 
A.P , prove that 

)+ &(v --p)-pc(n - 5 )s =0 

Or, (lu) Find the sum of n terms of' a! geometrical progression 
of which the first term is a and the common ratio r. 

(iv) If of three consecutive terms of a G P the middle term 
is 6 and the first and third terms are together equal to 15, ^d the 
senes 

3 Trace the OTaph of y=x^ and x—y' u ith tabulation of at least 
six points on each graph Mention the cp-ordinates of the points 
common to both. 


1933 

Compulsory Paper 

1 Either, (i) Simplify 

a-2x g+2fl; Saa; 
a;-l-2a; ” a -2a;'*" a* -f 4a/® 

(ii) Show that 

-a;® -y® +(a;+y+»)* =3(a;+y)(y +»)(flH-a;). 

Ot, (ill) Divide tt®+5*»-e®-l-3o5e by a+fi“C 

(iv) Solve the equation 

,002a;-!-007 a;+2 nK 
0®'+— C-® 

2 Eithe},{i) Fmd the U.C F. of a)®— 3a5— 2 and 2aj® — 50?®-+! 

(ii) Fmd the L 0,Mi of a?® -1, a;® +3x+2, and a;®+a;-2 

Of, Resolve into factors : 

(ui) «1*+W®«®+W* , 

(iv) a®(6+c)+5®(e+a)+c®(ti+5)+2a&c. 

3 With the same axes of co-ordinates draw the graphs of 
►(i) 3a;-2y=0, (ii) y-3=0, and (m) 2a?-y=l 

Additional Paper ' ‘ 

1 Eithcf, (i) Solve 3a;® -10i;+3=0 ‘ 

(ii) The area of a rectangular plot of land fenced all round 
IS 2000 sq yds and the total length of fencing is 180 yds Obtain a 
quadratic equation to determine the length of the plot. 
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Or, (ill) Multiply a;^+a:'^+l bya;^+fl?'’^-l. 

(iv) Find the square i oot cf 

a* ’~^x'y-\-ldx 'y^ ’-2Sxy''+i9y*. 

2. Either, (i) Find the sum of n terms of a G.P., given the first 
term and the common ratio. 


(ii) Sum to infinity 


Or, (ui) Find tlie sum of n terms of an A.P , given the first term 
and the common difierence. 

(iv) Sum tow terms Ix2+2x3+3x4+4x5+ .... 

3 Widi the san’c ases of co-ordinalos dr.aw the graphs of 
(i) z^—y-2, and (n) ^=3®, and find by measurement the co-ordinates 
of the points of intersection 


DACCA 

1927 

Compulsory Paper 

1. Either, (a) Find the product of cc’‘+y’, z+y andj 
(If) Divide z' +7/ -Mzy by 
Or,(c) FindtheH.C.F.of 

2®“ -7®* -46®-21 and 2z*+Uz’‘ -13®®+99®-45 
(cl) Eesolve into factors: (i) ; (ii) 

2 Eithet, (a) If prove that a»-t-^=0. 

(b) Find the value of a+b+e, Tvhen a’ -hi® -he* =9 and 
bo-hca+abf=8. 

Or, (c) If a+6+c=0, prove that o® —icss J* — eas=c® — 

8. ®(4er,(tt) Solve 
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231 

{b) A market Troman bought a eertam number of eggs at two 
a penny and as many at three a penny and sold them at the rate of 
five for two pence, losmg 4d by the bargam. What number of eggs 
did she buy ? 

Or, (c) Draw the graph of 3^-2a;=4-and from it find the solu- 
tion of 2i+4=0 


Additional Paper 

1 EfttJier,[a) Factorise a;“(6-c)+6®(c'-a;)+c®(®-6) 

(J) Solve 4a;“ +25aj-351=0 

Or, (c) If H and L represent the H C F and L C M. respectively 
of two expressions A and B, show that IlxL=AxB 

{d) The L C M of two expressions of the second degree is 

- 7®+ 0 and their H C F is ®- 1 Fmd the expressions 

a Jitter, (a) H prore that 

« aib-c) b(c-a) c[a^b) 

^,2 A ^2 — ^2 

y “ iD X 

(b) What number must be taken from each of the numbers 
9, 11, 15 and 19 to give the four results in proportion ? 

Or, (c) Show, without assummg any formula, that the sum of 
the first n natural odd numbers is w‘, 

(d) The first term of an infinite geometnc senes is 1, and any 
term is equal to the sum of the succeedmg terms Find the senes 

3 Draw the graphs of ®“+3^®+a-2=0 and hence determme 
the roots of the equation ®*+®-2s=0 


1928 

Compulsory Paper 

1 (a) Divide x^+2x'+ex+18 by ®+3; and find for what value 
of c there wdl be no remamder 

Or, (6) Given a+26+3c=0, find the numencal value of 
2c a 
a+c~b+c 

(c) Sesolve into factors (i) x' -2a-15 , (ii) a® -2a-b^+2b 

2 Solve (i) 3a;+4y=27, 5®-3y=16 

“Or, (m) Find the fraction which becomes i when 1 is added to 
its denominator and i when 2 is subtracted from its numerator, 

B 
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8, [a) lix.y^y », fiad tlie simplest value of 
giy^(fl!+y+g)’' 

(a:y+^»+»«)* 

m T{ _*-=<!, -?-=c, obtain an equation con- 

“ y+« ’ «+a; ’ ®+i^ ’ 

necting a, b, 6 and independent of x, y, t!" 

Oy. J .O 

Oi, (c) Draw the graph of the expression — g— and read off its 

value when «=4. Find from the graph the value of x foi uhich the 
given espiession is 0. 

Additional Paper 


1. {a) Solve 6a;“-2» -21=0 

be ta //mC n5 //«» 

(J) Fmd tlie vfdue of X ^ 

12 4 

0i , (c) Find the square root of a:’ -6a!+5+'^+p. 


Simttlifv \/2(2-a/3) 

[d] Simplify 

2. (a) Find the sum of the first n natural numbers without 
assummg any formula. 


(b) Insert 10 arithmetical means between 2 and 57. 

Oi, (e) Fmd a foimula for the sum of a senes in G.P. 

(d) The 5th term of a G P is 48 and the 12th term 6144. 
Fmd the first term and the common ratio 


3. (a) Draw the graphs of x’‘ =25 and 3a;+4y =25, and find 

where they meet 

0/ , (b) A man and his family consume 10 seers of nee in a weeh. 
If his wages were raised 5% and the price of rice raised 21 a, he 
would gam 8 CIS, a week But if his w'ages were lowered lli% he 
w ould lose 9| as, a week Fmd the price of a seer of rice. [Supposing 
his other expenses remain the same] 


1929 

Compulsory Paper 

1. (a) If a~a+b, y-b+c, »«=c+a, prove that 

+»^ ~xy‘-y»^!(a}==a’‘+b’‘+c^~ab-be-'Ca 

'Or, (6) If a+6+c=0, prove that — (ja=o* —ab, 

(a) Fmd the L 0 M of a® -3a3+2, a® -4a;+3 and »® -5a;+6. 
G/, (d) Fmd the factors of (il 'c’+4a;-21} fn) a5’~27 
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*2. Solve any two ojE the following equations 

(i) 5a;-3y=laiid52r-3a;=9, 

' r \ 1 1 L 1 

x—2^x—i a?— 6 35-8 

3. (a) Explain clearly what you understand by the graph of an 
tequation 

Draw the graph of the equation y-2a;+4=0 and find from it the 
solution of the equation 2a5-4=0 

Oi, (b) The manager of a boardmg house having already 50 
“boarders, finds that an addition of lu more boarders increases the 
gross monthly expenditure by Es 20, but dimmishes the average cost 
per head by Ee 1 What did the monthly expenses onginally 
amount to ? 


Additional Paper 

1 Either, {a) Faotonse35*-3a?+2. (i) Solve a/** -26i®=407. 

Oi , (c) The difference between-a proper fraction and its reciprocal 
ns Find the fraction 

2 Either, (a) Find a meaning for 

(6) Simplify 

Or, (c) Sum to to n terms 3, 6, 9, 12, without assummg any 
iformula 

{<i) The sum of 3 terms of a G P is 63, and the difference 
between the first and third terms is 45. Find the terms 

3 Draw the graphs of and 22^-5x+3=0, and hence obtain 
rthe solution of the equation 2®® -5a;+3=0 


1980 

Compulsory Paper 

-l, (a) (i) Dmde by 

0>, (u) Find the L CM of®’ -235+1 and 35*4-235®-! 


(b) (i) If ^a+-^y-3, prove that®* +^=0 
Oi, (u) Simplify 


4 
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2. (a) Eesolve into factors ; 


(i) ®*+2a;*+_9; (ii) a(6®-c=)+i(c=-a*)+c(a"--6®) 

[b] (i) If !®— i+t!—®} ^s=c4-a— ft, proTO that 

a3*+y*+»® -3{cp*4(fl»+^i*+c^ -Babe) 

Or. (u) Ifa; a-y &=»• e, prove that 

3 (ff) Solve the equations • 


home’ ^Tf at a uniform rate in 21 

Ss more ^e xrtiM f rate per hour 2 

miles more, he would have taken half an hour less Find his rate. 


4. Draw the graph of the equation ■y+-^s=lj and measure- 
its intercept between the two axes. 


Additional Paper 

Sithe7 , (ft] Solve one of the following equations ; 

W ^/«+l+ V»+S» ,y6a+I , (ii) 10a;’'-69a;+45=a 
be a perfijt s^uare?"^ ■“ +22®* - lBz+12 wiF 

) (o) Eesolve into factors one of the following expressions : 

(i) 2la;*-S(h;-84 , (n) a’-lS^+is 
W ft«ett*tioraHmtegra]^„ffi„£,„a„d„ 

(aT^a*"", hence show that 

u-; x{j) =1. 

2, Attempt any two of the following 
the 32ndier^® 2, the 20th term is 59. Find’ 


(b) Insert 9 G M between ^ and {f:g. 

W <.isthefirsttemofaaPW,s fte „a term, urdPie- 
the product of first n terms Show that P=>{al)^ 
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3 {a) Draw the graphs of and a;-y+6=0. Hence find 

the solution of the equation a;-6=0 

Or, (b) A day labourer gets Re 1 for every day he works and 
loses 8 annas for every day’s absence He takes rest for one day 
after every three day’s work Draw a graph of his earning and 
determine from it how much he will get after 10 days 


1931 


Compulsory Paper 


t {a) The product of two expressions is 
«.nd one of them is 

Ja;®-la;+i, 

find the other 

{b) If show that a?* -y * -»* =3xt/». 

Or, (e) Find the value of ^ho-ca-ab, when ff=a?+v, 

/6=a;-y and e*a;+2y 


2 {a) 

{b) 
Or, (e) 


Resolve into factors (i) 3(2a;®-l)-7a;, (ii) a;*+64. 

libo+ca+ab=0, prove that ttV + i.a ~ 

’■ a -bo b -ca c -ab 

If — ^ —~^7 prove that 

y+fli K+a? a;+y’ 

a{b-r) _ b(c-b) _ ola-b) 

-y® ■ 


3. (a) Solve the equations 

»+y=2i2^, x-y=xy. 

Or, (6) A number consists of two digits the tens’ digit being 
■twice the units’ If the digits are mterchanged, the number is 
«dimmished by 18 Find the number 


Additional Paper 

1 (a) Fmd, to first four terms, the square root of a®+a;®. 

Or, (6) Assign a meaning, with reason, to ar^i. 

(c) Express *001 as a negative power of 10 

{d) Arrange accordmg to the descending powers of x, 
l■^a;^ a-*! -2a;® -211-2. 
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(c) Solve the equation 4 x 2*~ * =8®. 

2. (a) Fmd the number of terras of the series 17, 5, -7,.... 

whose sum is -78. 

Or, (6) If a, 6, c are in A P *3 shou that 

(a+26-c)(2i+a-fl)(c+fl -h)=4flbc 

(e) Show that the product of any two terms of a G.P. 
equidistant from the beginning and the end is constant. 

Oi, id) A body moves in such a manner that it travels a distance 
of 100 yds. m the first minute, 60 yds in the second minute, 36 yls, 
in the third minute, and so on in geometric piogression. Show that 
the total distance travelled, even if the body moves externally cannot 
be greater than 250 yds 

3. (a) Solve the following equations 

(i) »<’-28a,H27=0, (ii) 

' ‘ 'K+l % 12 

0) , [b) Find graphically the masiraum \ nine of Ct -5. 


1932 

Compulsory Paper 

1. (a) Find the continued product of 

l-aj+a;®, and 

Or, {b) Fmd the H.O.F of as* -5a;=+4 and a" -lla;+10 
W H prove that 

2. (a) Ecsolve into factors 

(i) (u) (a;+^+fi)(asy+^x+fSic}-a;yX' 

(^) Eliminate t from the equations . 
a;=i+~ , and 

Or, (a) If as a<^y : c, then show that 
cHA'+c* 

3. JEitket {a) Solve the equation - 1 - ■ — 2 . 

fit 6 

(A) Fraw the graph of the equation 

Oi, [e) Fmd the fraction which reduces to i when 1 is added to 
its denommator, and 4 when 2 is subtracted from its numerator. 
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Additional Paper 


1 {a) Assign a meaning irith reason to a'^,TThercp and q are 
positive integers 

n— 1 n— 1 »i— 1 »i— 1 

(b) Multiply -i-a^ by a;® -a® . 


Or, (b) Extract the square root of 


_2 


4 ®“^ C-4A 




2 (a) The first term of an A P is 9 and the last term is 9C. 
If the sum be 1575, find the common difference 

Or, (6) Pmd the sum of the squares of the first n natural 
numbers 


(e) Fmd the sum of the first n terms of a G.P. 

Or, (cO Exhibit *06 in the form of an infinite Geometrical senes, 
and hence find its value as a vulgar fraction 

8. (a) Solve the foUowmg equations 

(■) (“> 6(®‘+i)=i3®’ 

Or, (6) Draw the graph of +2a;+5 from a;= -5 to x~i Find 
from the graph the mmimum value of the function and the value 
of X that gives the minimum value 


1933 ' 

Compulsory Paper 

1. (a) Divide a* - J* +c® +3aic by a-i+c. 

Or, (i) Fmd the L C M of a?* — 16a;+24 and 2x‘ — 5«®+4. 

(c) Resolve mto factors ; 

(i) (u) o(6-c)a®+6(c“a)a;+c(a-6). 

2 (a) Simplify 

%a—b—c ■ Bb-c-a , Bc-'X-b 
(a -b){a -cj"^ {b-c)[b -a)"^ (e-aJ(c-6) * 

Or, (6) If a b—b . e—c d, prove that 

(&-c)®+(c-a)»+(d-6)’=»(a-d)®. 
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szvui 


(c) Draw iifae graph of 

d ^ 4 

and measure its intercept hetneen the axes 
3. (a) Solve the equations ; 

®-9'"\a:+6/ ’ 

W |+|-|=0. |-| + |=0,2i+3ji+fe=6 

Or, (6) A boat goes up-stream 30 miles and doivn-stream 44 miles 
in 10 hours , it also goes up-stream 40 miles and down-stream 
55 miles m 13 hours i ind the rate of the sfeream and of the boat 

Additional Paper 

j ^ without assuming any formula, the equation 

«2/ 


{b) Extract the square root of 


a 


Of, (c) Prove that 
be 


y £ y a ^ ‘ 


(d) Calculate 


r/yiO 

w w 


^/^(2+ JB) /s/2(2- a/3) 

^/3(*y3+l)■";/■3{^3-l)’ 

correct to 2 places of decimals* 

fimnc of an AP 18 equal to w 

times half the sum of the first term and the last to 

(i) Sum to « terms lx2+2x3■f3>^4-^4x5+etc 

wr, (cj If a be the first term of a G.P , / the last term, and P the 

product of the first n terms, show that P^[al)i 

Sum tow terms l+2ap+3a;=+4»*+5»*+ete. 

(®) Solve, by the graphical method, the following equations 

y-2a!=0,y^-5x^0. 

and^ofkitmLfe^^^ at 3 for 2 pice 

he sell thpm in ^ uniform price must 

HteprofitbeSw, ted to 
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1927 

^1. Factorise (i) a;® +81®* +6561, 

(ii) a(i*-c*)+A(cS-a“)+c(a*-i») 

2 (i) If a+6+c+rf=0, prove that a^+6'*+c®+d® is equal to 
3(a+6)(a+e)(a+d). 

(ii) Determine the value of 7., so that the expression a;‘+5a:* 
-6a?®+Aaj+35 may be exactly divisible by a?+5 

W Solv" i+|-=25- 

(ii) Find the value of I to satisfy the relation 
W=^al given Tr=5400 and fl=10, 

(ill) In an examination 60 per cent of the boys and 70 per 
eent of the girls passed Of the total number that faded 64 per 
eent were boys What per cent of the candidates were boys ? 

4 Draw the graph of y=(3aj-l)(a;+3) between the values a— -4 
and ai=2 Hence determine the roots of tne equation a;(3a;+8)»5 to 
the first decimal place. 


1928 

Factonse (i) 18a?®+53a;-35 , 

(u) (o» -6")(6» -o»)+(c’ -6“) 


2. (i) If y +|-=aj +~ prove that 

a’+6®+c® --060=4, 

(u) If the co-efficients of as^^and of cs in the product of 
2®* +3*® +(i®-10 and 3a;*— oa?*— 10x^4 are equal to one another, 
:find the value of a 


8. ( 1 ) Solve 


2a;+3 2®+9 33 ;+ 7 3a;+16 . 

»-! ” a;+4 a?+2 a;+,5 ’ 


^(U) Soho |-+g^=2 . 


♦ 


(ill) A merchant begmning business inth a certam capital 
succeeded In doubhng it, but afterwards lost Rs 1000 He employed 
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the remainder in a venture which brought him in a profit of 35 per 
cent , after which his capital was found to be 10 rupees more than 
his ongmaJ capital. the amount of that capital. 

4 Fmd g} aphioally the maximum value of -a;* -5. 


1929 

1. Resolve into factors : 

(i) 81 a;®- 7 »y+«/®, (u) a*{b-c)+b*(c-‘a)^e*{a’-b). 

2 (i) If a?- ~ =1, prove that a;* =4 , 


(u) Divide fl;®+flj-®+2 by a^+aT^-l 
3. (a) Solve the equations : 

(u) 355a;-55%=55'3a;-355i/=5‘885. 

t. i£ e Ijicycled from one town to another going the first 

half of the distance one and a half miles per hour slower tVift n his 
usual rate, and the second half, two and a half miles per hour faster 
thim hiB usual rate His average rate for the whole lourney was 
miles an hour. Find the usual rate of bicycling. 

first decimal equation a;'*+5a+3s=0> correct to the 


1930 

1. Resolve mto factors . (i) 6a;®-a^-12^a-4a;-ll«-2; 
(u) (a* -c®)-(6’-c’')(a®-6») 

2 (i) Simplifyg;^ 11 . 

=, §5^’ 

8. (i) Solve the equations ; 
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(u) A 'vralks a certain course and back again , B, starting at 
the same time and from the same place, iralks at half the pace of 
A over five-eighths of the course and back again A passes JB half 
a mile from the starting-point Find the length of the course 

4 Draw the graph of -3a;, usmg a large a unit. Hence 
solve, as accurately as you can, the equation a® -3a;=4'5. 

Check by calculation 


1931 

1. fi) Given that =5, find the value of a® -t-4. 

(u) Find the values of I and m in order that 

a*+/a®+w»® -12®+ 9 may be a perfect square 


2 ( 1 ) 
(ii) 


Factonse x* -^-y* 

Simplify 

( fl+&)®-e® . (fi+e)®-®® (c+o)® -6® 
(«+/>)'* -c®"^ (/»+(?)* -a® '^[c+®)“-6* 


— 2(tt+6+c). 


3. (i) Solve the equations 

1 


+^=3 
x^ y ’ 

® y 


(ii) There are two chests of mixed tea : m one the green is< 
mixed with the black in the ratio 2 3 , m the other the ratio is 3 7. 
How many pounds must be taken from each chest so as to form a 
new mixture containing exactly 3 lbs of green tea and 6 lbs. of 
black tea ? 


4 Draw the graphs of ^-3®® and ^2«+10 Hence find the- 
roots of the equation 3®® -2®-10s=0 verify by calculation 


PATNA 

1928 

1. (o) Divide 2a®®®-2(6-c){3i-4c)y®+aft®y by a»+2(A-c)^.. 
0/*, (6) K =3, prove that ®®+“=0. 

(c) Fmd the H C F of ®« -3®® -2®’ +12®-8 and ®* -7®+6- 

(<0 Fmd the LO.M. of 8®* +27, 16«*+36®*+81 and 
6®®-5®-6 
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«7i V 


(M 


] \ 


( /y,?n % CT+W— I / ^71 \ fi 

|r) X {%) 

Or,if>) If ~ = -|-»s]io\rthat|3+^=^||p. 

(c) Pmd the square root of 

4o*+9^tt*+ +'^^+18t 

Or, ((i) Solve a® ~23»“420=0 vrithout assuming any formula. 


3 {a) Draw the graph of 3a-2y=sl, 2a-2/«l and find from 
the graphs their point of intersection 

(6) One of the digits of a number is greater by 5 than the 
other When the digits are inverted the nuMer becomes |th of the 
■original number Imd the number 


1 (a) 
Of, ib) 

(c) 
Of, id) 

2. (a) 

Or, (6) 
(c) 


1929 


Multiply x 2 ~ 

Factoriae the expression 

X* -2a;V ~2x^b^-\-a*+b* ~2a^\ 


Mttoeto Its lowest terns 

FindtheLO.M of «’-i?®-5®+2anda;*+4a;*+a;-6. 


Simplify 4 - I . (i»+cF . 

^J^b){a-c) ^{b~e){b-a)^{c-‘a){e-b) * 

If ap^bq=cf , show that ^4-2! 

y rp pq P ^ 

Solve, Without assuming any formula, the equation 

n ^.*1 n ^ 


2«’>-3a;-629 =0. 


Or, (d) Extract the square root of 6®^+9a;’ -4-llaj^+4a5“^. 

3. [a) Drawthegraphof eachof thefollowmg 
W (u) 2*-! 


Hence show how to find the solution of the equation 
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1930 

1 (a) Factorize (»’+3a;-6)(£c®+3a;-2)-32 

Or, (6) If a;=3^-3~^j prove that 3j;*+9a;=8 

(e) Find the HOF of 

6®^ •{* 7®* +5»* 2® and 4z^ - IS®* -8®* - lOr®. 

Or, (d) Find the L 0 31. of 

a’-7®+12, 3®“-6®-9 and2®*--6®’'-8®. 

2 (a) Solve, by completing the square, the equation 

ai®=-7®-6=0 

Or, ib) If (®-i-l){®+2)(®+3)(®+4)+6 is a perfect square, find c, 

(c) Draiv a CTaph of 2®+ 3 from ®= -3 to x— +3. TThat is 
the mcrease in 2®+3 oetween ®= -1 and ®=+2 ? 

3 A man s age is four times the sum of the ages of his three 
children, and in 8 years it ttiU be tirice the sum ‘What is the man’s 
age? 


Supplementary Paper 

1. (a) If »*-2(p+2)®*+p*+4 is exactly divisible by ®+2, 
find the value cfp 

Or, (6) Factorize bc{b~ c)+co(c— a)+o6(n— 6). 

(6 4- c - a)® + ( ct- a - -f (a+ 6 - c)® 

Or, (d) Ji a.b::c:d:ie' f, show that each of these ratios is 
equal to . l/b^+d>+f^, 

2 (a) Find the H C F. of 

3®* -5®’+5®-2 and 2®*--2®*+3®’+®+l» 

Or, (6) Fmd the L C 31. of 

®®+®— 2, »*— ®~6 and ®* — ®®+®— 1 

(c) Solve graphically the following equations ; 

«— 3y=3®— I0y=*l. 

Or, (d) A number of two digits is such that the sum of the 
digits IS 9 If the dimts are reversed, the number is less by 9 than 
before Find the nqmher. 
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3 (c) Solve, by completing the equation -i;-210=0. 
0?, (6) Extract the square root of 9c -l2<7'^-2+4fl“^+a , 


1931 


1. ^ther, [a] Simplify 

_ _c-c , a~i 

a^-~(b-cr^b^-{c-ay 

‘Oi. (6) Prove that 

(c®+i*+c®)®=4(cV+6®c®+c®ff®)j if c+6+c=0. 
Either (c) Reduce to its lowest term the fraction, 

l4+i+4p'-dar’ • 


■‘■hen^* (*0 Show that, if the four quantities, a b, c, rfare proportional, 

(c + H c+ -i - c-f d) = (c -i+ c - (f){a + 6 -c-d) 

2 (c) Solve, by completing the square the equation 

7®’ +1333=2 

Ih'aw graph of ;y+33;+2=0, for values of a from 
T uto® 4 and by the aid of your graph, obtain the v^ue 
•or X, when «^=8 

3 Either, 

[a) Pmd the square root of 

-433^+433+ 2x^ -433^+a;~i^ 

40 miles apart, walking in opposite directions, 
doubled Ins pace, they 

0 a have met in tth of the tune. Find their respeclave speeds 


Supplementary Paper 

1 Eithei, {a) Factorize o*(6-c)+6’(c-a)+cS(o-i) 
Or, (6) If 33=0= - Jc, y=i= -^ae, !S=c=, -ab, show that 
C33+Jy+c?=(c+Hc)(a3+y+») 

Sifbei, (c) FindtheH.CF.of 


V +a»3=y -y* and 433= +a 3 ^= -y». 
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Or, 1.0) Simplify -L+b ' 


1 

a;'— 3®- 

2. Mther, (a) Solve, by completing the square, the equation 

15®=-28=® 


Or, (b) Find a value of ® so that 16®^— 24®+ 25®^-20®^+20, 
imay be a perfect square. 

(e) Plot the graphs on the same axes of 

(i) y=3®+2, (u) y+l=4®, 

irom ®=0 to ®=4 and find from the graphs the value of ® and y 
where they mtersect 


3. Either, [a) If y, show that 

(a®+c“+e“)(6“+d®+;“)=(o5+cd+e/)*'. 

Or, (i) A man and a boy can do m 15 days a piece of work which 
woujd be done m 2 days by 7 men and 9 boys How long would it 
itake one man or one boy to do it ? 


1932 


1 Either, (a) Fmd the contmued product of 

®’*+®+l, ®®+®-l, and®‘‘-2»*+®’+l 

{b) FmdtheHCF of 

l0®®+ll®°+9 and 6®®+5»“+9. 


Or, (e) Simplify 


(sr-sr-® 




(d) FmdtheLCMof 

®® -4a®+4a", ®(®-^)-2a(2a-y) and®* -y*+4ay~4fl* 

2, Either, (a) Fmd the value of ®®+y*+®*+2®y+2y»+2®», 
when x=ci+b-^6,y=b+c-a,«>—c+a-b. 


(i>) K shofrthat 

2a® -3e*+4e* _a*e 
26«-8d*+4/^ ~b^f 

Or, (c) Solve graphically the equations 

3®+2y=5, and 5®-2y=3. 
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(c^) Find a so that 

4x*+12x^ +25a5® +a«+16 may be a perfect square. 


3 


Ihtlier, (a) Solve, uithout assuming any formula, the equation 


X 

a;-5 



Oi, (6) Five years hence father’s age mil be 3 times the son’s 
age and 5 years ago father u’as 7 times as old as his son, Fmd their 
present ages 


1933 


1. {a) Resolve into factors 

(i) (a:’ “h^)+4a^a6 ; 

(u) coy-y^+by’-Zx-Q. 

Or,[b) FmdtheH.CFof 

4a;* -12a;'-8 and 6a;* -24a;“+30x-l2. 


(c) Simplify + 

a -'be o^-m e —w 


when firH6c+cas=0. 


2 {<i) Solve by completing the square, the equation 

5*=-3a;=3S-a;. 

(6) Find a so that 

may be a perfect square 
Or, (c) Show that 

when ff+J+c=0. 

3 (tt) Draw, with the same axes, the graphs of 

(i) y=>4z , (ii) 2a;+^=18 ; and find from the graphs the 
point where they intersect. 


,« ^ 6 hours and returns 

^ ^ u Find the rate at which the man rows and also the ratn 
at which the river flows. 
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PUNJAB 

1925 



, Resolve into elementary factors . 

(i) 49a:* -44a;®?/* +47/® , ^fn) x‘-l 


Solve the foUoTving equations 
, , a;+2 o_a;+4 ,£c+6 

(I) -^+2- - 5 -+-^ , 


(u) ' 2x-15y=3x-2iy=l 


8 ( 1 ) What value (not zero) must V have if x^+x-a and 
x^-x-a have a common factor ? 

( 11 ) If a:+ — =a, find the value of a;* + -4 

CO CO 


4 Solve graphically the equations 4x+3y-12^0, 2x-y-16=^0. 
Find the intercepts of the latter on the axes of x and y. 


5. ( 1 ) 


Tr ff®+c® _a6+cf^ a 


in) 


Elimmate y from the follovnng equations 




Oi, (ill) After walking at the rate of miles per hour until the 
number of miles left of my journey was the same as the number of 
hours I had been walkmg, I quickened my pace to 4 miles per hour 
and accomphshed the whole distance in 2 hrs 55 min W^at was the 
length of my journey ? 


1926 


1 Find the factors of a;® - 64 and a* - Ta® + 1. 

( I ) Fmd the H,0 F of 8a* - 2Ia* + 1 and a* -2Ia+ 1 

( II ) Extract the square root of a* +y * + (x+y)* 

3. Solve the equations ( 1 ) 

( 11 ) j)x-\-qy—r, qx—py—^ 

4 Draw a graph of x=l't-y and 2a+4y =17 in the same diagram 
Hence solve the equations 

5 Show that if a a=y . b—x c, then 


M a;®+y®+a'‘ _aj/a 
^ ' <i®+ b'+c’' abc 



(a+y+a)® 

(o+^+^* 


c 
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1927 

1 (i) Eindthefactorsof 8a;®+l and®*+2a/®+9 

(ii) Find the H 0 F. of 8x* + 3a;+10 and lOx* +3»’ +8 

2. W Extract the square root ~y 

(u) Find the value of nhen a;=3+ tJ8 

♦V 

3. (i) Solve J (2x - =c| 

(ii) Drai\ the graphs of ij=x, and y=2a;+3, and deteiniuie 
their point of interbcction 

4. (i) Show that if a a==y b,thenia^+b^)[x^+y^)={ax+byY. 
(ii) Eliminate » from ax+by+cx-0, and -- +'— +'^”0 


1928 

1. (i) Prove that for all values of x, a;® - a® =‘[x-a){x^ -i-ax+a^)- 
(ii) Facton/e «®+]4a*+8L 

(ill) TheHCF and L CM of Imo integral expiessions A and 
B, each of the 2nd degree, are «+ 3 and a;® - 7®+ 6 Find A and B 

2 , (i) Prove that (a;+l)*=a;*+4a;®+6a;®+4a;+l 

(ii) Extract the square root of a;^ -10a;*+33a;'‘ -40x+16 

(ui) Evaluate Y»hcna>=3+2J2 

3 (i) For what finite value of x ill the expression 

. 3(»-2) 

(iij Plot the graphs of x+y=l and 2a;+3y=U, and verify 
that their point of intersection is (-S, 4) 

* W « ^.sJionthat 

(u) Eliminate t from and 2/=j[^ 


1929 

1 Assuming that for all \ alues of x 

«®'-ft’=(»+a)(^a;+ 7 ), determine o, p, y- 
Deduce that (a+&)*=a*+2«i+6* 
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If a/ 18+6,^5= Ja;+ tjy, find x and y 

2 (i) Factorize a;® -19a; -dO 

(u) Determme the common factors of the espressions 
fix* —11a;* -4a;+4 and lOx® —19a;® -5a;+6 
(m) For vrhat value of x "wiU 

a;* -12a;* +217a;+320 be a perfect square 

3 (a) Show that an equation of the first degree m x cannot have 
more than one root x and y are connected by the relation 

pxy-i-qx+1 y+s=0, where p, q, r, s are real numbers 

Given y, show that x is unique and is, m general, different from y 
What IS the condition that y may be the same for all values of x 

4 (i) If — , showtLnt 

' d 0 0 

/ a®a;*+6y+c®;;® U^ 

\ a^x+b^y+e^» / \/ aic' 

(u) Solve the equations 5a;-3^=9 and 3a/+5y=19 

Verify the solution by graphs, and measure the angle between the 
lines represented by the equations. 

3 (i) Prove that (a™)" -a ’”" , where w and « are positive integers, 
(u) Ehmmate y from m —y^ and n =x ^ , 

(m) Venfy that [(l+a:)®]’=[(l+a;)®]*. 


1930 


1 («) 
(6) 
(c) 

2. (a) 


{b) 


(^) 

3 {a) 


Wnte down briefly 543xo4 3x543x 1,000,000 
Fmd the value of 

Multiply by the method of detatched co-efficients 
4a;®-5+&»* by 7x+x^-3 


Solve the equations 

cix+biy-e^l 

asX-i"bsy=Ci^ 


Use your results to find the solution of 

2®-3?/-i*6=0) 

4x- y-8=0j 

And test the solution graphically 


Simplify 


a;®— 1 a;*-t-S x^+x 

x*’t-x- 2 x*-i-ix*-i-lQ'~x*T2x*+ix 


(6) Simplify similar terms. 
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xl 


- 9 

(c) Find the value of a; m 


yyj ^ ^ 

4. (a) Sho\r algebraically that 10* -1 IS ^visible by 9. 

Oj (61 Nine chans and 5 tables cost Rs 90 , 5 diairs an 

4 tables cost Rs. 61. E»id the pnce of 6 chairs and 3 tables. 

(c) Eliminate t from the equations 
!>==« +/! ] 


1931 

1 (a) Divide 2a;'‘+5a;®-???a?+4 by »“+2«-l, 

value of a; for Tvhich the given divisor uoiild be a factor of the given 
dividend. 

(6) Extract the square loot of x* +4a;* +10»®+12a;+9. 

2 (a) Supply the missing terms in the following identity , 

(21+ )(JJ+ )^)+ ) 

— +;)®(g+2}+3s}+p( )+ 

(6) Prove that 

w(w-l)(«.-2)(»?~3) , (»+lVif» ~l)0t*"^ . 

12.34 IJB "* 1.234 


S Solve the equations 


(a) a:+y«25) 

y+#»27 r (6) N/2«+3+\/2a!-l=“2. 
5jq*ll/®a323 

4. (a) Simplify by factors • 

ai° -ft* +ax+bx-{-ab 
«*+6* x*+a*a:'+a* 


(i) K - 


b_ 

y 


=”',piovethat 



Oi , (c) Eliminate /, m, n from the equations ' 

naj+fe -m, 

ly +»7»=w 

5. {a) The difference between the length and bieadth of a rect' 
angle is 14 ft , and its area is 275 sq ft. 

(1) Eind its semi-permieter, 

(2) Find its length and bieadth. 

(6) Find the values of A, B and Cm 

p® - 10p+ 13s - 5p+ 6) +B(p - l)(p -2)+ C(p -I)! T’ 
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t~la) 5=i'+SzS=2 . flad ®. 

{b) In the cyclic quadrilateral AJBCDj 

degrees 

ZS=(2y-18) degrees 
Z. C=(y+3i) degrees, 

^Z)=(3r-29) degrees 

Find the values of x and y 

2 {a) Simplify (a-J-l)® -(»-!)* 

(6) Find the square root of 4;i;H8*®+&r’+4a;+l , lipn^e 
find the square root of 48841 

3 (fl) (a+S) IS a factor of 2a® 4- 9a* -Sa- 15 , find the other 
factor by decomposing the given expression, and if possible factorise 
that factor still further 

(5) Simplify 

/ ® y a‘*-b^ (a+6)*'-4«A 

(a+6)= -2o6 (a^br^iab[a^b) “(o+5)* -dab 

4 (a) >^31+4 — tjx-f- y , find a and y 

(6) Prove that 

y~^ . „ 2xu , 

aT^ + y~^ ' 05"^ - y~'^ y^ - X' 

5 (a) Eliminate a from the equations 



= 7 / 

a J 


(6) If 3a®+9a'+7a+2=Z{a+l)®+5^a+I)+C, find the 
values of A, B and C, 

Or, (c) Given thatl cubic foot contains 625 gallons, draw a 
graph to convert cubic feet into gallons 

Bead off the number of gallons m 18 5 cubic feet 
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1983 

[a) Resolve into factors a;® -729. 

(b) If £c-— =c, find the value of 

2 {a) Solve the equation 

'c-l'^'c-2 ®“3 


{b) Find the square root of 10 - 2 21 
3. (a) For what value of a will the expression 
4x*-12x^+25x^ -24x+a 
become » perfect square ? 
yib) Find the EOF of 

Qx*-13x^+Qx^ and 8a;^-36x®+54fl:®-27a;. 


4 [a) If •— =-y j prove that 


(61 Ehniinate i from 


a^ce_ /a®eV 
b^df V6®rf»/5 


£ 

t 



=«, 


c t 

5 (fl’) Solve the equations 

2 aj +^=18 
and 3y=33+ic 

(6) Venfy the result by means of a graph 
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AU. 1927 

1 (1) {a^+2ab+2b^){a^-2ab+2b^),{2) (2a+3)(?ff-3)(2a"+5), 
(3) {a-b){b-c){a-c) 2 (1) aj=“ir (2) 

(3) x—%, or, “§ 3. a;=3, y=4. 4 120 seers, Rs 60 

AU. 1928 ^ 

1 (a) (a^-12»)(a;y+6») , {b) (l+flj)(l-®)(I-2a;) , 

(c) 

2. (a) 0 , (ft) ®“3, y—A, 3 82, 28 4 8400, 20 

All. 1929 

1 (a) (3®-4y)(2®-52/), (ft) (®®+3»2/+2^®)(®®-3®|/+«/'*), 

(c) (®-l)(®+l)(®*-®+l)(®®+»+l) 2 (a) 9,8,17,1,72, 

(ft) ~ 3 ®(3aj+2) , 2a;*+3®-5 

4 (a) The two trains will meet at about 4-37 a.3ii at a distance 
of nearly 39 miles from Allahabad 

Down tram 60 miles from Allahabad) 

Up „ 185 „ nearly „ „ 

(ft) 4 25,1899 

All. 1930 

1 (a) (®-3)(®+3)(®*-l-20) , (ft) (»®+®2/+2/“)(»®-a«/+2/®)i 
(c) {x+y+l)lx^-xy+tf-x-y+l) 2. (a) 0, 

(ft) ®=5,y=7. 3 (a) 23, (ft) 2264. 4 (a) t, f 7, 5, 7,-2 

• All. 1931 

1 (a) (2®-3)(10®“+63®“-t-119®-}-60) , (ft) 3a*-3a+2 

2 [a) 4 or -51 , (6) 0 

3 (a) 6 , (ft) 42 and 21 years respectively 

4 (ff) 22^® C le, 22 78®C, neaily , (ft) (3, 2) and (2 j) 

All. 1932 

1. {a) Sor^^; (ft) X 2 (i) (®®-46)(»*-l-4ft®*+I6ft®) , 
(ii) (®+£i-t'l)(®-a-l) , (m) (a®+6®)(a*+2«ft-ft®) 

3 (n) 20, (ft) no 4 (0 0) (-5, -3), (-3, 3) 
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Bom. 1928 

1 (a) 2 [a] (i) (»'+4xy-5'S/)(:c’-4xi/+S/): 

(u) 3((i+26-c](a-r6){6~c), !t=i 3 (c) 

(6) (5a;-4)(ac~4) (ox-4){2s-5), (c) 2 4 {b) ®=+2-p 

5. 90, SO 60 6. (a) -2 7. [b] 4S 24 12, 6, 3 S. [b) 460. 

Bom. 1929 

1. (a) 12 3 (a) a;--ar+4 3 (a) 10| 4 (a) 

(6) -iy 5. (a) -4- (6) 6((a=-36=-}-5n^)(fl'*'3&®“535)). 
6 (o) 2 -44 7 (b) 36 9 S {b) 25. 

Bom. 1930 

1. ia) x-3 2 {a) (x-4K^-4), (6) 32^ lbs 

3 {a) x=2i/=l (6) x=-3 4 (a) (l-f+r)"' 

(l4- ) 3 (a) 

6 Father 61 mother 4S son ^ 7. (c) 1. 3*4 S (a) 1 

Bom. 1931 

1 (a) (x4-lK3x-5){3r=-2r4-o) ; (5) 11. 

2 (a) (x*+2r^-6r)(x“-2r^-6y-) , 

ih) x'+y^-T^'-i/x-xx-xy 

' ax-\-by-rcx> ' a-rb-rc 

« (“> 

5 (a) x’-i-h (b) 7 6 (c) 34 

7 (1) »=1 y=>2 S Fflther=64 j mothcr=5S *, son^aS 

Bom. 1932 

1 (o) (9*'+5+i)(9i--g+l). 2 (a) (2 j-3!()(4*+3?) 

>«(a.+3^)> (3) 4. 3 (a) 2 or -34. 4 (a) x=10. ^^ItV 
5 (a) Tth second {b) l-26x. 6 (a) 20 7. 

S of mea=125 , no of days=30 

Bom. 1933 

1. («) (■§'+-^+3)^|-f2x-3y 2. (a) (x--K^“l^) 3 
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4 (a) x=i,if=i 5 (a) 1 , {^) 1 , erp = -l 6 (6) 15 or -4. 
7 Rs 360 8 (a) (3a;-42^X9^"-+12®y+16y’+3a;+4y) 


Cal, 1925. Compulsory, 

1 (1) (aj-lX^-O), (a— 6)(a'+od+6®), (2) » 2 (1) 2iK+l, 

(2) (a;-lX«+2K«-3) 3 , (2) a;=if, , (3) 42 

Additional 1 (1) i/-, (2) 1, (3) 2“^ 

2 (1) (2) 27 

Cal, 1926. Compulsory. 

1 (l)x®+a*+l, (2) p^-Bp, (3) (i) (x-2){x-10j, 

(ii) (x+a)(x-a)(«®+a®) 2 (1) x+1 , 

(3) (x+2)(3x-l){3x+ll 3 (1) x=| , (2) x=2, y==B , (3) 34 

Additional 1 (1) x=i{a+b+c±'Jia^+b^+c^ -bc-ca-ab)} , 

(2) 3, 27 2 (1) Sq ioot=a® -ax+2a® , (2) 1 

Cal, 1927. Compulsory. 

1. (1) x*-x+l (3j (i) (x-10)(x-2), (u) [x-2){x-+2x+i) 

2 (1) x-1 3 (l)ffi=a+6+(j, (2) x=l^,y=2l, 

(3) 17 ft length, 13 ft iridth 

Additional 1 x=5 3 (2) x=lO 4 Parabola 

Cal. 1928. Compulsory. 

1. (1) (i) (x+4)(x-7) , (u) (3+x)(3-x)(9+x’) , 

(3) 2. (l)x+l (2) 6 

3 (l)x=20, (2) x=l,y=2, (3) 

Additional 1. (1) »=2, or, -4 2 (1) x=+2»-‘+x-® 


Cal. 1929. Compulsory. 

1 (1) (®-3)(x’+3x+9), (®-3)(c-2), (2) a^“+2a®-2fl*-2a=-l, 
(3) 2 P)2. (3) 3(«-J)(6-.)(.-<.) 

3 (1) 1, (2) x^l,ii=2. (3) 33,45 

Additional, 2 (1) ^ ”2x+'|', (2) , (3) 7 3 (1) 33 , (4) *. 
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Cal. 1930. Compulsory. 

1. (1) {2-3a){3+4a), , (2) -9, 

3 (1) -11, (2) (3) lOr+y; lOy+x, 

(infinite number of difterent solutions). (4) 25 years. 
Additional 2. Art 2, Chap 2 (1) 1 (double root) , 

(2) -8, 1 , (2) 26j-H minutes past 4 p. 3r. 3 (2) 10 niontbs ; 

(3) 6, 18. 64 . (4) ^ «. -2^1 

Cal. 1931. Compulsory. 

1 (i) 3a;=-a;-2, (ii) (3aj-4)(a;-2)(2®+l) , 

(m) (1) (2a;+l)(2a;-3) , [2) {a-2b){a'+2abHb^) , (iv) 7 

2 {i) ab-i-bo+ca 3 (0 -IJ , (u)a;=5, y-l, (m) 4 4 (2,0) 

Additional 1 (i) 1 , oi (i) ±2 , (u) 12, J , (iii) ±2, ±3 

2 (u) (in) «tli group“i(3" - 1 ) , sum=i{3"+*“2;?-3) 

8 (i) 10 sq units nearly, (ii) (0,0), (-1,1) 

Cal. 1932. Compulsory. 

1 (i) ®“+l , (n)®=-l , , (m) («+5+c)(fl!6+5c+ca)» 

(iv) 24 2 One nght angle 

Additional 1. (i) 7, -4t*V . (u)!; (in) aH 3 x+l+'^, (iv) Wrong. 

JU 

2 (i) -^(a+fc), (m) ^~£“W^^^^^^\accordiiig as ?>or<l} 

(iv) 3,6,12 3 (0,0), (1,1) 

Cal. 1933. Compulsory. 

4 (0 > (m) o’*4'5®+c*”fl5+ue+5c , (tv) 7. 

2 (i)»2-2ic-l, (n) (icS~l)(a;+2) , (m) (w’+ww+w*) 

{m^'-mn+n^), (iv) (a+5)(6+c)(c+a) 

Additional. 1 (i) 3 or j , (u) 90x4-2000=0, 

(ill) , (iv) ®®-2a5J/4'7y®* 

2 (i) See Art 280, p 600 , (ii) | , (m) See Art 271, p 579 , 

W 8 (1.3), (2, 6). 
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Dac, 1927. Compulsory. 

1. (a) (6) a®+y®+l-ay+®+y, (c) a:+3, 

(d) (i)(a+2)(a;+3), (ii) (a;“+2a;+2Ka:*-2a;+2). 

2 (fijo. 3 (a) 6, (d] 240, (e) -2 

Additional 1 (a) , (ft) -13,65; 

(d) a:“+2a;-3,a:®-3a;+2 2 (ft) 3, (c01,i,i,j 3. 1,-2. 

Dac. 1928. Compulsory. 

1. (a) x” —x+3+e, Bern. 9-3c, c=3 ; (ft) 2 , (c) (1) (a;+3)(a:-5); 
(ij) (tt-6)(ft+ft-2) 2 (1)1, fii)«=5, y=3, (ui)^ 

3 (o) 1, (ft) — + ~+-+2^oftc 

' ' Of D C 

Additional 1 {a) (ft) 1 , (c) x-3 — ? , (rZ) 

2 (ft) 7,12,17 52, ((Z) 1st term 3, ratio 2 3 (a) (3,4),. 

(ft) 12 as per seer 

Dac. 1929. Compulsory. 

1 (c) [x-l){x-2)(x- 3), (d) ( 1 ) (x-j-7)(x-3), (u) (x-3)(x--h3x-i-9). 

2 (1) 6 , (u) ®— 2, ^=3 , (ui) 5 3 (a) 2 , (6) Rs 4(X) 

Additional 1 (a) (x-l}°(x+2) , (ft) -11 37, (c) ^ 2 (c) ^ 

d 

(ft) 1, (c) 3(2" -IJ, (d) 3,12,28 3 l,f. 

Dac. 1930. Compulsory. 

^ I 

1 (a) (1) aj«+a;*y-2^a;’-y"-|^+|r+|^; (11) (a;-l)(a;+l> 

(x^+x-1) , (ft) (11) 0 2 (a) (i) (a;^+2a;-lr3)(a®-2a;+3) ; 

(11) (ft-c)(c-a)(a-ft). 3 (a) (1) 6, (u) x=},i/=-4; 

(ft) 10 miles per hour 

Additional 1 (a) (1) 8 , does not satisfy the equation, hence 

the reqd root is 8) , (11) 6 17, or, 73, approxiraatelv , (most 
probably the eqn is 10*®-69a:-45=0, in which case the 
roots are 7J, or,- 5) , (ft) a:=3, (c) (i) (3ic-14)(7s+6) , 

(11) (x-3)(x-l}(x+4) 2 (a) 95, (ft) V, 1, " /t, 

3 (o)®=8,or, -2, (ft)Rs 7 
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Dac. 1931. Compulsory. 

1 {a) ^ (a) (3a;+l)(2:r*-3) , 

' (i) (»®-4a,+8){a?"+4a;+8) 3 (fl)(i)2f}, (ii)a=0| (6)42. 

AddiUonal 1 (a) "T "^le a® ’ 

(b) Reciprocal of the sq root of a;® , (c) 10~* » 

{d) -2x^+x+l+x-^-‘2x-'\ (c) 2. (a) 6. 

3 (i) 1, 3, K”l± ^/^)> t(- 1± W 3, or, -4 


1 

3 


Dac. 1932. Compulsory. 

(a) l+a;®+a;® , (6) x^+x-2 , 2 (a) (i) (a+l)(6+l) 

x{a-l)(6-l), (u) (a;+y)(y+»)(»+.») (6) «®-y’=2 


(a) 


ft6 

a+6 


(c) 


5 

9 


Additional 1 (a) See Art. 190, (i) p 409 (b) , 

(c) 2 (a) 3. (6) See Art 275 

W See Art 280, (d) J 5 + l|i+ i|j+ .fo 

3 (a)(i)7^or^, (ii) ±N/f, ±v/i 
(6) Min value=4, when x= -1. 

Dac. 1933. Compulsory. 

1 (a) ff*+6®+c*+a6+6c-ac, (5) (a;*-2X2aj®-a/-2)(«®+2a?-12); 
(c) (i) (a;®+4y®)(a;+2^)('c-2y) , (ii) {a(6-o)a;-c(ff“6)}(»-l) 

2 (a) 0, (c) 3 on the tc-axis and 4 on the y'a:a8. 

3 (a) (i) 3»5{“185± (ii) ®=1, t/=^, 

(b] rate of the boat=8 miles per hour, rate of the current 
3 imles per hour. 

Additional 1. (a) 43 or -43 , (i) M 'SZnearly. 

2 (j) Sfe+fea, (rf) 8. W (0,0),(},5). 

(b) at 4 for 3 pice , 120 at the 1st late and 40 at the 2nd rate. 
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Mad. 1927 

1. (i) (a;’‘+3a;+9)(a/’-3a:+9)(rB*-9a:’+81) , 

(u) (a+6+c){J-c){c-fl){a-6) 2 (u)23, 

3 (i) y-^h 1 (n) 80, or, -90 , (m) 574 P c 

Mad. 1928 

1 (i) (9x-5)(2a:+7) , (ii) (a-J)(i»-c)(c-c){ai+ic+ea}. 

2 (n) a— -30 3. (i) a— -3 , (ii) a:=2, or, f , (iii) Rs 800 4 4. 

Mad. 1929 

1 (j) {3aj®+2/®+a;i/)(3aj®+2/“-a^)(9a:'*+2/^“5»®2^®), (iii) (6-c) 

(a-cXa-6Xa®+6“+c®+a6+crc+fi<j) 2 (u)a;'+®’^+fl;^+a:’^ 

3 (u) a=i\ji 2/= -I'a, (6) 7^ 4 -7,-43 

Mad. 19E0 

1 (i) (3a;+4y+lX2a;-32/-2) , (ii) (a-5)(i-eXc-fl)(a5+6c+Cfl). 

W (®) ® 

2/=4^ or,-4, or, 5V (n) I mile 4 4 1 or -1 1, approx. 

Mad. 1931 

1 (i) 110 , (u) /= -4, w=10 2 (i) («’+4a:y+y®X®’"'4ya;+^*) ; 
(n) ' 3 (1) a;=-l, y=4 (11) 3 lbs from the 

Ist and 6 lbs from the 2nd 3 2 189 or, -1522 

Patna 1928 

1 (a) 2aa;-(36-4c)y , (c) a;®-3a:+2, (i?) (2aj+3)(2c-3) 

x(4a;®-6a;+9)(4ir’-6aj-9)(3a!+2) 2 (c) 1, (c)2a®+3a+— ; 

A 

(d) a?=35, or, -12. 8. (a) (1,1), (6)72 

Patna 1929 

1. (a) l~y^+x^y~^+y'^+x^y ^+x^y^-yx~^, 

(6) {x+a-i-b){x-a-b){x+a-b){x-a+b) ^ (e) 



I 
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(d) (a;+2Xa/-l)(a;+3){a;'-3a;-l) 2 (a) 1, (e) -17, ; 

(e?) 3x+x^-2x ^ 3 (6) Man in 18 davs, boy in 36 days 


Patna 1930 

1 [a) (a;+lXa;+2)(®-2)(ic+5) , (c) H C.F.=a(2a;'+a;+l) , 

(d) LGM =6a;(a;+l)(a:-3)(j;— 4) 2 (a) fl/=Sj or — 

{b) 6=1, (c) Increase from 1 to 7. 3. SO years 


Supplementary Paper 


1 


1 

3 


(«) i)=-2,(A) {6-c)fc-a)(ff-6), (c) 0 2 (a) HCF. 
-fl?+l , (A) L C M =(a;-l)(a;+2)(a;-3)(a;’ +1 ) , 

(e) a=7, i/=2 , (d) 54 3. (a) a;=101, or, -10 , 

tA) Sq root =3a^ -2-2»“^ 

Patna 1931 

(a) 0 , (A) 2 (a) -2, or, f , (A) a= - 

(a) «®-2a;^+a: * , (A) 2 miles per hour, 4 miles per hour 


Supplementary Paper 

1 (c) 2x-y, (d) ^'3-r4a.+3 ^ -j,or,t, 

(A) 05=8 , (d) a:=3, ?/=ll. 3. (A) Man 20 days , boy, 60 days. 


Patna 1932 

1 [a) a;«-2®«+a;*+4®«-l, (A) 2a;+3, (o) 1, 

(d) (»- 2 &)®(a;+ 2 a-?/){®- 2 ff+ 2 ^) 2. (a) a»+A»+6»+2aA 

+2ae+2Ac. (c) x=l, y=l , (d) a=24 8 (») 4or7, 

^A) Father’s age=40 years, son’s age=10 years. 

Patna 1933 

1 . (a) (i) {(a— A)a;+{a+A) 2 /}{(a+A)a;-(tt-A)y} ; 

(ii)(2'-3)(®-y+2), (A)x-2, (c) 0 2 (a) T^(-l±AyW; 
(A) a=12 3 (tt) (3, 12) , (A) rate of ro\rmg=4 miles 

per hour and rate of the current™ 1 mile per hour. 
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Pim. 1925 

1 (i) (3a; - tJ2x - N/^“)(3a; + ^/2a;+^/2y®)(3a;+^/2a;-^/2y*) 
(3a;-^/2a;+^/2^/’), (u) (a;+l)(a;- !)(»=+ a;+l)(®=-a+l) 2 (i)a;=106, 
(ii) x=%y-\ 8 (i) a=Q, (u) a^-da 4 a-%y=-i, 

the intercepts are 8 and -16 5 (ii) w“-«^==4, (mj 101 miles 


Pun. 1926 


1 (i) (a;+2)(a;-2)(a;®+2a;+4)(a;®-2a;+4) , (u) (a;'-3a.+l) 

('i;®+3a;+l) 2 (i) HO F =1, (ii) V2(a;’+a;3/+3/‘') 3 (i)a;=^r', 

(ii) 2^=24 

Pun. 1927 

1. (i) (2a;+l){4a;®-3a;+l), (»®+2a;+3)(a;®-2a;+3), (u) 2z^+3x+2 

2 (:) (n) 1154 8 (.) *=7, (u) (-1,-1) 

4 (ii) {a^-^-b^-G^]xy+ab{a‘+y')-0, 


Pun. 1928 

1, (u) (a;®+2a;+3)(a;®-2a;+3)(a;*-2a;®+2) , (m) (a;-l)(a;-3) 

(a;+3)(a;-2) 2 (ii) a;®-5a;+4, (m) 2 3 (i) -2 t^. 

4 (ii) a'y'‘=b[x^-a^) 


Pun. 1929 

1 (m) a;=15, y=3 2 (i) (a:-5)(a;+3)(a;+2) , (u) (a;“2)(2a;-l), 
(m) 4 4 (ii) x—2,y=>=’6 5 (u) n~x'"^ . 

Pun. 1930 


1 [a) 5430® , [b) 16, (c) 6r®+4a;®+42a;*+5a;*-12a;®-35a;+15, 


A l„\ ^1^8 

3 (.) 1, (6)^., 


_ Ciga — Cg^t 

^ b^ax-bifli' 

(c) t 4 (6) Rs 57 , 


(6) a;=3, y=4. 
(c) »®-?r 


Pun. 1931 

5 

1 (a) = 2 a;+l, a c??j =5 -?»»,«=— , ( 6 ) »®+2a;+3 

2 (a) (2?+?)(p+2?)(p+3s)=p®+j9®(g+2i+3s)+;;(25i+6>5+3sj) 

+ 65 >s 3 (a) a;=15, 2 /~ 10 , »=*17 , ( 6 ) a;=l 
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^ a:'+/+A’+2®2?«-l=0 

5 (a) (1) 36ft (2) 25ft , lift ; (6) i=2,5=-4, C«3. 

Pun. 1932 

1. (a) a;=j?4-2, (i) a:-45;y=46 2 (a) 2(5a!^+10a;®+l), 

(6) 2a;H2®+l,221 3 (a) (a:+5)(2s-3)(fl;+l) , (i) 

4 (b) a!=28,2/=3 5 (a) m^-n^=iab, (5)i*3, 5=-2, 

C=1 (c) 115 625 gallons 

Pun, 1933 

1 (fl) fK+3)(a:-3){a:’+3!c+9)(a:*-3a:+9), (6) c*+3c 2(a)iJ 

{b) ^/7-^/3 3 (o) zi2x-S). 4 

5 (a) i»3, ^=12 




